Introduction to the Standard Model, Set 2

1. Consider a generalization of the SU(2)xU (1) model involving k mul-
tiplets ¢;,i = 1---k, of complex scalars. The dimension of the i
multiplet is 2¢; + 1, where ¢; can be 0,1/2,1,3/2,---, and the ele-
ments have T3 eigenvalues t? = —t;, —t; + 1,---,t; (cf., the rotation
group). Also, the i*" multiplet has weak hypercharge 3’. Assume that
each multiplet has one electrically neutral component ¢?, i.e., with
q = tf’ 4+ y; = 0, and that that component acquires a vacuum expec-
tation value (¢9) = v;/v/2.

(a)

(b)
()

Show that the mass eigenstates W=, Z, and A are the same as
in the standard model.

Calculate the W and Z masses in terms of g, ¢, t;, t7, and v;.

The p parameter, p = M3, /(M% cos® Oyy) is predicted to be unity
at the tree level in the standard model and in extensions involving
additional Higgs doublets. Show that in the more general case
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Specialize to the case of one doublet and two triplets
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where vy = V2(¢%) > vp = V2(9%) and vy > vy = V2(2).
Calculate p to leading nontrivial order in vg /vy and vs /vy.

Now consider the case of multiple Higgs doublets but no higher
dimensional representations. Argue that the couplings of neu-
tral physical Higgs bosons to fermions will no longer be flavor-
diagonal. (Do not attempt to write the Higgs potential or find
the exact Higgs mass eigenstates.)



2. The charged pion 7~ decays approximately 99.99% of the time into
pu~ 7, and about 0.01% into e~ 7. The matrix element in the Fermi
theory is
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where the relevant part of the hadronic weak current is

J;LT = uy,(1—~") d cosb..

The hadronic matrix element <O]J11}T]7T*(q)> is a strong interaction
quantity, which cannot be calculated in perturbation theory. However,
its form can be derived using the symmetries of the strong interactions
(weak effects in the matrix element are higher order in Gr).

(a)

Use the parity conservation of the strong interactions to show
that only the axial (v°) contribution is nonzero. (Note that the
pion is a pseudoscalar, P|7(q)) = —|7(—¢)), where P is the space
reflection operator).

Use Lorentz invariance to argue that the matrix element must be
of the form

<0‘J[LLT|7T_(Q)> = —1cosO.fr s

where fr is a constant (the factor —icos6, is extracted for con-
venience). (fr ~ 132 MeV, known as the pion decay constant,
must be taken from experiment or calculated in lattice QCD. It is
related to the “wave function” of the pion and to the spontaneous
breaking of a global chiral symmetry of QCD.)

Show that the decay rate is
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The rate for 7~ —e~ 7, is the same, except m,—me., explaining
the 10~* suppression. Interpret the suppression factor of mg in
terms of angular momentum.



