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Abstract

The ΛCDM model with an initial inflation phase has been confirmed with ever

higher precision by recent cosmological observations. To constrain the underlying

mechanism leading to inflation and to add to our understanding of dark energy,

neutrino masses and spatial curvature, large-scale structure surveys and CMB

lensing reconstructions are becoming increasingly important. This thesis presents

the implementation of novel fast and general methods to study the non-Gaussian

imprints of inflation on large-scale structures. Additionally, it provides an analysis

of the question of whether the information from CMB lensing reconstruction using

the CMB temperature 4-point function is independent from the lensing information

contained already in the CMB power spectrum.

Based on a separable modal expansion of the (appropriately weighted) bispec-

trum and trispectrum, we present an implementation for generating general non-

Gaussian N -body initial conditions. The method works for arbitrary bispectra

and a special class of trispectra and is several orders of magnitude faster than pre-

vious approaches. Using a similar modal expansion, we present an implementation

of a bispectrum estimator for 3D large-scale structures, which is again orders-of-

magnitude faster than the usually adopted approach. We apply this framework to

track the dark matter bispectrum in a large suite of Gaussian and non-Gaussian

N -body simulations. We describe the effect of primordial non-Gaussianity with

a simple time-shift model and generate new fitting formulae for gravitational and

primordial contributions to the dark matter bispectrum.

Gravitational lensing affects both the 2- and 4-point functions of the lensed

CMB temperature anisotropies (the latter corresponding to the lensing reconstruc-

tion power spectrum). These two observables are often treated as independent,

although this is impossible since they are derived from the same CMB map. We

analyse their covariance, finding two dominant contributions: (i) correlations be-

tween the disconnected noise bias in the trispectrum measurement and sample

variance in the temperature power spectrum; and (ii) sample variance of the lenses

themselves. We show that they can be ignored (or easily mitigated) for a Planck-

like experiment, justifying treating the two observable spectra as independent.

We also test simple likelihood approximations for the deflection power spectrum,

finding that a Gaussian with a parameter-independent covariance performs well.
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1
Introduction

Non-Gaussian Relics from the Big Bang

Physical cosmology is now in exciting times because a simple model continues to

successfully describe the increasingly high precision observational data even though

this model is based on a big puzzle: The universe had to go through an inflationary

phase of rapid accelerated expansion after the big bang, but the underlying physical

mechanism is unknown. By confronting theoretical predictions with observations,

cosmologists aim to reduce the number of viable inflation theories or even pin down

the correct model, which will ultimately test ultra-high-energy physics beyond

reach of any earth-bound accelerator.

During the inflationary expansion of the universe, tiny quantum fluctuations

were “stretched” to become seeds for the formation of galaxies. Therefore infor-

mation about inflation is imprinted in the distribution of galaxies, in particular

in deviations from Gaussian statistics. This primordial non-Gaussianity (PNG) is

directly related to interactions between fields during inflation. Galaxy catalogues

will be the primary observational window for PNG over the next decade. However,

there is no complete model against which observations can be compared, and op-

timal statistical methods to extract PNG have not been developed. A substantial

part of this thesis aims to make progress with both of these problems.

We present the implementation of numerical methods to study the formation

of cosmological structures for physical models of the inflationary expansion in

Chapters 3 and 4. Such a numerical approach is crucial because non-linear physics

relevant for upcoming observations cannot be modelled analytically. The method

presented to create general non-Gaussian initial conditions is the fastest and most

general currently available and it provides the only way to simulate arbitrary

physical inflation models for realistic simulation sizes. We also develop a method

to extract efficiently PNG from such simulations by measuring the full 3-point

1



Figure 1.1: Deviations of the dark matter distribution from Gaussian statistics
for three different classes of inflation models as measured for the first time in
our simulations. The pictures show the excess of the (Fourier-transformed) 3-
point correlation function over the simplest model of inflation as a function of
wavenumbers (inverse length scales) k1, k2 and k3. See Chapter 4 for details.

correlation function. While it is known that this has better sensitivity to PNG

than the typically studied 2-point correlation function, the method presented here

is for the first time sufficiently fast to study the complete 3-point function in high-

resolution simulations and measure it in real data. The 3-point correlation function

of the dark matter distribution is shown in Figure 1.1 for various inflation models.

A phenomenological time-shift model is developed in Chapter 4 to describe the

simulation results. This is used to create fitting formulae for the dark matter

bispectrum in presence of PNG which should be useful for constraining PNG with

galaxy surveys.

Gravitational Lensing of the Cosmic Microwave Background

The second part of this thesis concerns an emerging probe which is adding to our

understanding of the geometry of the universe, neutrino masses and the late-time

expansion of the universe (dark energy): Lensing of the cosmic microwave back-

ground (CMB). Photons from the big bang have been traveling essentially freely

for more than 13 billion years to reach Earth today in the form of the CMB.

Along their way these photons are deflected by the inhomogeneous distribution of

2



Figure 1.2: Illustration of gravitational lensing of CMB photons by large-scale
structure (adapted from [1]).

matter, which acts as a collection of gravitational lenses (see Fig. 1.2). By recon-

structing these lenses from the observed CMB we can obtain crucial information

on e.g. dark energy or the geometry of the universe. Several experiments will pro-

vide high quality CMB data in the next few years, e.g. full-mission Planck data

including polarization, ACT/ACTPol, Polarbear and SPT/SPTpol.

The contribution of this thesis, presented in Chapter 5, is a thorough analysis

of how the reconstructed lensing information can be combined with the primary

CMB data to perform reliably a joint parameter estimation. Such joint analy-

ses are important to break degeneracies that limit the information that can be

extracted from the CMB fluctuations laid down at recombination. The joint anal-

ysis is non-trivial because the part of the lensing information that is present in

the primary CMB power spectrum as well as in the lensing reconstruction is po-

tentially double-counted. We quantify the temperature-lensing cross-correlation

analytically, finding two physical contributions and confirming the results with

simulated lensed CMB maps. This cross-correlation has not been considered be-

3



fore and it could have turned out to be anywhere between zero and unity. We

also use simulations to test approximations for the likelihood of the lensing re-

construction, which is non-trivial because the reconstruction is quadratic in the

(nearly-Gaussian) CMB. As a result of this study, the Planck results in [2, 3], which

combine lensing reconstruction with primary CMB data, use the lensing likelihood

approximation proposed here and the result obtained here for the temperature-

lensing cross-correlation, i.e. that this can be ignored and the lensing information

from the lensing reconstruction is independent from that obtained from the pri-

mary CMB power spectrum. These results will also be relevant for obtaining

cosmological information from future CMB lensing reconstructions.

Short overview of this thesis

This thesis is structured as outlined below. Every chapter begins with a short

summary which contains a more detailed overview of its content.

• Chapter 2 provides background on cosmological perturbations. We start with

primordial fluctuations seeded by inflation and discuss the induced primor-

dial power spectrum and primordial non-Gaussianity, and how to estimate

the latter from data. We then review the mechanism by which the primordial

perturbations are transferred to CMB perturbations and discuss the effects

of gravitational lensing on the CMB. We end the chapter by discussing large-

scale dark matter perturbations seeded by inflationary fluctuations.

• Chapter 3 is about the efficient generation of general non-Gaussian N -body

initial conditions using an expansion of the bispectrum kernel in terms of

separable basis functions. A non-trivial consistency check of the implemen-

tation is presented by testing the non-Gaussianity of the initial conditions.

This Chapter is based on [4].

• Chapter 4 starts with an overview of known analytical results for large-scale

structure clustering and some phenomenological extensions. We then discuss

efficient bispectrum estimation using a separable mode expansion and present

the first implementation of this estimator in the 3D large-scale structure

context. The implementation is validated and applied to N -body simulations

4



with and without primordial non-Gaussianity. We discuss results obtained

for the gravitational bispectrum for Gaussian initial conditions and the excess

bispectra measured for several types of non-Gaussian initial conditions. The

bispectrum measurements are described with a time-shift model which is

used to create novel fitting formulae for the dark matter bispectrum. This

chapter is based on [5].

• In Chapter 5 we discuss how to use CMB lensing reconstruction for cosmo-

logical parameter analyses. After reviewing known results about the auto-

correlations of the power spectra of the CMB temperature and the lensing

reconstruction, we analyse the cross-correlation between these power spectra

analytically using perturbative techniques. The results are tested against

simulations and we assess the impact on parameter estimation. We then

test approximations for the likelihood function of the lensing reconstructions

and conclude by proposing a joint likelihood for combined CMB temperature

and lensing reconstruction analyses. A series of appendices provide intuitive

plausibility arguments for the size of the cross-correlations obtained by the

perturbative calculations, as well as filling in several technical details. This

chapter is based on [6].

• In Chapter 6 we provide a short summary of the thesis with the main con-

clusions.

5





2
Background: Cosmological Perturbations

Summary

In this chapter we provide some background on the generation and properties of

cosmological perturbations seeded by inflation. We start with primordial quantum

fluctuations and calculate the induced primordial power spectrum. After establish-

ing an order of magnitude estimate indicating the smallness of primordial non-

Gaussianity (PNG) for simple single-field inflation models, we define the bispec-

trum and trispectrum and briefly comment on several types of non-Gaussianities

that can be produced at observable levels in specific inflation models. We give a

brief discussion of the issue of estimating such non-Gaussianity from a realisation

of the field. We then discuss the transfer of primordial perturbations to CMB tem-

perature fluctuations using the Boltzmann equation. This is followed by a short

review of weak gravitational lensing of the CMB. We discuss the impact of lensing

on the CMB power spectrum and the anisotropy which is introduced in the CMB

by fixed lenses. The latter is then used to discuss lensing reconstruction from the

CMB temperature. We continue with the current observational status of CMB

lensing and discuss the cosmological information that can in principle be extracted

from CMB lensing. We comment on complications involved in parameter estima-

tion with CMB lensing which will be considered in detail in Chapter 5. We end

the chapter with a brief overview of perturbations of the large-scale dark matter

distribution, discussing the evolution of perturbations during radiation and matter

domination and the resulting transfer and growth function. We give a brief intro-

duction to perturbation theory to derive the leading-order bispectrum from gravita-

tional non-linearities, and comment on the Zel’dovich approximation and N-body

simulations. The impact of PNG on large-scale structures will be discussed in later

chapters. We use ηµν = diag(1,−1,−1,−1) throughout this chapter. Large parts

of this chapter are based on material from [7, 8, 9, 10, 11, 12, 13].
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Chapter 2

2.1 Primordial perturbations

2.1.1 Inflation

Up to tiny O(10−4) fluctuations, the observed CMB temperature is uniform across

the sky. This implies that these photons must be emitted from regions that must

have been in causal contact at some time in the past. However, two particles can

only communicate with each other if their distance on a grid comoving with the

cosmic fluid is smaller than the comoving Hubble scale1 H−1. If we assume that

gravity always decelerates the expansion of the universe, H−1 increases in time over

the whole history of the universe. Thus regions separated by a comoving distance

larger than H−1 at photon decoupling – corresponding to regions separated by

more than a few degrees on the sky today (e.g. [14]) – must have been causally

disconnected all the time before photon decoupling (because H−1 was even smaller

then). But if so many separate regions of the sky have never been in causal contact,

how can photons from all these regions have the same temperature to one part in

104?

Alan Guth [15] solved this horizon problem by giving up the assumption that

the expansion of the universe is always decelerating. Instead he suggested an epoch

of accelerated expansion, inflation, during which the comoving Hubble scale H−1

decreases. Then regions separated by a comoving distance larger than H−1 at

photon decoupling can have been in causal contact during inflation, when H−1

was larger (see also Fig. 2.1 below). Notably, inflation also solves the flatness and

magnetic monopole problems.

An additional striking feature of inflation is the prediction that all structures we

see today were originally seeded by quantum fluctuations of the inflation-driving

inflaton field. During inflation the quantum fluctuations are stretched to cosmo-

logically relevant scales, leaving initial perturbations in the energy density and

metric behind. After inflation these perturbations are amplified by gravitational

1The distance light can travel from the big bang until some time t(a) is given by the comoving

horizon η =
∫ t

0
dt
a =

∫ a
0

d ln a
aH(a) (see e.g. [11]). Thus, the comoving Hubble scale H−1 = (aH)−1 is

the contribution to the comoving horizon per logarithmic expansion interval d ln a. Therefore, if
two regions are separated by a distance larger than H−1 [at the time t(a)] they cannot currently
communicate.

8



2.1 Primordial perturbations

instability, finally building galaxy clusters, galaxies, stars, etc. In the last decades

the idea of inflation has been tested observationally with ever increasing precision,

and so far it is consistent with all observations.

However, we do not know what actually caused inflation and several different

inflationary mechanisms have been suggested, many of them being consistent with

all observations (see e.g. [16, 17, 18, 19, 20]). One of the most powerful observ-

ables to distinguish these models are statistical properties of density perturbations,

e.g. in the CMB or in large-scale structures. The standard model of single-field

slow-roll inflation produces nearly Gaussian statistics, but other models can pro-

duce significant deviations from Gaussian statistics, i.e. non-Gaussianity.

In the following, over-dots denote derivatives with respect to coordinate time

t, whereas primes ′ denote derivatives with respect to conformal time η [the only

exception being V ′(ϕ) ≡ ∂ϕV (ϕ)].

2.1.2 Single-field slow-roll inflation

During inflation the expansion of the universe is accelerated, ä > 0, where the scale

factor a describes the expansion of the universe. The second Friedmann equation,

ä

a
= −4πG

3
(ρ+ 3P ), (2.1)

which follows from the trace of the Einstein equations in the FLRW metric for

a fluid with energy density ρ and pressure P , implies that we need ρ + 3P <

0 for inflation. This can be achieved with a single scalar field ϕ, the inflaton,

if and only if the inflaton potential V (ϕ) satisfies V (ϕ) > ϕ̇2.1 Although not

necessary for accelerated expansion (see e.g. [13]) we assume here that the slow-

roll approximation applies. This is defined by neglecting ϕ̈ and ϕ̇2 in the first

Friedmann equation and in the equation of motion for ϕ, which is equivalent to

requiring

ε� 1, |ηs| � 1, and |ϕ̈| � |3Hϕ̇|, (2.2)

1The stress-energy tensor of a homogeneous scalar field ϕ implies ρϕ = ϕ̇2/2 + V and Pϕ =
ϕ̇2/2− V , so ρϕ + 3Pϕ < 0⇔ ϕ̇2 < V .

9
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where the slow-roll parameters are defined by

ε ≡ M2
Pl

2

(
V ′

V

)2

and ηs ≡M2
Pl

V ′′

V
, (2.3)

where V ′ ≡ ∂ϕV and MPl =
√
~c/(8πG) is the reduced Planck mass. Then the

inflaton field is slowly rolling towards the minimum of its potential V , keeping

its kinetic energy below its potential energy (implying an accelerated expansion)

for a sufficiently long time to solve the horizon problem. The slow-roll conditions

imply that the effective inflaton mass is negligible compared to the Hubble rate,

m2
ϕ = |V ′′| � H2 (e.g. [7, 16]).

2.1.3 Horizon crossings

The properties of the quantum fluctuations during inflation are transferred to the

spatial statistics of late-time observables such as the CMB or galaxies. To describe

this mapping from early to late times note that all cosmologically relevant comov-

ing scales λ = k−1 start from inside the comoving Hubble radius H−1 = (aH)−1

and exit this horizon at some time during inflation, when k = aH; see Fig. 2.1.

The subsequent super-horizon evolution is, luckily, trivial to follow because the

comoving curvature perturbation R stays constant. Finally, the modes re-enter

the horizon at late times. The physics governing the sub-horizon evolution around

recombination can be described by transfer functions. Before discussing these

transfer functions we will characterise the fluctuations at horizon exit during in-

flation.

2.1.4 Quantisation of a light scalar field during slow-roll

inflation

In the next few subsections we will follow [7, 9, 16, 21] to outline the quantisation

of the inflaton field ϕ in slow-roll inflation. The discussion applies not only to the

inflaton field but to any light scalar field minimally coupled to gravity.

10



2.1 Primordial perturbations
72 3. Inflation

super-horizonsub-horizon

CMB
recombination

today
time

comoving scales

horizon re-entry

sub-horizon

horizon exit

reheatinginflation

Figure 3.3: Scales of cosmological interest were larger than the Hubble radius until a ⇡ 10�5 (where today is

at a(t0) ⌘ 1). However, at very early times, before inflation operated, all scales of interest were smaller than

the Hubble radius and therefore susceptible to microphysical processing. Similarly, at very late times, the

scales of cosmological interest are back within the Hubble radius. Notice the symmetry of the inflationary

solution. Scales just entering the horizon today, 60 e-folds after the end of inflation, left the horizon 60

e-folds before the end of inflation.

we have
a0H0

aeHe
=

a0

ae

✓
ae

a0

◆2

=
ae

a0
⇠ T0

Te
⇠ 10�28 , (3.3.20)

where the numerical estimate assumed Te ⇠ 1015 GeV. Eq. (3.3.19) can then be written as

(aiHi)
�1 > (a0H0)

�1 ⇠ 1028(aeHe)
�1 . (3.3.21)

For inflation to solve the horizon problem, (aH)�1 therefore should shrink by a factor of 1028. The

most common way to arrange this it to have H ⇠ const. during inflation (see below). This implies

Hi ⇡ He, so eq. (3.3.21) becomes

ae

ai
> 1028 ) ln

✓
ae

ai

◆
> 64 . (3.3.22)

This is the famous statement that the solution of the horizon problem requires about 60 e-folds of

inflation.

3.3.3 Solution of the Flatness Problem

In foonote 1, I advertised that any solution to the horizon problem also solves the other Big

Bang puzzles. Let me demonstrate that a shrinking Hubble sphere indeed solves the flatness

problem.

Consider the Friedmann equation with spatial curvature,

H2 =
⇢

3M2
pl

� k

a2
. (3.3.23)

Dividing both sides by the Hubble parameter, we can write this as

1 � ⌦(a) =
�k

(aH)2
, (3.3.24)

� = 2⇡k�1

Figure 2.1: Evolution of the comoving Hubble radius (aH)−1 compared to a con-
stant comoving scale λ = 2πk−1 (adapted from [8]).

Minimally coupling the inflaton field ϕ to gravity gives the action

S =

∫
dη d3x

√−g
(

1

2
∇µϕ∇µϕ− V (ϕ)

)
, (2.4)

where V (ϕ) is the potential of ϕ. In slow-roll inflation, metric perturbations can

be neglected if we work in the spatially-flat gauge, corresponding to coordinates

in which spatial hypersurfaces are flat [7, 8]. Thus gµν = a2ηµν and gµν = a−2ηµν ,

where ηµν = diag(1,−1,−1,−1). Then the determinant of the metric tensor is

g ≡ det gµν = det diag(a2,−a2,−a2,−a2) = −a8, so the action becomes

S =

∫
dη d3x

(
a2

2

(
ϕ′

2 − (∇ϕ)2
)
− a4V (ϕ)

)
. (2.5)

It is convenient to split the field into an unperturbed homogeneous background

value ϕ̄(η) and a small inhomogeneous fluctuation δϕ(η,x). Varying the action

with respect to ϕ̄ and neglecting all perturbations, we get the unperturbed equa-

tions of motion (note that the spatial ∇ϕ̄ = 0)

ϕ̄′′ + 2Hϕ̄′ + a2∂ϕV (ϕ̄) = 0. (2.6)

11
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Let us rescale δϕ by the scale factor, u ≡ aδϕ. Our aim is to quantise this

rescaled field fluctuation u(η,x). We first need the classical equations of motion

for u. Since u is small, we can analyse the equations of motion at different orders

in u separately. At zeroth order in u we recover the equations of motion for the

unperturbed field ϕ̄. The O(u) part S(1) of the action vanishes because of the

background equations of motion. To get the equations of motion at first order in

u we need to vary the O(u2) part S(2) of the action. We can neglect the inflaton

mass m2
ϕ = |∂2

ϕV | in slow-roll inflation to get1

S(2) =
1

2

∫
dη d3x

(
u′

2
+
a′′

a
u2 − (∇u)2

)
. (2.7)

The equations of motion linear in u follow from varying S(2) with respect to u,

which gives in Fourier space

u′′k +

(
k2 − a′′

a

)
uk = 0. (2.8)

Now we can quantise the theory by promoting the classical fields u and π =

∂L/∂u′ = u′ to operators û and π̂ with bosonic equal-time commutation relations

[û(η,x), π̂(η,y)] = iδ
(3)
D (x− y), [û(η,x), û(η,y)] = 0, [π̂(η,x), π̂(η,y)] = 0.

(2.9)

Furthermore we require that in the Heisenberg picture the time-dependent opera-

tors û and π̂ satisfy the analogues of the classical equations of motion, i.e. π̂k = û′k
and (2.8) if we replace uk by ûk. Then the general Hermitian solution for ûk is

given by

û(η,x) =

∫
d3k

(2π)3
ûk(η)eik·x, ûk(η) = âkuk(η) + â†−ku

∗
k(η), (2.10)

where the mode functions uk(η) are solutions of the classical equation of motion

(2.8) and â†k and âk are creation and annihilation operators, which satisfy commu-

1Use partial integration for the term ∝ uu′ to get a term ∝ u2 and Taylor expand V around
ϕ̄ (see e.g. [7]).

12



2.1 Primordial perturbations

tation relations that are determined by (2.9):1

[âk, â
†
k′ ] = (2π)3δ

(3)
D (k− k′), [âk, âk′ ] = 0, [â†k, â

†
k′ ] = 0, (2.11)

To solve the classical equation of motion (2.8), let us now consider the time

span from a few Hubble times before horizon exit until a few Hubble times after

horizon exit. We define2 the conformal time by

η = − 1

Hka
, (2.12)

where Hk is the Hubble parameter when the fixed comoving scale k−1 exits the

horizon, i.e. k = akHk. With this definition, a′′/a = (η−1)′′η = 2/η2, so that (2.8)

becomes

u′′k +

(
k2 − 2

η2

)
uk = 0. (2.13)

The solution with correct initial condition is given by3 [7, 9, 16]

uk(η) = Ce−ikη
(

1− i

kη

)
, (2.14)

where

C ≡ 1√
2k

(2.15)

is a normalisation constant.

1The normalisation of the first equation is chosen conveniently by rescaling the mode func-
tions such that their (time-independent) Wronskian is uk(η)u∗k

′(η) − u′k(η)u∗k(η) = i/(2π)3

(e.g. [7, 8, 9]).
2It is straightforward to check that this definition is consistent with dt = adη a few Hubble

times before and after horizon exit when H ≈ Hk: dη = da
Hka2

= ȧdt
Hka2

= H
Hk

dt
a . Note that

η < 0 and η approaches zero with time, i.e. |η| decreases with time. Also note that η = −1/k at
horizon exit.

3Well before horizon exit, |η| � k−1, Eq. (2.8) becomes u′′k +k2uk = 0 with solution uk(η) ∝
e−ikη. By neglecting the second solution e+ikη we select the ’minimal excitation state’ as the
vacuum, minimising the expectation value of the Hamiltonian (see e.g. [9]).
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2.1.5 From quantum to classical fluctuations

The solution (2.14) behaves rather differently before and after horizon exit (see

e.g. [13]). Well before horizon exit, |η| � k−1, it can be approximated by uk(η) ≈
Ce−ikη, so that the Heisenberg-picture field operator ûk from (2.10) has a non-

trivial time-dependence

ûk(η) = C
(
âke

−ikη + â†−ke
+ikη

)
. (2.16)

The sub-horizon fluctuations are therefore quantum objects in the sense that per-

forming a measurement at some time does not determine the outcome of later

measurements because the state has evolved away from the eigenstate of the first

measurement. In contrast, well after horizon exit, |η| � k−1, we can approximate

(2.14) by the purely imaginary solution uk(η) ≈ −iC/(kη) to get a field operator

with trivial time-dependence

ûk(η) = −iC
kη

(
âk − â†−k

)
. (2.17)

The operator ûk(η) is only rescaled with time but does not involve different com-

binations of âk and â†−k at different times. Therefore the super-horizon fluctuation

is a classical object in the sense that after a measurement the state stays in the

same eigenstate [13].

2.1.6 Primordial power spectrum

A few e-folds after horizon exit the variance of the inflaton fluctuations, or their

power spectrum Pδϕ(k), can be computed as

(2π)3Pδϕ(k)δD(k− k′) ≡ 〈0|δ̂ϕkδ̂ϕ
†
k′|0〉

(2.17)
=
〈0|âkâ†k′|0〉

2η2a2k3
= (2π)3 H

2
k

2k3
δD(k− k′),

(2.18)

where we assumed no interactions and used u = aδϕ and the super-horizon solution

(2.17). In the last step we used (2.12) and [âk, â
†
k′ ] = (2π)3δD(k−k′). From (2.18)

14



2.1 Primordial perturbations

we get for the dimensionless power spectrum P ≡ k3P/(2π2)

Pδϕ(k) =

(
Hk

2π

)2

. (2.19)

This is almost independent of scale k because the Hubble constant is only slowly

varying during inflation. In the spatially-flat gauge the comoving curvature per-

turbation R, which is conserved after horizon exit, is related to δϕ (interpreted as

fluctuations on hypersurfaces of zero intrinsic curvature) via [7]

R = −H δϕ

∂ηϕ̄
. (2.20)

The corresponding power spectrum of R at horizon exit is therefore

PR(k) =

(
H

∂ηϕ̄

)2

Pδϕ(k) =

(
H2

2π∂tϕ̄

)2

k=aH

. (2.21)

The small scale-dependence is described by the spectral index ns

ns − 1 ≡ d lnPR(k)

d ln k
, (2.22)

i.e. ns = 1 corresponds to a perfectly scale-invariant power spectrum. Under the

slow-roll approximation one can show (see e.g. [7, 8, 9])

ns − 1 = 2ηs − 6ε, (2.23)

i.e. the spectral index probes the slow-roll parameters (2.3) and therefore constrains

the shape of the inflaton potential. Recently, Planck measured ns = 0.9603±0.0073

(68% error) [2] which rules out perfect scale-invariance by more than 5σ.

2.1.7 Primordial non-Gaussianity

To constrain further the physics leading to inflation we consider higher n-point

correlation functions beyond the power spectrum. We will first give a rough order-

of-magnitude estimate for the amplitude of non-Gaussianity expected in single-

field slow-roll inflation. We then characterise non-Gaussianity in more detail by
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studying the momentum-dependence for some inflation models which can generate

observable levels of non-Gaussianity.

2.1.7.1 Order of magnitude estimate for single-field slow roll inflation

If the 3-point quantum correlation function (of an interacting theory) is non-zero,

the field perturbations δϕ are non-Gaussian. To estimate the order of magnitude

of the quantum correlation functions for n ≥ 3 we use the path integral [22]

〈Ω|δϕk1 · · · δϕkn|Ω〉 =

∫
D [δϕk]δϕk1 · · · δϕkn exp(i

∫
γ
L(δϕk))∫

D [δϕk] exp(i
∫
γ
L(δϕk))

, (2.24)

where the contour γ of the integration over the Lagrangian L is such that it se-

lects the vacuum |Ω〉 of the interacting theory by an appropriate iε-prescription

[22] [23]. One can evaluate the path integral by rewriting it in terms of a gener-

ating functional with sources Jk and then replacing the field perturbations in the

numerator of (2.24) by functional derivatives ∂J with respect to the sources. To-

gether with corresponding prefactors (including time and spatial derivatives) these

functional derivatives can be pulled out of the path integral, leaving a Gaussian

integral which can be solved. Acting with the functional derivatives ∂J on this

solution will generate terms corresponding to Feynman diagrams. In the follow-

ing we will suppress all prefactors of δϕ (including time and spatial derivatives),

which are pulled out of the path integral together with the functional derivatives

∂J , because we only want to estimate the order of magnitude of the correlation

functions, keeping only slow-roll parameters and δϕ.

Our goal is to calculate the non-Gaussianity of the comoving curvature pertur-

bation R that results from non-Gaussianity of the field perturbation δϕ. Assuming

slow-roll, H =
√
V/(3M2

Pl) and ∂tϕ̄ = −V ′/3H imply that the conversion (2.20)

becomes

R =
δϕ√

2εMPl

∼ δϕ√
ε
. (2.25)

The appropriate generalisation beyond linear order is obtained by considering ζ,

which agrees with R at linear order, is conserved on super-horizon scales (for

adiabatic perturbations) and is defined non-linearly in terms of the spatial part of
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the metric by (see e.g. [24] and references therein)

gij = a2e2ζδij. (2.26)

We get a path integral formula for correlation functions 〈ζk1 · · · ζkn〉 if we replace

all δϕ on the right hand side of (2.24) by
√

2εMPlζ.

If we only keep terms with two ζ in the Lagrangian L(ζ), corresponding to

(2.7), the exponent in the path integral (2.24) includes only these terms with two

ζ and the n-point correlation function of ζ becomes (suppressing prefactors and

spatial and time derivatives, and using the notation 〈·〉2 to indicate that only terms

with two ζ in the action are considered)

〈ζk1 · · · ζkn〉2 ∼
∫

D [ζk]ζk1 · · · ζknei
∫
γ ζ

2
k , (2.27)

which corresponds to a Gaussian probability functional if we regard ζ as a classical

random variable, i.e. the (quantum and ensemble) correlation function is zero for

odd n and can be expressed by 〈ζk1ζk2〉2 for even n. From (2.25) and noting that

〈δϕk1δϕk2〉2 ∼ ε0 from (2.19), we find

〈ζk1ζk2〉2 ∼ ε−1. (2.28)

We can get non-Gaussianity if higher-order terms with three or more ζ ∝ δϕ in

the Lagrangian are considered, corresponding to interaction terms of the inflaton.

They can arise from expanding the potential V to third order or from the
√−g

term in the action. It turns out that the part of the action with three ζ is of order

ε2 [22, 23], i.e. L3 ∼ ε2ζ3, where we again suppress derivatives and factors that are

not slow-roll parameters. The corresponding contribution to the 2-point function

is

〈ζk1ζk2〉3 ∼
∫

D [ζk]ζk1ζk2e
i
∫
γ L2

(
1 + i

∫

γ

L3 +
i2

2

(∫

γ

L3

)2

+ · · ·
)

∼ 〈ζk1ζk2〉2 +
i2

2
ε4
∫

D [ζk]

∫

γ

∫

γ

ζk1ζk2ζ
3
kζ

3
k′e

i
∫
γ L2

∼ ε−1 + o(ε0), (2.29)
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where we used that integrals over an odd number of ζ’s vanish and that the integral

involving eight ζ’s can be written as a linear combination of terms proportional

to (〈ζ2〉2)4 ∼ ε−4 because the exponential is a Gaussian.1 Thus, at leading order

in slow-roll parameters, the 2-point function with L3 is the same as if we only

consider L2. However, the 3-point function becomes non-zero if we use L3 instead

of L2,

〈ζk1ζk2ζk3〉3 ∼ iε2
∫

D [ζk]

∫

γ

ζk1ζk2ζk3ζ
3
ke

i
∫
γ L2 + · · ·

∼ ε−1 + o(ε0), (2.30)

where we used that the integral can be expressed as a linear combination of terms

of the form (〈ζ2〉2)3 ∼ ε−3.

We can quantify the level of non-Gaussianity by the ratio of the 3-point function

(2.30) and the square of the 2-point function from (2.28) and (2.29) [25],

f ζNL ∼
〈ζk1ζk2ζk3〉3

(〈ζk1ζk2〉2 + 〈ζk1ζk2〉3)2
∼ ε−1

(ε−1)2
∼ ε. (2.31)

Thus, in single-field slow-roll inflation (with standard Bunch-Davies vacuum), the

non-Gaussianity parameter f ζNL due to non-Gaussian field perturbations δϕ is

generically suppressed by the slow-roll parameter ε ≤ O(10−2). Unfortunately,

this level of non-Gaussianity is too small to be observable in the near future. Note

that this result has been derived much more rigorously in [22, 23].

2.1.7.2 Primordial bispectrum and trispectrum definitions

Despite the slow-roll suppressed non-Gaussianity for single-field slow-roll inflation

there are many alternative classes of inflation models which can generate observ-

able levels of non-Gaussianity, e.g. if they involve additional fields, non-standard

kinetic terms, or a modified initial vacuum state. These mechanisms produce dif-

ferent types of non-Gaussianity characterised by the momentum-dependence, or

shape, of the non-Gaussian 3- and 4-point functions. It is convenient to work

1The o-notation in Eq. (2.29) means that the term can be at most of order ε0, which takes
account of the possibility that loop contributions can in principle cancel each other.
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with the Bardeen potential Φ which is nominally related to R via Φ = −3R/5 on

super-horizon scales during matter domination and does not change under gauge

transformations (see e.g. [7, 26]; note that different signs are used in the literature).

We will describe Φ(x) as a classical random variable at each point x, with zero

mean. The probability of a field configuration Φ(x) is given by a probability dis-

tribution functional P[Φ(x)]. Our goal is to estimate the form of this probability

distribution, especially its deviations from a Gaussian distribution. Since the back-

ground cosmology is assumed to be homogeneous and isotropic, we assume that

P is also homogeneous and isotropic, i.e. we assume that the probability of a field

configuration does not change if we translate or rotate the field. In real space this

means that if we fix Φ at position x1 then the probability to have some value Φ(x2)

at x2 may only depend on the distance |x1−x2| between the two points. Therefore

the 2-point correlation function of Φ(x) is of the form 〈Φ(x1)Φ(x2)〉 = ξ(|x1−x2|).
In Fourier space the 2-point function is therefore of the form

〈Φ(k1)Φ(k2)〉 = (2π)3δD(k1 + k2)PΦ(k1), (2.32)

which follows by writing the Φ(ki) as Fourier transforms of Φ(xi). The quantity

PΦ(k) is the power spectrum of Φ. Since Φ(x) is real we have Φ(k) = Φ∗(−k)

and therefore (2.32) implies that Fourier modes with different wavevectors k are

uncorrelated, i.e. if we measure Φ(k1) this tells us nothing about the likely value

of Φ(k2) for k2 6= ±k1.

Similarly, statistical homogeneity and isotropy imply that the 3-point function

is of the form

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3δD(k1 + k2 + k3)fNLBΦ(k1, k2, k3), (2.33)

where we introduced the bispectrum BΦ and the non-linearity parameter fNL, which

is conventionally defined such that BΦ(k, k, k) equals P 2
Φ(k) times a number of

order unity. The bispectrum vanishes if Φ is Gaussian. If the bispectrum deviates

from zero then Φ must be non-Gaussian and modes with different wavevectors

are correlated, i.e. if we measure two modes Φ(k1) and Φ(k2), we can predict the

most likely value of Φ(k3) using BΦ [27]. Therefore the bispectrum represents the
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lowest-order correlation function that distinguishes non-Gaussian from Gaussian

perturbations. Note that the Dirac delta function in (2.33) imposes a triangle

condition on the three wavevectors ki, i.e. the bispectrum is only defined for those

triples (k1, k2, k3) for which there is a triangle with lengths k1, k2, k3. Since the

longest edge may not be longer than the sum of the other two edges, we need





k1 ≤ k2 + k3 for k1 ≥ k2, k3, or

k2 ≤ k1 + k3 for k2 ≥ k1, k3, or

k3 ≤ k1 + k2 for k3 ≥ k1, k2.

(2.34)

If we additionally demand k ≤ kmax, the allowed domain for (k1, k2, k3) forms a

‘tetrapyd’ VB (see [28] and Fig. 4.1 below). The functional dependence of the

bispectrum on the triangle configurations, i.e. the bispectrum shape, is sensitive

to the specific inflation model under consideration. Different classes of inflation

models can be distinguished observationally if they generate different bispectrum

shapes with sufficient amplitude.

Extending the above to the 4-point function, we define the trispectrum TΦ and

its amplitude GNL by

〈Φ(k1)Φ(k2)Φ(k3)Φ(k4)〉c = (2π)3δD

(
4∑

i=1

ki

)
GNLTΦ(k1,k2,k3,k4), (2.35)

where the Dirac delta enforces that the four wavevectors form a closed quadri-

lateral, and 〈·〉c denotes the part of the correlation function that corresponds to

connected Feynman diagrams and is given by the full correlation function minus

the part corresponding to disconnected Feynman diagrams,

〈Φ(k1) · · ·Φ(k4)〉c ≡ 〈Φ(k1) · · ·Φ(k4)〉 − (〈Φ(k1)Φ(k2)〉〈Φ(k3)Φ(k4)〉+ 2 perms).

(2.36)

If perturbations are Gaussian, we only have the disconnected part, whereas the

perturbations must be non-Gaussian for the connected part and the trispectrum

to deviate from zero.
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2.1.7.3 Primordial bispectrum shapes

We provide a short overview over generic non-Gaussianity shapes that can be

generated by inflation models.

Local shape The fiducial fNL model of primordial non-Gaussianity is the local

model [29], which is described in this way because it can be generated simply by

squaring a Gaussian field ΦG in real space,

Φ(x) = ΦG(x) + fNL[Φ2
G(x)− 〈Φ2

G〉]. (2.37)

where subtracting the ensemble average ensures that Φ(x) has zero mean. The

resulting bispectrum takes the form

Bloc
Φ (k1, k2, k3) = 2 [PΦ(k1)PΦ(k2) + 2 perms] , (2.38)

which peaks for squeezed triangle configurations, where one wavenumber is much

smaller than the other two (see Fig. 4.3 below). Multiple-field inflation models are

one potential source of this shape (for a review see [17]). If a bispectrum signal

in the squeezed limit is detected, then this will rule out all single-field models of

inflation [23, 30, 31, 32].

Equilateral shape Higher derivative operators in the inflationary action, arising

e.g. in DBI inflation [33] and in effective field theory approaches [34, 35, 36, 37],

produce a shape that can be approximated by the separable equilateral template

[17, 38, 39]

Beq
Φ (k1, k2, k3) = 6

[
− (PΦ(k1)PΦ(k2) + 2 perms)− 2(PΦ(k1)PΦ(k2)PΦ(k3))2/3

+ (P
1/3
Φ (k1)P

2/3
Φ (k2)PΦ(k3) + 5 perms)

]
, (2.39)

which peaks in the equilateral limit, k1 = k2 = k3. For equilateral triangles with

k1 = k2 = k3 summing up the corresponding three plane waves,
∑

j Φ(kj)e
ikj ·x,

gives filamentary overdensities, i.e. overdense cylinders along the direction perpen-

dicular to the plane of the triangle of (k1,k2,k3), surrounded by underdensities (as
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motivated in [27]). A primordial equilateral shape from higher derivatives, there-

fore, must be distinguished carefully from the stronger equilateral and (highly

correlated) constant contribution produced at late times by nonlinear gravita-

tional collapse and the emergence of filamentary and point-like structures (see

e.g. [40, 41]). We will confirm this expectation by measuring the bispectrum in

N -body simulations in Chapter 4.

Orthogonal shape Another shape that can arise from single-field inflation [42]

or from multifield DBI Galileon inflation [43, 44] is the orthogonal shape, which is

roughly orthogonal (see Sec. 2.1.7.4 below) to the equilateral and the local shape

and peaks, with opposite sign, for both equilateral and flattened/elongated triangle

configurations (e.g. k3 = k1 + k2).

It can be approximated by the separable template [42]

Borth
Φ (k1, k2, k3) = 6

[
3(P

1/3
Φ (k1)P

2/3
Φ (k2)PΦ(k3) + 5 perms)

− 3

2
Bloc

Φ (k1, k2, k3)− 8(PΦ(k1)PΦ(k2)PΦ(k3))2/3
]
. (2.40)

We note that all the shapes above (2.38)–(2.40) are written explicitly as the sum

of separable functions of the wavenumbers k1, k2, k3.

Flattened shape A non-Bunch-Davies vacuum leads to shapes which peak for

flattened/elongated (e.g. k1 + k2 = k3) and folded (e.g. k1 = 2k2 = 2k3) triangle

configurations1 [17, 46, 47, 48]. This flattened shape depends on terms such as

1/(k1 + k2− k3) [46]. Therefore it provides an important example of a bispectrum

which is inherently non-separable, so it is computationally difficult to generate

initial conditions for this shape and to extract its amplitude from data. We will

use an expansion in separable modes to solve both problems [4, 28, 49, 50]. There

is a divergence for elongated triangles, k3 = k1 +k2, which must be removed with a

physically motivated cutoff. For definiteness we use the same shape and cutoff as

was used for the CMB in [49, 51], setting B = 0 for k1 +k2−k3 < 0.03(k1 +k2 +k3)

1Sometimes other names are used for these triangles; we follow [45]. Note that shapes
peaking for folded configurations can also arise without invoking a non-Bunch-Davies vacuum if
curvature-related operators are included in the effective theory of single-field inflation [35].
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2.1 Primordial perturbations

and permutations, and then smoothing on k1 + k2 + k3 = const slices with a

Gaussian filter with FWHM of 0.03/(k1 + k2 + k3).

Templates vs shapes It is worth noting that the equilateral and orthogonal

templates are separable approximations of inflationary shapes, with good agree-

ment where the primordial bispectrum signal peaks. However late time observables

may be sensitive to suppressed triangle configurations for which the template and

physical shapes may differ significantly (e.g. scale-dependent halo bias mainly de-

pends on the squeezed limit of the bispectrum [39, 52]). The methods described

below enable us to simulate and estimate physical non-separable bispectra without

using such separable templates. However we do not expect significant differences

for the dark matter bispectrum, because its peaks are well approximated by the

separable templates. For this reason and for easier comparison with other simu-

lations, we use the equilateral and orthogonal templates instead of the physical

shapes. Future work, especially on the power spectrum and bispectrum of halos,

will instead focus on the physical shapes.

2.1.7.4 Estimating non-Gaussianity

As a first step towards confronting the theory predictions outlined above with ob-

servations, we discuss here how non-Gaussianity of the probability distribution of

a generic 3D field δ(x) can be estimated from a realisation of that field. We leave

the discussion of the transfer of primordial fluctuations to late-time observables

for later, noting that the estimation formalism is essentially the same if linear

transfer functions are included; in Chapters 3 and 4, δ(x) will denote the frac-

tional perturbation of the late time dark matter density, while the CMB lensing

reconstruction discussed in Section 2.3.1.6 and Chapter 5 can be understood as an

optimal trispectrum estimator of CMB temperature fluctuations and the 3D δ(x)

is replaced by ∆T (n̂), or spherical harmonic coefficients alm on the 2D sphere.

To learn about non-Gaussianity of the 3D field δ(x), we derive an optimal

estimator by reformulating the derivation in [53], where the 2D CMB case was

considered. As a theoretical model we assume that δ(x) is drawn from a probability

distribution function (pdf) which is fully specified by the covariance Cij ≡ 〈δkiδ∗kj〉
and the bispectrum fNLB(k1, k2, k3), which we assume to have some fiducial shape
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B(k1, k2, k3) but unknown amplitude fNL [i.e. the pdf is given by (2.41) below;

see e.g. [50, 54] for the generalisation to include the trispectrum]. What value of

fNL describes the data δ(x) best? This question can be answered by maximising

the (posterior) probability Pr(fNL|δ) with respect to fNL. If we assume a flat

prior Pr(fNL) = const., this is equivalent to maximising the likelihood L(δ|fNL)

with respect to fNL. While the posterior probability is hard to write down, the

likelihood can be obtained from a multi-variate Edgeworth expansion around a

Gaussian pdf in the limit of weak non-Gaussianity (see e.g. [53, 55] and references

therein):

L(δ|fNL) ∝
[
1−

∫
d3k1 · · · d3k3

(2π)9

1

6
〈δk1δk2δk3〉

∂

∂δk1

∂

∂δk2

∂

∂δk3

]
1√

detC

∏

ij

e−
1
2
δ∗ki (C

−1)ijδkj ,

(2.41)

where Cij ≡ 〈δkiδ∗kj〉. We will assume statistical homogeneity and isotropy so that

Cij = δijCii. However, in real-world applications inhomogeneous noise will lead

to non-zero off-diagonal entries, which will lead to an additional term in the final

estimator that is linear in the data δ [50, 56]. Calculating the functional derivatives

in (2.41) yields

L(δ|fNL) ∝
[
1−

∫

k1k2k3

fNL(2π)3δD(k1 + k2 + k3)B(k1, k2, k3)

6 C11C22C33

×
(
δ∗k1
δ∗k2
δ∗k3
− {δD(k1 + k2)C11δ

∗
k3

+ 2 perms}
)

+ O(f 2
NL)

]∏
i e
− 1

2
|δki |2C

−1
ii

√∏
j Cjj

,

(2.42)

where we replaced the three point function by the bispectrum B using (2.33) and∫
k1k2k3

stands for the integral over k1, k2 and k3 as in (2.41). The terms in the

curly brackets, which are linear in the data δ, vanish because the two Dirac delta

functions force one of the wavevectors to be zero and perturbations at k = 0 vanish

because the perturbations have zero mean in real space by definition. These terms

do not vanish if Cij is non-diagonal, and neglecting these linear terms in that
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2.1 Primordial perturbations

case would lead to an unbiased but sub-optimal estimator [50, 56]. If we take the

logarithm of (2.42) and use ln(1 + h) ≈ h+ O(h2) for h� 1 to expand in fNL we

get (up to additional constants, and up to O(f 2
NL) corrections)

− lnL(δ|fNL) ≈
[∑

i

1

2
C−1
ii |δki |2 +

∫

k1k2k3

fNL(2π)3δD(k1 + k2 + k3)B(k1, k2, k3)δ∗k1
δ∗k2
δ∗k3

6 C11C22C33

]
.

(2.43)

To maximise this with respect to fNL, note that

−d lnL(δ|fNL)

dfNL

=

∫

k1k2k3

(2π)3δD(k1 + k2 + k3)B(k1, k2, k3)δ∗k1
δ∗k2
δ∗k3

6 C11C22C33

+ O(fNL).

(2.44)

Setting this to zero gives the best-fit parameter f̂NL. This shows that we actually

need the O(fNL) term here, i.e. we should have expanded L(δ|fNL) up to O(f 2
NL)

from the beginning. However it was shown in [53] that this term can be replaced

by its Gaussian expectation value to a good approximation (this approximation is

commonly used for Gaussian maximum likelihood estimators [57]). Therefore this

term does not depend on the data δ and only leads to a normalisation factor for

the fNL estimator, so that

f̂NL ∝
∫

k1k2k3

(2π)3δD(k1 + k2 + k3)B(k1, k2, k3)δ∗k1
δ∗k2
δ∗k3

6 C11C22C33

. (2.45)

Using Cii = 〈δ∗kiδki〉 = (2π)3δD(0)Pδ(ki) and introducing a normalisation factor

NfNL
this estimator becomes [50]

f̂BNL =
1

NfNL

∫
d3k1 · · · d3k3

(2π)9

(2π)3δD(k1 + k2 + k3)B(k1, k2, k3)δk1δk2δk3

Pδ(k1)Pδ(k2)Pδ(k3)
, (2.46)

where we also used δ∗k = δ−k and wrote out the integral over the ki. Given a

theoretical bispectrum shape B and some data δ, Eq. (2.46) is an optimal estimator

for the amplitude fBNL of the theoretical bispectrum shape B, in the limit of weak

non-Gaussianity and under the assumption of statistical homogeneity and isotropy.
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For clarity we wrote the amplitude of the bispectrum shape B as fNL = fBNL.

The bispectrum B in the estimator (2.46) is the bispectrum of the theoretical

model that we want to test, e.g. a local or equilateral shape bispectrum. To

distinguish different models of non-Gaussianity let us assume that the correct

model has a bispectrum given by Bcorrect, i.e. 〈δk1δk2δk3〉 ≡ (2π)3δD(k1 + k2 +

k3)Bcorrect(k1, k2, k3), if we average over an ensemble of universes or independent

patches of our universe. This correct bispectrum Bcorrect may of course be different

from the theoretical bispectrum B whose amplitude we want to estimate in (2.46).

The average of the estimator for fNL is therefore given by

〈f̂BNL〉 =
1

NfNL

V

π

∫

VB

dk1dk2dk3
k1k2k3Bcorrect(k1, k2, k3)B(k1, k2, k3)

Pδ(k1)Pδ(k2)Pδ(k3)
, (2.47)

where VB is the tetrahedral domain allowed by the triangle condition for the

wavenumbers ki, V = L3 = (2π)3δD(0) and we integrated over the angular parts

of the ki [50]. Demanding 〈f̂BNL〉 = 1 for B = Bcorrect fixes the normalisation to

NfNL
=
V

π

∫

VB

dk1dk2dk3
k1k2k3[B(k1, k2, k3)]2

Pδ(k1)Pδ(k2)Pδ(k3)
. (2.48)

Equation (2.47) motivates the definition of an inner product between two different

bispectra by [58], [50]

〈Bi, Bj〉est ≡
V

π

∫

VB

dk1dk2dk3
k1k2k3Bi(k1, k2, k3)Bj(k1, k2, k3)

Pδ(k1)Pδ(k2)Pδ(k3)
, (2.49)

which can be normalised to a number between −1 and 1 by defining the shape

correlation or shape cosine

C(Bi, Bj) ≡
〈Bi, Bj〉est√

〈Bi, Bi〉est〈Bj, Bj〉est

. (2.50)

If the shape correlation C of a theoretical bispectrum B and the correct bispectrum

Bcorrect is equal to one, then (2.46) is an optimal estimator for the full amplitude

fBNL. If instead C(B,Bcorrect) = 0, we will measure f̂BNL = 0 (in average). Therefore

if two theoretical bispectra B1 and B2 have a small inner product, the optimal

estimator for fB1
NL will perform badly in detecting fB2

NL and vice versa [58].
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2.2 CMB perturbations

A similar optimal estimator can be derived for the trispectrum (see e.g. [50, 54]).

The terms involving Bδ3 and Pδ (in the presence of inhomogeneous noise) for

the bispectrum estimator turn into terms of the form Tδ4, Pδ2 and P 2 for the

trispectrum estimator. In the context of CMB lensing reconstruction, the power

spectrum of the reconstructed lensing potential corresponds to the Tδ4 term, while

Pδ2 corresponds to a data-dependent bias correction (the empirical N̂ (0) in Chapter

5) and P 2 corresponds to a data-independent (N (0)) bias correction. Notably, just

as the linear Pδ term was initially overlooked for bispectrum estimation, the Pδ2

term was only recently included in the context of lensing reconstruction in [59]

(for other reasons). However, current CMB bispectrum estimations and CMB

lensing reconstructions use these correction terms to obtain optimal constraints

(e.g. [3, 20]). Note that we will comment on the dominant Gaussian contribution

to the variance of the estimated bispectrum in Chapter 4 below (see Eqs. (4.35)

and (4.57)).

A bispectrum amplitude can be estimated very efficiently with (2.46) if the

bispectrum shape is product-separable, i.e. if it can be written as a sum of terms

of the form f1(k1)f2(k2)f3(k3) for some 1D functions fi. This was first appreciated

for CMB applications by Komatsu, Spergel and Wandelt in [60]. Recently, this

KSW-estimator has been applied in the context of the ISW-lensing bispectrum [61]

and in the context of constraining specific shapes of primordial non-Gaussianity

from WMAP (see [62] for the final WMAP9 results) and from Planck [20].

2.2 CMB perturbations

In this section we relate the primordial curvature fluctuations to CMB temper-

ature perturbations with the Boltzmann equation, closely following the excellent

pedagogical expositions in [7, 8, 10, 11, 12]. Throughout Section 2.2 we adopt the

sign convention of Ref. [10] for the potentials (and for the metric, which we keep

as ηµν = diag(1,−1,−1,−1) throughout this chapter).
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2.2.1 CMB anisotropies from metric perturbations

Primordial fluctuations imply metric perturbations which perturb the energy of

observed CMB photons, giving rise to temperature anisotropies. If we add scalar

perturbations to the homogeneous and isotropic FLRW metric and work in the

conformal Newtonian gauge, the linearly perturbed metric in coordinates xµ =

(η,x) is given by

ds2 = gµνdx
µdxν = a2(η)[(1 + 2Ψ(x, η))dη2 − (1− 2Φ(x, η))dx2], (2.51)

where the position-dependent potentials Ψ and Φ break the homogeneity and

isotropy of the background, which only depends on the conformal time η (re-

call dη = dt/a). The scale factor a(η) describes the expansion of the background.

If there is no anisotropic stress, then Ψ = Φ and the geodesic motion in a space-

time with metric (2.51) is equivalent to Newtonian gravity with the gravitational

potential given by Φ.

The Boltzmann equation involves the photon distribution function f(xµ, pµ),

which depends on time, position and 4-momentum pµ. We parameterise the photon

momentum by the energy E measured by an observer who does not move relative to

our spatial coordinates x. Let us first assume an unperturbed universe (Ψ,Φ = 0).

Then the comoving observer has the 4-velocity uµ =
√
g00 δ

0
µ and measures the

photon energy to be E = pµuµ = ap0, so that p0 = E/a. If we specify the photon

propagation direction by the 3-vector p̂ (normalised such that δij p̂
ip̂j = 1), then

p2 = 0 for the photon implies pµ = E
a

(1, p̂).

If we turn to a perturbed universe (Ψ,Φ 6= 0) and work at first order in pertur-

bations, imposing E = pµuµ = a(1 + Ψ)p0 gives p0 = E
a

(1−Ψ). Writing pi = Cp̂i,

p2 = 0 requires

pµ =
ε

a2
(1−Ψ, (1 + Φ)p̂). (2.52)

Here we introduced the comoving photon energy ε ≡ aE which is conserved in

absence of perturbations.1

In absence of collisions the photon distribution function is conserved along

1Heuristically, the wavelength is stretched, E ∝ 1/λ ∝ 1/a. More formally, E ∝ 1/a follows
from the time-component of the geodesic equation in an unperturbed universe, or from the
zeroth-order Boltzmann equation.
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the path of the photons in phase space. The path is determined by the geodesic

equation
dpµ

dλ
+ Γµνρp

νpρ = 0, (2.53)

where we introduced the affine parameter λ such that pµ = dxµ/dλ. The Christoffel

symbol is defined by

Γµνρ ≡
1

2
gµλ(∂νgρλ + ∂ρgλν − ∂λgνρ) (2.54)

and can be computed from the metric (2.51) (e.g. [7, 8]). Combining p0 = dx0/dλ

with (2.52) relates λ to conformal time η so that we can replace λ in favor of η in

the geodesic equation. At first order, after some algebra we find (e.g. [7, 10])

1

ε

dε

dη
= −dΨ

dη
+ ∂η(Φ + Ψ), (2.55)

dp̂i

dη
= −(δij − p̂ip̂j)∂j(Φ + Ψ), (2.56)

where total derivatives are along the photon path, d/dη = ∂η + p̂i∂i. According

to (2.55) the evolution of the comoving energy is given by changes of Ψ along the

photon path and explicit time variations of the metric perturbations Φ and Ψ.

Note that the background expansion changes the non-comoving photon energy E

but not the comoving energy ε. Equation (2.56) describes gravitational lensing of

the photons: The change of the propagation direction is given by the gradient of

the potentials in the direction perpendicular to the photon path.

The photon distribution function f is given by a perturbed Bose-Einstein dis-

tribution which we write as

f(η,x, ε, p̂) =

[
exp

(
ε

a(η)T (η)(1 + Θ(η,x, p̂))

)
− 1

]−1

. (2.57)

In absence of metric perturbations Ψ,Φ, the temperature perturbation Θ is zero

and the zero-order distribution function is a function f (0)(ε) of ε alone (note that

ε/(aT ) does not depend explicitly on time). The first-order correction for Ψ,Φ 6= 0
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can be written as1

f (1)(η,x, p̂) =
df

dΘ
Θ = −df (0)

dε
εΘ. (2.58)

At first order, the collisionless Boltzmann equation is therefore

0 =
df

dη
=

df (0)

dε

dε

dη
+

df (1)

dη
=

df (0)

dε

dε

dη
− df (0)

dε
ε

dΘ

dη
. (2.59)

We did not write down zero order terms and we neglected second-order corrections

to the derivative of f (1). The total derivative of Θ in the last term is

dΘ

dη
=

(
∂η + p̂i∂i +

dp̂i

dη
∂p̂i

)
Θ. (2.60)

The last term in the brackets can be neglected because the change of propagation

direction along the photon path is already first order in the perturbations; see

(2.56). Then, the evolution of the temperature perturbation along the photon

path due to metric perturbations is at first order given by (e.g. [10])

dΘ

dη
= (∂η + p̂i∂i)Θ = −dΨ

dη
+ ∂η(Φ + Ψ), (2.61)

where we used (2.60) in the first step and (2.59) and (2.55) in the second step.

The observed temperature perturbation can be obtained by integrating (2.61) from

recombination until today along the line of sight. The first term on the r.h.s. of

(2.61) means that, relative to an unperturbed universe, a photon is redshifted if

the potential Ψ is deeper at recombination than today. Therefore overdensities at

recombination are converted to cold spots in the CMB (the photon has to climb

out of a deeper potential well). The last two terms on the r.h.s. of (2.61) come

from explicit time variations of the metric perturbations, which vanish on all scales

during matter domination. However, they are relevant at recombination when the

universe is still not fully matter dominated, leading to the early integrated Sachs-

Wolfe (ISW) effect. The late ISW effect is due to dark energy domination at late

times which leads to a decay of the potentials. If the potentials become shallower

during the passage of a photon, ∂η(Φ + Ψ) > 0, the photon will gain more energy

1For the last step, calculate the zero order part of df/dΘ and compare with df (0)/dε.
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when it enters the potential well than the amount of energy it looses when it

escapes from the potential well again, leading to a net blueshift corresponding to

a hot spot in the CMB.

2.2.2 Scattering of photons and electrons

We have so far neglected any interactions between the photons and charged par-

ticles. However, before recombination, photons Thomson-scatter efficiently off

non-relativistic free electrons, because the corresponding scattering rate is high

compared to the Hubble expansion rate. The corresponding change of the photon

distribution function is described by the collision terms (e.g. [10])

(
1

a

dΘ(η,x, p̂)

dη

)

collision

≈ ΓT (−Θ + Θ0 + p̂ · vb), (2.62)

where ΓT = σTne is the Thomson scattering rate, which is the product of the

Thomson-scattering cross-section σT and the electron number density ne. The

quantity vb in the last term is the peculiar bulk velocity of the electrons. For sim-

plicity we replaced the 1+cos2 θ dependence on the scattering angle θ by its angular

average 4/3, and we introduced the monopole of the temperature perturbation,

Θ0 ≡
∫

d2 ˆ̃p

4π
Θ(η,x, ˆ̃p). (2.63)

The first term in (2.62) describes how photons scatter from the phase space el-

ement around (η,x, ε, p̂) to some other phase space element (out of the beam,

reducing the distribution function). The second term describes how photons with

arbitrary propagation direction ˆ̃p scatter such that they align with p̂ (into the

beam, increasing the distribution function). The last term in (2.62) is a Doppler

term which accounts for the energy change of photons when they scatter off moving

electrons.

Adding the changes of the temperature perturbation due to gravity (2.61) and

scattering (2.62) gives

dΘ

dη
≡ ∂ηΘ + p̂i∂iΘ = −dΨ

dη
+ ∂η(Φ + Ψ) + aσTne(−Θ + Θ0 + p̂ · vb). (2.64)
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It is convenient to express the Thomson prefactor by aσTne = −∂ητ(η, ηR) ≡ −τ ′,
where the prime represents the partial derivative ∂η with respect to conformal time

η from now on, and

τ(η, ηR) ≡
∫ ηR

η

dη̃ aneσT (2.65)

is the optical depth as η goes back in time. Keeping the reception time ηR fixed,

τ increases monotonically from zero at η = ηR to large values before decoupling.

If we switch to Fourier space,

Θ(η,x, p̂) =

∫
d3k

(2π)3
eik·xΘ(η, k, µ) (2.66)

(noting that the Fourier transform of (2.64) depends on k and p̂ only through

k ≡ |k| and µ ≡ k̂ · p̂ for vorticity-free vb), we get for a single k mode

Θ′ + ikµΘ− τ ′Θ = −ikµΨ + Φ′ − τ ′Θ0 − iτ ′µvb, (2.67)

where Ψ = Ψ(η, k) and similarly for Φ, Θ0 and vb. Note that we used d/dη →
∂η + ikµ, and p̂ · vb → p̂ · ik̂vb = iµvb.

2.2.3 Boltzmann hierarchy

To simplify (2.67) further, note that the dependence of the r.h.s. on the photon

propagation direction µ is very simple. We therefore expand Θ(η, k, µ) in Legendre

polynomials Pl(µ) (which have a simple dependence on µ and are orthogonal on

the domain µ ∈ [−1, 1]) as

Θ(η, k, µ) =
∑

l

(2l + 1)(−i)lΘl(η, k)Pl(µ), (2.68)

where the expansion coefficients Θl are

Θl(η, k) =
il

2

∫ 1

−1

dµ Θ(η, k, µ)Pl(µ). (2.69)
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If we use this expansion in (2.67), replace the term involving µΘ using the recur-

rence relation

µPl(µ) =
l + 1

2l + 1
Pl+1(µ) +

l

2l + 1
Pl−1(µ), (2.70)

multiply both sides of (2.67) by Pl′ and integrate over µ, we get the Boltzmann

hierarchy (e.g. [12])

Θ′l− k
l

2l + 1
Θl−1 + k

l + 1

2l + 1
Θl+1− τ ′Θl = δl0(Φ′− τ ′Θ0) +

1

3
δl1(kΨ + τ ′vb), (2.71)

where we used P0 = 1 and P1 = µ. This is a system of coupled ordinary differential

equations for the temperature perturbation coefficients Θl(η, k), where any coeffi-

cient is directly coupled to its two neighbouring coefficients. To close the system

we need to include the evolution equations for dark matter, baryons and metric

perturbations and specify the initial conditions. In practice, since the source term

on the right of (2.71) only contributes for l = 0 and l = 1 (neglecting the l = 2

contribution from the angular dependence of Thomson scattering), we can solve

for all quantities on the right of (2.71) by truncating the hierarchy at l ∼ 10, be-

cause higher multipoles have only a small backreaction on the l = 0, 1 coefficients

through a chain of coupled neighbouring coefficients. Since we then also know all

quantities on the r.h.s. of (2.67), we can directly integrate (2.67) along the line of

sight to obtain the full Θ(η, k, µ), corresponding to Θl for arbitrary high l, with-

out the need to solve (2.71) up to the high l ∼ O(103) required for current CMB

experiments.

Indeed, once the r.h.s. of (2.71) and therefore the r.h.s. of (2.67) are known,

the evolution equation (2.67) can be solved by the line of sight integral1

Θ(ηR) = e−ikµ(ηR−ηI)e−τ(ηI ,ηR)Θ(ηI)

+ e−ikµηR
∫ ηR

ηI

dη[−ikµΨ + Φ′ − τ ′Θ0 − iτ ′µvb]e−τ(η,ηR)eikµη, (2.72)

where ηI is some early initial time and ηR is the time when the photon is received by

the observer. The term with the initial condition Θ(ηI) in (2.72) can be neglected

1To confirm that (2.72) is really a solution of (2.67) compute ∂Θ(ηR)/∂ηR and note that
the left-most exponential factors in (2.72) generate the terms on the l.h.s. of (2.67), while the
η-dependent parts of the exponentials in the integrand of (2.72) are due to the r.h.s. of (2.67).
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by choosing ηI to be a very early time before decoupling so that τ → ∞. To

obtain the Legendre coefficients of the solution, we express µeikµη in (2.72) as

−(i/k)∂ηe
ikµη and integrate by parts to get (up to boundary terms which only

contribute to the monopole and dipole [12, 63])

Θ(ηR) =

∫ ηR

ηI

dη e−ikµ(ηR−η)S(η, k), (2.73)

where the sources S are

S(η, k) = (Ψ′ + Φ′)e−τ(η,ηR) +

(
Ψ + Θ0 −

v′b
k

)
∂ηe
−τ − vb

k
∂2
ηe
−τ . (2.74)

Using the plane-wave expansion

e−ikµ(ηR−η) =
∑

l

il(2l + 1)jl(k(η − ηR))Pl(µ) (2.75)

we get for the Legendre coefficients

Θl(ηR, k) =

∫ ηR

ηI

dηS(η, k)jl(k(η − ηR)). (2.76)

Note that the exponentials in the source function (2.74) imply that the ISW-term

Ψ′+Φ′ gets contributions along the whole line of sight from decoupling until today

(because, neglecting reionisation, e−τ ≈ 1 for z . zdec and e−τ ≈ 0 for z & zdec),

while the other terms are only relevant around decoupling (because ∂ηe
−τ and

∂2
ηe
−τ are strongly peaked at decoupling; see e.g. [12]). The line-of-sight approach

described above has been implemented in CMBfast [63], CAMB [64] and CLASS

[65].

Note that in order to solve the Boltzmann hierarchy up to multipole l ∼ 10

we need to calculate the sources in (2.74). We also need to take into account that

4Θ0 = δγ and Θ1 ∝ vγ, where vγ is the photon bulk velocity. These perturba-

tions are part of the photon energy momentum tensor which is related to metric

perturbations via the Einstein equations. If we assume that until recombination

photons and baryons are tightly coupled via Thomson scattering such that vb = vγ,

energy-momentum conservation of the composite photon-baryon fluid in combina-
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2.2 CMB perturbations

tion with the continuity equation for the photons implies for adiabatic fluctuations

that the evolution of the photon density is given by a damped harmonic oscillator

equation sourced by metric perturbations (see e.g. [7, 8, 10]):

δ
′′
γ +

HR

1 +R
δ′γ + c2

sk
2δγ = 4Φ′′ +

4HR

1 +R
Φ′ − 4

3
k2Ψ, (2.77)

where R = 3ρ̄b/(4ρ̄γ), H = aH and the sound speed is given by c2
s = 1/[3(1 +R)].

This equation describes acoustic oscillations of the baryon-photon fluid, whose

pressure is due to the photons while its inertia comes from the baryon mass.

For adiabatic initial conditions from inflation all Fourier modes k with the

same wavenumber k oscillate in phase, reaching their maxima and minima at the

same time [66]. At the time of recombination, when the oscillations end and

photons start free-streaming, all Fourier modes δγ(k) with k such that they have

reached their first extremum at the time of recombination lead to the first acoustic

peak of the CMB power spectrum. Modes δγ(k) with somewhat larger k such

that they are zero at recombination lead to the first acoustic trough, etc. The

separation of the acoustic peaks and troughs is related to the sound horizon, which

is given by the distance
∫

dη cs that the sound wave travels from early times until

recombination. On small scales, photon diffusion washes out structures and leads

to the exponential diffusion damping of the small-scale CMB power spectrum.

Despite this small-scale suppression Planck was able to measure the first seven

acoustic peaks [2] and small-scale experiments like ACT [67] and SPT [68] push

to even smaller angular scales.

2.2.4 CMB power spectrum

The line-of-sight integration approach outlined above provides the solution of the

photon temperature perturbation Θ for a given set of initial conditions from infla-

tion. In general, this solution can be written in terms of transfer functions ∆l as

(e.g. [69])

Θl(k) = 4∆l(k)Φinit(k), (2.78)

where e.g. ∆0 provides the transfer function for δγ while ∆1 represents the transfer

function for vγ. From the expansion coefficients Θl we get the full temperature
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anisotropies ∆T/T̄ = Θ by using (2.68),

∆T (n̂,k)

T̄
=
∑

l

(2l + 1)(−i)l∆l(k)Φinit(k)
4π

2l + 1

∑

m

Ylm(n̂)Y ∗lm(k̂), (2.79)

where we used

Pl(µ) =
4π

2l + 1

∑

m

Ylm(n̂)Y ∗lm(k̂). (2.80)

Equation (2.79) is an expansion in spherical harmonics Ylm(n̂) with expansion

coefficients given by

alm(x) = (−i)l4π
∫

d3k

(2π)3
eik·x∆l(k)Φinit(k)Y ∗lm(k̂), (2.81)

where we transformed back to real space using (2.66), noting that x is the position

of the observer receiving CMB photons from different directions on the sky.

We cannot predict the realisation Φ(k) of the primordial fluctuations but only

their statistical properties. If we assume Gaussian statistically-homogeneous and

isotropic perturbations with power spectrum

〈Φinit(k)Φ∗init(k
′)〉 = (2π)3δD(k− k′)PΦ(k), (2.82)

the alm are also Gaussian random variables with covariance given by1

〈alm(x)a∗l′m′(x)〉 = (−i)l−l′(4π)2

∫
d3k

(2π)6
∆2
l (k)(2π)3PΦ(k)Y ∗lm(k̂)Yl′m′(k̂)

= δll′δmm′
2

π

∫
dkk2∆2

l (k)PΦ(k)
︸ ︷︷ ︸

≡ CTTl

. (2.83)

In the second line we integrated over directions of k using the orthonormality of

the spherical harmonics. According to (2.83) the power spectrum CTT
l of the tem-

perature anisotropies is given by the product of the primordial power spectrum

and the square of a transfer function, integrated over wavenumbers k. The diago-

nality of the covariance of the alm reflects the fact that statistical homogeneity and

1In the first line the product of the exponentials from (2.81) is unity because of (2.82).
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Planck collaboration: CMB power spectra & likelihood
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Figure 37. The 2013 Planck CMB temperature angular power spectrum. The error bars include cosmic variance, whose magnitude
is indicated by the green shaded area around the best fit model. The low-` values are plotted at 2, 3, 4, 5, 6, 7, 8, 9.5, 11.5, 13.5, 16,
19, 22.5, 27, 34.5, and 44.5.

Table 8. Constraints on the basic six-parameter ⇤CDM model using Planck data. The top section contains constraints on the six
primary parameters included directly in the estimation process, and the bottom section contains constraints on derived parameters.

Planck Planck+WP

Parameter Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022032 0.02205 ± 0.00028

⌦ch2 . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.12038 0.1199 ± 0.0027
100✓MC . . . . . . . 1.04122 1.04132 ± 0.00068 1.04119 1.04131 ± 0.00063

⌧ . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0925 0.089+0.012
�0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010As) . . . . . 3.098 3.103 ± 0.072 3.0980 3.089+0.024
�0.027

⌦⇤ . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6817 0.685+0.018
�0.016

⌦m . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3183 0.315+0.016
�0.018

�8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
�2.8 11.37 11.1 ± 1.1

H0 . . . . . . . . . . 67.11 67.4 ± 1.4 67.04 67.3 ± 1.2

109As . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.196+0.051
�0.060

⌦mh2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14305 0.1426 ± 0.0025
Age/Gyr . . . . . . 13.819 13.813 ± 0.058 13.8242 13.817 ± 0.048

z⇤ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.48 1090.43 ± 0.54
100✓⇤ . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04136 1.04147 ± 0.00062
zeq . . . . . . . . . . . 3402 3386 ± 69 3403 3391 ± 60
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Figure 2.2: CMB temperature power spectrum measured by Planck (red points),
including cosmic variance error (shaded green) and best-fit ΛCDM model predic-
tion (solid green). The plot is from [70].

isotropy of the primordial fluctuations are preserved by the subsequent evolution.

Figure 2.2 shows the temperature power spectrum for the best-fit ΛCDM model

obtained from the recent Planck data [2, 70]. The model agrees very well with the

data (plotted as red points).

2.3 CMB lensing

We have so far neglected the gravitational deflection of CMB photons by inter-

vening large-scale structures on their way from the last-scattering surface to the

observer, because the RMS deflection of CMB photons is only ∼ 2.5 arcmin, which

is a small effect. However, these deflections are coherent over scales of several

degrees and the effect of lensing on the CMB power spectrum is large enough that

it must be included for high-resolution CMB experiments like Planck to obtain

accurate cosmological parameter estimates. Indeed, lensing of the CMB can be

exploited as a precious probe of the inhomogeneous distribution of dark matter

along the line of sight which is otherwise hard to observe. Since most of the lens-
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ing effect is caused by dark matter structures around redshift z ∼ 2, CMB lensing

can be used to break degeneracies that affect the primary CMB to improve con-

straints on spatial curvature, neutrino masses, dark energy and modified gravity

(see e.g. [71, 72, 73, 74, 75, 76, 77, 78], and Section 2.3.3 below). For example, re-

cent lensing reconstructions provide evidence for dark energy from the CMB alone.

Measurements of lensing can also be used to study the bias relation between the

dark matter distribution and directly observable tracers of large-scale structures

like galaxies or quasars (see Section 2.3.3.3 below).

2.3.1 Basics

2.3.1.1 CMB lensing potential

The lensed CMB temperature anisotropies T̃ (n̂), defined as perturbations to the

mean temperature, can be described by a remapping of the unlensed CMB anisotropies

T (n̂) by the deflection angle α(n̂):

T̃ (n̂) = T (n̂ + α(n̂)). (2.84)

The deflection angle can be written as the transverse gradient of the lensing po-

tential φ(n̂), which is given by an integral over the matter distribution along the

line of sight (under the Born approximation that the integral can be taken along

the unperturbed photon path; see e.g. [79, 80]):

α(n̂) = ∇φ(n̂), (2.85)

φ(n̂) = −2

∫ χ∗

0

dχ
fK(χ∗ − χ)

fK(χ)fK(χ∗)
ΨW (χn̂; ηR − χ). (2.86)

Here χ denotes comoving distances, χ∗ is the comoving distance to last scattering

and ηR is the conformal time at reception today (i.e. these photons last scattered at

conformal time ηR−χ∗). We describe the matter along the line of sight by the ‘Weyl

potential’ ΨW ≡ (Ψ+Φ)/2, where Ψ and Φ are the scalar perturbations about the

FLRW metric in the conformal Newtonian gauge as defined in (2.51). Depending

on the spatial curvature K of the universe, the angular diameter distance is given
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Fig. 3. Cumulative contribution of di!erent redshifts to the power spectrum of the lensing potential
for a concordance "CDM model. Note we have used a log scale for C!

l in the left-hand plot, but
linear in the right-hand plot.
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Fig. 4. Contributions of di!erent wavenumbers k (in Mpc!1) to the power spectrum of the lensing
potential for a concordance "CDM model.

l ! 1 the Bessel functions go to zero at the origin, jl(k!) " 0 as ! " 0, so the l ! 1 power
spectrum is finite and well defined.

The last scattering surface is a long way away, so the lensing potential has contributions out
to quite high redshift as show in Fig. 3. Nearby low redshift potentials only contribute to
the large-scale lensing, so the spectrum is only quite weakly sensitive to late time non-linear
evolution. The contributions from di!erent wavenumber ranges are shown in Fig. 4.
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Fig. 2. The power spectrum of the deflection angle (given in terms of the lensing potential " by
!") for a concordance !CDM model. The linear theory spectrum (solid) is compared with the same
model including non-linear corrections (dashed) from halofit (65).

The lensing potential can be expanded in spherical harmonics as

!(n̂) =
!

lm

!lmYlm(n̂), (3.9)

and for a statistically isotropic field the angular power spectrum C!
l is defined by

"!lm!
!
l!m!# = "ll!"mm!C!

l . (3.10)

Taking the spherical harmonic components of Eq. (3.8) we therefore get

C!
l = 16#

"
dk

k

" ""

0
d$

" ""

0
d$" P!(k; %0 $ $, %0 $ $")jl(k$)jl(k$

")

#
$! $ $

$!$

$#
$! $ $"

$!$"

$
.

(3.11)

In linear theory we can define a transfer function T!(k; %) so that !(k; %) = T!(k; %)R(k)
where R(k) is the primordial comoving curvature perturbation (or other variable for isocur-
vature modes). We then have

C!
l = 16#

"
dk

k
PR(k)

%" ""

0
d$T!(k; %0 $ $)jl(k$)

#
$! $ $

$!$

$&2

, (3.12)

where the primordial power spectrum is PR(k). Given some primordial power spectrum this
can be computed easily numerically using Boltzmann codes such as camb 8 (66). Since it is
deflection angles that are physically relevant, it is usual to plot the power spectrum of the
deflection angle !! given by l(l + 1)C!

l , as shown for a typical model in Fig. 2. Note that for

8 http://camb.info
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Figure 2.3: Left: Cumulative contributions from different redshifts to the theoret-
ical lensing power spectrum (2.89) in a concordance ΛCDM model. Right: Linear
deflection power spectrum (solid) and non-linear corrections from HALOFIT [81]
(dashed). Both plots are taken from [79].

by

fK(χ) =





1√
K

sin(
√
Kχ) if K > 0 (closed)

χ if K = 0 (flat)

1√
K

sinh(
√
|K|χ) if K < 0 (open) .

(2.87)

We see that lensing explicitly depends on the geometry of the universe and can

be used to constrain the spatial curvature (note that the evolution of ΨW is also

affected). We will come back to this in Section 2.3.3.

2.3.1.2 Lensing power spectrum

Assuming a flat universe from now on, K = 0, and linear transfer of primordial

perturbations R to Ψ,

Ψ(k, η) = TΨ(k, η)R(k), (2.88)

with linear transfer function TΨ, the lensing power spectrum is given by [79]
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Cφφ
l = 16π

∫
dk

k
PR(k)

[∫ χ∗

0

dχTΨ(k, ηR − χ)jl(kχ)

(
χ∗ − χ
χ∗χ

)]2

. (2.89)

Figure 2.3 shows that the lensing kernel is most sensitive to structures around

redshift z ∼ 2. Therefore, CMB lensing can be used to measure the growth of

structures around this epoch and constrain late-time parameters such as e.g. the

dark energy density parameter today, ΩΛ, or the sum of the neutrino masses,∑
mν . The cosmological information probed by CMB lensing will be discussed

in more detail in Section 2.3.3. Figure 2.3 also shows that non-linear corrections

to the lensing power spectrum are small up to l of a few hundred, but should be

included on smaller scales (which is done in CAMB).

It is convenient to plot [l(l + 1)]2Cφφ
l /(2π) on a logarithmic l-scale because

this shows the contribution of different scales to the RMS deflection angle (see

e.g. [57, 80]):

〈|α|2〉 ≈
∫

d ln l
[l(l + 1)]2Cφφ

l

2π
. (2.90)

2.3.1.3 Lensing-temperature correlation from ISW-effect

The Weyl potential ΨW , which describes the deflection of CMB photons along the

line of sight, evolves with time. This time-evolution influences the CMB temper-

ature anisotropies through the ISW-effect (see (2.61)). This leads to a correlation

CTφ of the temperature anisotropies and the lensing potential. Since the late ISW-

effect is important for the large-scale temperature fluctuations but contributes only

little to intermediate- and small-scale fluctuations, CTφ is very small on all but

the largest scales, see Fig. 2.4. Since lensing mostly affects intermediate- and

small-scale temperature multipoles, this correlation is generally negligible for the

purposes of this thesis. We neglect it in the rest of this thesis except where stated

otherwise.

2.3.1.4 Lensed CMB temperature

CMB photons are remapped according to (2.84). To get some intuition for the ef-

fects of lensing on the CMB temperature anisotropies we first work in the flat-sky

approximation, which approximates the two-dimensional sphere of the observed
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Fig. 5. Correlation of the lensing potential with the CMB temperature.

The cross-correlation with the temperature can be worked out using an analogous deriva-
tion (67), and a typical result is shown in Fig. 5. On very large scales the correlation is
significant because of the ISW contribution to the large-scale temperature anisotropy caused
by time varying potentials along the line of sight. However on smaller scales where the ISW
contribution is much smaller, and the lensing potential becomes almost totally uncorrelated to
the temperature. The deflection power spectrum peaks at l ! 60, at which point the correla-
tion is ! 10%. For most applications, for example computing the lensed CMB power spectra,
this small correlation can be safely neglected (68). However the significant large-scale correla-
tion does mean that we already know quite a lot about the large-scale lensing potential from
observations of the CMB temperature.

Note the lensing potential has physically relevant modes down to l = 1 (see Section 2.3).

3.2 Limber approximation

At high l the power spectrum P!(k) varies slowly compared to the spherical Bessel functions
in Eq. (3.11), which pick out the scale k ! l/!. Using

!
k2dk jl(k!)jl(k!

!) =
"

2!2
#(!" !!), (3.13)

we can Limber-approximate C!
l as

C!
l # 8"2

l3

! "!

0
!d!P!(l/!; $0 " !)

"
!" " !

!"!

#2

. (3.14)

This approximation is rather good, and is used by the numerical code cmbfast 9 . On small
scales it is numerically much more e!cient than Eq. (3.12) due to the reduced dimensionality
of the required integral.

9 http://cmbfast.org
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Figure 2.4: Typical theoretical correlation of temperature fluctuations and lensing
potential due to the ISW-effect (from [79]).

sky as a flat two-dimensional plane. This is a good approximation on small scales.

A generalisation to the full sky will be used in Chapter 5. Under the flat-sky

approximation we can consider the two-dimensional Fourier transform of the tem-

perature field T (x) on the plane

T (x) =

∫
d2l

2π
T (l)eil·x, T (l) =

∫
d2x

2π
T (x)e−il·x. (2.91)

To see how the CMB is changed by lensing we Taylor expand the lensed temper-

ature T̃ (x) around φ(x) = 0

T̃ (x) = T (x +∇φ(x)) = T (x) +∇T (x) · ∇φ(x) + O(φ2). (2.92)

In harmonic space this becomes

T̃ (l) = T (l)−
∫

d2l′

2π
l′T (l′) · (l− l′)φ(l− l′)

︸ ︷︷ ︸
δT (l)

+ O(φ2), (2.93)

i.e. the lensed temperature at multipole l depends on a range of unlensed tem-

perature multipoles l′ due to lensing. This lensing-induced mode coupling is most
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effective for CMB modes separated by δl = |l− l′| ∼ 50 because the lensing power

spectrum peaks at this scale. The mode coupling implies that fixed lenses φ in-

troduce an anisotropy in the CMB so that for fixed lenses the off-diagonal CMB

covariance 〈T̃ (l)T̃ ∗(l′)〉CMB (averaged only over the unlensed CMB) depends on the

lensing potential φ. This allows us to reconstruct the realisation of φ from the ob-

served CMB temperature T̃ (see Section 2.3.1.6). Note that the off-diagonal CMB

covariance would vanish if we took the ensemble average over the unlensed CMB

and the lenses, because both are statistically-isotropic and homogeneous random

fields.

2.3.1.5 Effect of lensing on the CMB temperature power spectrum

The leading-order correction to the temperature power spectrum due to lensing is

of order φ2, because 〈φ〉 = 0 if we average over the CMB and the lenses. If δnT

denotes the change of the temperature at n-th order in the lensing potential, these

corrections are of the form 〈δTδT ∗〉, 〈Tδ2T ∗〉 and 〈δ2TT ∗〉. Explicitly, from (2.93)

we have

〈δT (l)δT ∗(l′)〉 = δ(l− l′)

∫
d2L

(2π)2
CTT
L Cφφ

|l−L|[L · (l− L)]2. (2.94)

From [79, 82]

δ2T (l) = −1

2

∫
d2l1
2π

d2l2
2π

[l1 · (l1 + l2 + l)][l1 · l2]T (l1)φ(l2)φ∗(l1 + l2 − l) (2.95)

we get

〈T̃ (l)δ2T̃ ∗(l′)〉 = −1

2
δ(l− l′)CTT

l

∫
d2L

(2π)2
(l · L)2Cφφ

L . (2.96)

Noting that the angular part of the last integral is just π and adding the 〈δ2TT ∗〉
term gives

C T̃ T̃
l = CTT

l +

∫
d2L

(2π)2
CTT
L Cφφ

|l−L|[L · (l− L)]2 −Rφl2CTT
l , (2.97)
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where the orientation of l can be picked arbitrarily because we integrate over L.

We defined half of the total RMS deflection [79]

Rφ ≡ 1

2
〈|∇φ|2〉 =

1

4π

∫
dL

L
L4Cφφ

L ∼ 3× 10−7. (2.98)

The integral in the middle term in (2.97) is a convolution of the unlensed tempera-

ture power spectrum with the lensing power spectrum which smoothes the acoustic

peaks and troughs over scales δl ∼ 50. This can be seen in Fig. 2.5 which shows

the changes of the temperature power due to lensing (on the full sky). Note that

the last term in (2.97) cancels the overall scaling of the middle term in the acoustic

range but it does not cancel the smoothing effect because it does not involve any

convolution [57].

On very small scales, l & 2000, the unlensed CMB is exponentially suppressed

because of diffusion damping. Therefore, to a good approximation, only the CTT
L

modes with relatively low L � l will contribute to the lensing changes in (2.97),

simplifying the lensed temperature power spectrum to [57, 79, 82, 83]

C T̃ T̃
l ≈ Cφφ

l

∫
d2L

(2π)2
[L · l]2CTT

L = l2Cφφ
l

∫
dL

L

(L)4CTT
L

4π
= l2Cφφ

l RT , (2.99)

where RT is half of the RMS gradient of the unlensed CMB (defined analogously

to Rφ in (2.98)). The right-hand side of (2.99) is positive and leads to an in-

crease of CMB power on small scales l & 2000 as visible in Fig. 2.5. This means

that the lensing convolution transfers CMB power from large (non-exponentially

suppressed) scales to small (otherwise exponentially suppressed) scales.

In summary, lensing smoothes the acoustic peaks and troughs of the tempera-

ture power spectrum and transfers power from large to small scales in the damping

tail.

It should be noted that the expansion in the deflection angle used in this section

provides useful intuition for the effect of lensing on the CMB power spectrum but

it is in fact wrong by up to 5% at temperature multipoles 2000 . l . 5000, where

a non-perturbative calculation provides more accurate results [79, 84, 85, 86].
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4.3 Lensing e↵ects on CMB observables

Figure 4.6: Top: the lensed (solid) and unlensed (dotted) temperature power

spectrum, as well as the small-scale approximation of Eq. (4.36) (red dashed).

Bottom: the fractional change in the power spectrum due to lensing (black) as

well as the first order approximation calculated following (red dashed) Eq. 4.35,

and the two terms from which it is constructed (blue/green dashed). Lensing has

a O(10%) e↵ect on the CTT power spectrum at l < 3000, which acts to smooth

the accoustic peaks.

96

Figure 2.5: Top: Lensed (solid) and unlensed (dotted) temperature power spec-
trum. The red dashed curve shows the small-scale approximation of Eq. (2.99).
Bottom: Fractional change of the temperature power spectrum due to lensing
(solid black). The first order result (2.97) (red dashed) and its two constituent
terms (blue and green dashed) are also shown. Both plots are from [57].
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2.3.1.6 CMB lensing reconstruction

Although we can only observe the lensed CMB directly and do not know the

unlensed CMB, it is possible to reconstruct the lensing potential φ(n̂) from the

lensed CMB by exploiting the fact that lensing changes the (well-known) statistical

properties of the temperature anisotropies, introducing a local anisotropy of the

CMB for a fixed realisation of lenses. With the reconstructed lensing potential we

can, in principle, delense the lensed CMB using the inverse mapping of (2.84) to

get the unlensed CMB anisotropies. In this section we review the reconstruction

method, working in the flat-sky approximation for simplicity (see Section 5 for the

generalisation to the full sky).

Let us consider a single fixed lensing mode φ(L) which we aim to reconstruct

from the lensed temperature T̃ . If we average over the unlensed CMB and over all

lensing modes φ(L′) except φ(L), we find [87]

〈T̃ (l)T̃ ∗(l′)〉L′ 6=L = δD(l− l′)CTT
l −

1

2π
δD(l− l′ − L) Lφ(L) ·

[
−lC T̃ T̃

l + l′C T̃ T̃
l′

]
.

(2.100)

This is correct at first order in φ(L) and at all orders in φ(L′) for L′ 6= L.1 As

noticed already above, the lensing mode φ(L) couples CMB modes separated by

l− l′ = L. Note that (2.100) contains lensed power spectra in the square brackets,

accounting for non-perturbative corrections to the earlier leading-order results in

[88, 89] which involved unlensed spectra.

Here and in the following T̃ multipoles denote the observed, beam-deconvolved

noisy CMB temperature with power spectrum

C T̃ T̃
l,expt = C T̃ T̃

l +

(
σN
TCMB

)2

el(l+1)σ2
FWHM/(8 ln 2), (2.101)

where C T̃ T̃
l is the theoretical lensed power spectrum and σN and σFWHM charac-

terise the detector noise level and the full width at half-maximum (FWHM) of

the beam. The form of (2.101) is obtained by first convolving the CMB power

spectrum with the beam by multiplying with exp[−l(l + 1)σ2
FWHM/(8 ln 2)], then

1More correctly the approximation C̃T∇Tl ≈ C T̃ T̃ was used, where C̃T∇Tl is defined in [87].
This holds to about one percent [87].
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adding white noise with power spectrum (σN/TCMB)2 to the result, and finally de-

convolving the beam by multiplying everything with exp[l(l + 1)σ2
FWHM/(8 ln 2)].

Noting that the realisation of the lensing potential φ(L) enters the covariance

(2.100) of CMB modes l and l′ = l − L, we aim to reconstruct φ(L) by summing

over all products T̃ (l)T̃ ∗(l − L) with arbitrary weight g̃(l,L) and normalisation

A(L) [89]:

φ̂(L) = A(L)

∫
d2l

2π
T̃ (l)T̃ ∗(l− L)g̃(l,L). (2.102)

The normalisation A(L) can be chosen such that the estimator is unbiased, i.e.

〈∂φ̂(L)/∂φ(L′)〉 = δL,L′ . Taking the average first over the unlensed CMB and

all lensing modes L′′ 6= L′ using (2.100), and then averaging over the remaining

lensing mode L′ gives (for L 6= 0)

〈
∂φ̂(L)

∂φ(L′)

〉
= A(L)δL,L′

∫
d2l

(2π)2
L′ ·

[
lC T̃ T̃

l + (L− l)C T̃ T̃
|L−l|

]
g̃(l,L).

The normalisation is therefore

A(L) =

(∫
d2l

(2π)2
L ·
[
lC T̃ T̃

l + (L− l)C T̃ T̃
|L−l|

]
g̃(l,L)

)−1

, (2.103)

for any weight g̃(l,L). To optimise this weight we minimise the variance 〈φ̂(L)φ̂∗(L′)〉
of the estimator. From (2.102) we get

〈φ̂(L)φ̂∗(L′)〉 = A(L)A(L′)

∫
d2l1
2π

d2l2
2π

g̃(l1,L)g̃(l2,L
′)

× 〈T̃ (l1)T̃ ∗(l1 − L)T̃ ∗(l2)T̃ (l2 − L′)〉. (2.104)

The leading-order contribution comes from the Gaussian part of the 4-point func-

tion, which is

〈T̃ (l1)T̃ ∗(l1 − L)T̃ ∗(l2)T̃ (l2 − L′)〉 =

δD(l1 − l2)δD(−(l1 − L) + (l2 − L′))C T̃ T̃
l1,exptC

T̃ T̃
|L−l1|,expt + 2 perms. (2.105)

46



2.3 CMB lensing

For L,L′ 6= 0 this leads to

〈φ̂(L)φ̂∗(L′)〉 = 2A(L)2δD(L− L′)

∫
d2l1
2π

C T̃ T̃
l1,exptC

T̃ T̃
|L−l1|,expt g̃(l1,L)2 (2.106)

after integrating over l2. Calculating the derivative with respect to the weight g̃

(subject to the constraint (2.103)) and setting it to zero leads to

g̃(l,L) =
L · lC T̃ T̃

l + L · (L− l)C T̃ T̃
|L−l|

C T̃ T̃
l,exptC

T̃ T̃
|L−l|,expt

.

We may rescale g̃ by a constant factor because such a rescaling is absorbed by A(L),

given by (2.103), when we evaluate the estimator (2.102). For later convenience

we choose

g̃(l,L) =
L · lC T̃ T̃

l + L · (L− l)C T̃ T̃
|L−l|

2C T̃ T̃
l,exptC

T̃ T̃
|L−l|,expt

, (2.107)

because this simplifies the variance of φ̂ to 〈|φ̂(L)|2〉 = δD(0)A(L) (at zeroth order

in the lensing potential if we neglect the implicit dependence of the lensed power

on the lensing potential). The delta function is δD(0) = fsky/π.1 Note that if we

substitute the weight g̃ from (2.107) back into the normalisation A(L) given by

(2.103) we see that A(L) is actually a function of |L| = L, because L only appears

as L2 or l ·L and we integrate over l. Therefore we will write A(L) in the following.

The reconstructed lensing potential φ̂(L) from (2.102) can be used to study

the realisation of the large-scale structures by which the CMB photons are lensed,

or to delense the observed CMB anisotropies. For comparison with theoretical ex-

pectations it is useful to estimate the power spectrum of the reconstructed lensing

potential,

C φ̂φ̂
L = [δD(0)]−1 1

nL

∑

L,|L|=L
|φ̂(L)|2, (2.108)

where nL is the number of vectors L with length L and the inverse of the delta

function comes from the definition of the power spectrum. The reconstructed lens-

ing potential power spectrum has a signal contribution from the connected part of

1From (2π)2δD(l) =
∫
Asky

dxeil·x we get δD(0) = Asky/(2π)2 = fsky/π, where fsky =

Asky/(4π) is the fraction of the sky observed.
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L

Fig. 11. Replotting of Fig. 10, removing 100 GHz for easier
comparison of 143 and 217 GHz. Also plotted are the SPT band-
powers from van Engelen et al. (2012), and the ACT bandpow-
ers from Das et al. (2013). All three experiments are very consis-
tent. The lower panel shows the di↵erence between the measured
bandpowers and the fiducial best-fit ⇤CDM model.

– in Planck Collaboration XVI (2013) to derive parameter con-
straints for the six-parameter ⇤CDM model and well-motivated
extensions. Lensing also a↵ects the power spectrum, or 2-point
function, of the CMB anisotropies, and this e↵ect is accounted
for routinely in all Planck results. On the angular scales rele-
vant for Planck, the main e↵ect is a smoothing of the acoustic
peaks and this is detected at around 10� in the Planck tempera-
ture power spectrum (Planck Collaboration XVI 2013). The in-
formation about C��

L that is contained in the lensed temperature
power spectrum for multipoles ` <⇠ 3000 is limited to the ampli-
tude of a single eigenmode (Smith et al. 2006). In extensions of
⇤CDM with a single additional late-time parameter, lensing of
the power spectrum itself can therefore break the geometric de-
generacy (Stompor & Efstathiou 1999; Sherwin et al. 2011; van
Engelen et al. 2012; Planck Collaboration XVI 2013). As dis-
cussed in Appendix D and Schmittfull et al. (2013), cosmic vari-
ance of the lenses produces weak correlations between the CMB
2-point function and our estimates of C��

L , but they are small
enough that ignoring the correlations in combining the two like-
lihoods should produce only sub-percent underestimates of the
errors in physical cosmological parameters.

In the following, we illustrate the additional constraining
power of our C��

L measurements in ⇤CDM models and one-
parameter extensions, highlighting those results from Planck
Collaboration XVI (2013) where the lensing likelihood is influ-
ential.

6.1.1. Six-parameter ⇤CDM model

In the six-parameter ⇤CDM model, the matter densities, Hubble
constant and spectral index of the primordial curvature perturba-
tions are tightly constrained by the Planck temperature power
spectrum alone. However, in the absence of lensing the am-
plitude As of the primordial power spectrum and the reioniza-
tion optical depth ⌧ are degenerate, with only the combination
Ase�2⌧, which directly controls the amplitude of the anisotropy
power spectrum on intermediate and small scales being well de-
termined. This degeneracy is broken by large-angle polarization
since the power from scattering at reionization depends on the
combination As⌧

2. In this first release of Planck data, we use
the WMAP nine-year polarization maps (Bennett et al. 2012) in
combination with Planck temperature data. With this data com-
bination, C��

L is rather tightly constrained in the ⇤CDM model
(see Fig. 12) and the direct measurements reported here provide
a non-trivial consistency test of the model.

The eight C��
L bandpowers used in the lensing likelihood are

compared to the expected spectrum in Fig. 12 (upper-left panel).
For the latter, we have used parameter values determined from
the main Planck likelihood in combination with WMAP polar-
ization (hereafter denoted WP) and small-scale power spectrum
measurements (hereafter highL) from ACT (Das et al. 2013) and
SPT (Reichardt et al. 2012)†. In this plot, we have renormalized
the measurements and their error bars (rather than the theory) us-
ing the best-fit model with a variant of the procedure described
in Sect. 5.3. Since the lensed temperature power spectrum in the
best-fit model is very close to that in the fiducial model used
to normalise the power spectrum estimates throughout this pa-
per, the power spectrum renormalisation factor (1 + �TT

L )2 of
Eq. (44) is less than 0.5% in magnitude. The predicted C��

L in
the best-fit model di↵ers from the fiducial model by less than
2.5% for L < 1000. The best-fit model is a good fit to the mea-
surements, with �2 = 10.9 and the corresponding probability
to exceed equal to 21%. Significantly, we see that the ⇤CDM
model, calibrated with the CMB fluctuations imprinted around
z = 1100, correctly predicts the evolution of structure and geom-
etry at much lower redshifts. The 68% uncertainty in the ⇤CDM
prediction of C��

L is shown by the dashed lines in the upper-left
panel of Fig. 12. We can assess consistency with the direct mea-
surements, properly accounting for this uncertainty, by introduc-
ing an additional parameter A��

L that scales the theory C��
L in the

lensing likelihood. (Note that we choose not to alter the lensing
e↵ect in CTT

` .) As reported in Planck Collaboration XVI (2013),
we find

A��
L = 0.99 ± 0.05 (68%; Planck+lensing+WP+highL),

in excellent agreement with A��
L = 1.

An alternative route to breaking the As-⌧ degeneracy is pos-
sible for the first time with Planck. Since C��

L is directly propor-
tional to As, the lensing power spectrum measurements and the
smoothing e↵ect of lensing in CTT

` (which at leading order varies
as A2

s e�2⌧) can separately constrain As and ⌧ without large-angle
polarization data. The variation of C��

L with ⌧ in ⇤CDM models

† As discussed in detail in Planck Collaboration XVI (2013), the pri-
mary role of the ACT and SPT data in these parameter fits is to constrain
more accurately the contribution of extragalactic foregrounds which
must be carefully modelled to interpret the Planck power spectra on
small scales. For ⇤CDM, the foreground parameters are su�ciently de-
coupled from the cosmological parameters that the inclusion of the ACT
and SPT data has very little e↵ect on the cosmological constraints.
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Figure 2.6: Theoretical lensing power spectrum Cφφ (black line) and reconstruc-
tions from Planck (143GHz, 217 GHz and minimum variance ‘MV’ combination;
[3]), SPT [94] and ACT [93]. The plot is from [3].

the lensed CMB 4-point function. After subtracting the (typically large) Gaussian

noise bias, this can be compared with the theoretical lensing power spectrum (from

e.g. CAMB [64]) to test the theoretical prediction and to improve cosmological pa-

rameter estimates.

2.3.2 Observational status

Gravitational lensing of the CMB has recently made the transition from first detec-

tions to high quality signals with increasing importance for observational cosmol-

ogy. CMB lensing was first detected by cross-correlating lensing reconstructions

from WMAP data with other tracers of large-scale structure [90, 91]. First de-

tections from the CMB alone were recently presented by ACT [92, 93], SPT [94]

and Planck [3] with significances of 4.6, 6.3 and 25σ, respectively; see Fig. 2.6.

Further improvements are expected from the full 2500 deg2 SPT survey and the

full-mission Planck data. This data also allows for polarization-based lensing re-

construction, which was performed for the first time very recently in [95] (using
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SPT data). Less significant detections of lensing can be obtained from the effect

of lensing on the CMB temperature power spectrum. Recent detections of this

effect are at the 10σ level [2, 96].

2.3.3 Cosmological information probed by CMB lensing

2.3.3.1 Geometric degeneracy of the primary CMB

If the comoving size of the sound horizon at decoupling, λ1, and the redshift

of decoupling, zdec, are fixed (corresponding to fixed physical densities Ωbh
2 and

Ωch
2), the angular degree-scale separation under which the acoustic peaks appear

in the observed temperature power spectrum depends on the curvature of the

universe and on the expansion rate between decoupling and today, H(z), which is

in turn sensitive to Ωm and ΩΛ (note that Ωrh
2 is fixed by T0 = 2.73K). Indeed, if

we write out H(z) explicitly in terms of the density parameters ΩX , the multipole

of the n-th acoustic peak is [12] (setting a0 = 1 today)

ln ≈
π

θn
≈ 2πDA(zdec)

λn
=
nπ fK

(
1
H0

∫ zdec

0
dz

[Ωr(z+1)4+Ωm(z+1)3+ΩΛ+ΩK(z+1)2]1/2

)

1
H0

∫∞
zdec

csdz
[Ωr(z+1)4+Ωm(z+1)3+ΩΛ+ΩK(z+1)2]1/2

,

(2.109)

where θn is the angular scale of the n-th acoustic peak, DA(z) is the angular diam-

eter distance to an event at redshift z and λn = 2π/kn is the comoving wavelength

associated with the wavenumber kn of the modes that lead to the n-th acous-

tic peak [knrs(ηrec) = kn
∫ ηrec

0
csdη = nπ for adiabatic fluctuations; n = 1 labels

modes that underwent one compression after horizon entry and are maximal at

decoupling]. Keeping the sound horizon in the denominator of (2.109) fixed, we

see from (2.87) that the fixed physical scale λ1 appears at lower multipole l1 in a

closed universe (K > 0) than in a flat universe (K = 0); but it appears at higher

multipole l1 if there is less dark energy and dark matter (and the universe expands

slower today and is older). This is the angular diameter distance degeneracy or

geometric degeneracy : The peak positions are determined by the three quantities

Ωbh
2, Ωmh

2 and DA(zdec), but these involve four independent cosmological param-

eters, Ωb, Ωm, ΩΛ and H0 (any one of them can be replaced by ΩK = 1−ΩΛ−Ωm).

These four parameters can therefore not be determined simultaneously from the
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Fig. 15. Two views of the geometric degeneracy in curved ⇤CDM models which is partially broken by lensing. Left: the degeneracy
in the⌦m-⌦⇤ plane, with samples from Planck+WP+highL colour coded by the value of H0. The contours delimit the 68% and 95%
confidence regions, showing the further improvement from including the lensing likelihood. Right: the degeneracy in the ⌦K-H0
plane, with samples colour coded by ⌦⇤. Spatially-flat models lie along the grey dashed lines.

constraint. We see that the CMB alone now constrains the ge-
ometry to be flat at the percent level. Previous constraints on
curvature via CMB lensing have been reported by SPT in com-
bination with the WMAP-7 data:⌦K = �0.003+0.014

�0.018 (68%; Story
et al. 2012). This constraint is consistent, though almost a factor
of two weaker, than that from Planck. Tighter constraints on cur-
vature result from combining the Planck data with other astro-
physical data, such as baryon acoustic oscillations, as discussed
in Planck Collaboration XVI (2013).

Lensing e↵ects provide evidence for dark energy from the
CMB alone, independent of other astrophysical data (Sherwin
et al. 2011). In curved⇤CDM models, we find marginalised con-
straints on ⌦⇤ of

⌦⇤ = 0.57+0.073
�0.055 (68%; Planck+WP+highL)

⌦⇤ = 0.67+0.027
�0.023 (68%; Planck+lensing+WP+highL).

Again, lensing reconstruction improves the errors by more than
a factor of two over those from the temperature power spectrum
alone.

6.1.4. Neutrino masses

The unique e↵ect in the unlensed temperature power spectrum
of massive neutrinos that are still relativistic at recombination
is small. With the angular scale of the acoustic peaks fixed
from measurements of the temperature power spectrum, neutrino
masses increase the expansion rate at z > 1 and so suppress clus-
tering on scales larger than the horizon size at the non-relativistic
transition (Kaplinghat et al. 2003). This e↵ect reduces C��

L for
L > 10 (see Fig. 12) and gives less smoothing of the acoustic
peaks in CTT

` . As discussed in Planck Collaboration XVI (2013),
the constraint on

P
m⌫ from the Planck temperature power spec-

trum (and WMAP low-` polarization) is driven by the smoothing
e↵ect of lensing:

P
m⌫ < 0.66 eV (95%; Planck+WP+highL).

Curiously, this constraint is weakened by additionally including
the lensing likelihood to

X
m⌫ < 0.85 eV, (95%; Planck+WP+highL),

reflecting mild tensions between the measured lensing and tem-
perature power spectra, with the former preferring larger neu-

trino masses than the latter. Possible origins of this tension are
explored further in Planck Collaboration XVI (2013) and are
thought to involve both the C��

L measurements and features in
the measured CTT

` on large scales (` < 40) and small scales
` > 2000 that are not fit well by the ⇤CDM+foreground model.
As regards C��

L , Fisher estimates show that the bandpowers in
the range 130 < L < 309 carry most of the statistical weight
in determining the marginal error on

P
m⌫, and Fig. 12 reveals

a preference for high
P

m⌫ from this part of the spectrum. (We
have checked that removing the first bandpower from the lensing
likelihood, which is the least stable to data cuts and the details
of foreground cleaning as discussed in Sect. 7, has little impact
on our neutrino mass constraints.) We also note that a similar
trend for lower lensing power than the ⇤CDM expectation on
intermediate scales is seen in the ACT and SPT measurements
(Fig. 11). Adding the high-L information to the likelihood weak-
ens the constraint further, pushing the 95% limit to 1.07 eV. This
is consistent with our small-scale measurement having a signifi-
cantly lower amplitude. At this stage it is unclear what to make
of this mild tension between neutrino mass constraints from the
4-point function and those from the 2-point, and we caution
over-interpreting the results. We expect to be able to say more
on this issue with the further data, including polarization, that
will be made available in future Planck data releases.

6.2. Correlation with the ISW Effect

As CMB photons travel to us from the last scattering surface,
the gravitational potentials that they traverse may undergo a non-
negligible amount of evolution. This produces a net redshift or
blueshift of the photons concerned, as they fall into and then
escape from the evolving potentials. The overall result is a con-
tribution to the CMB temperature anisotropy known as the late-
time integrated Sachs-Wolfe (ISW) e↵ect, or the Rees-Sciama
(R-S) e↵ect depending on whether the evolution of the poten-
tials concerned is in the linear (ISW) or non-linear (R-S) regime
of structure formation (Sachs & Wolfe 1967; Rees & Sciama
1968). In the epoch of dark energy domination, which occurs af-
ter z ⇠ 0.5 for the concordance ⇤CDM cosmology, large-scale
potentials tend to decay over time as space expands, resulting
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Figure 2.7: Illustration of the geometric degeneracy (from [3]). Colored points
show Monte-Carlo samples for combined Planck temperature, WMAP polariza-
tion and ‘highL’ ground-based temperature data (Planck+WP+highL). The color
indicates H0. The effect of lensing on the CMB power spectrum is taken into
account (otherwise the degeneracy would extend to ΩΛ = 0). The black lines
show 68% and 95% confidence contours if the Planck lensing reconstruction power
spectrum (which probes the CMB trispectrum) is included using the lensing like-
lihood based on Chapter 5 of this thesis. The dashed line indicates flat models,
ΩK = 1− Ωm − ΩΛ = 0. The upper region has Ωm + ΩΛ > 1, i.e. ΩK < 0.

primary CMB. In particular, the primary CMB cannot constrain the curvature

of the universe and it can only give marginal evidence for the existence of dark

energy (if curved models are considered). This is illustrated in Fig. 2.7 where col-

ored points correspond to parameter values in the Ωm-ΩΛ plane allowed by primary

CMB data. The degeneracy follows a line which is slightly tilted with respect to

the diagonal ΩK = 0 line. It corresponds to constant angular diameter distance

DA(zdec) for fixed physical densities Ωbh
2 and Ωmh

2.
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2.3 CMB lensing

2.3.3.2 Breaking the geometric degeneracy: Evidence for dark energy

and flatness from the CMB alone

The geometric degeneracy can be broken if the CMB is combined with an inde-

pendent low-redshift observation of e.g. the Hubble constant, BAO or Type Ia su-

pernova, because this probes a fourth independent parameter combination which

then allows simultaneous measurements of Ωb, Ωm, ΩΛ and ΩK . Alternatively,

without resorting to astrophysical non-CMB data, CMB lensing reconstruction

can be used to probe the low-redshift universe and break the geometric degener-

acy (see [3, 97, 98, 99] and Fig. 2.3). This is illustrated by the black contours

in Fig. 2.7, which give tight constraints on Ωm and ΩΛ from the CMB alone. In

particular there is clear evidence for dark energy (see [99] for the first demonstra-

tion of this using ACT) and for spatial flatness at the percent level from the CMB

alone.

Planck constraints (combined with WMAP polarization and ground-based high-

l data) for curvature in curved ΛCDM models with and without lensing reconstruc-

tion are [2]

100ΩK = −4.2+4.3
−4.8 (95%; Planck+WP+highL), (2.110)

100ΩK = −1.0+1.8
−1.9 (95%; Planck+lensing+WP+highL). (2.111)

Including lensing reconstruction reduces the errors by a factor of more than two.

Note that the first constraint already includes the smoothing effect of lensing on

the lensed CMB power spectrum. For curved ΛCDM models, Planck finds [3]

ΩΛ = 0.57+0.073
−0.055 (68%; Planck+WP+highL), (2.112)

ΩΛ = 0.67+0.023
−0.023 (68%; Planck+lensing+WP+highL). (2.113)

Including the lensing reconstruction improves the error again by a factor of more

than two.

The likelihood used by the Planck collaboration to add the lensing reconstruc-

tion to the primary CMB data is based on the lensing likelihood advocated and

validated in Chapter 5.
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2.3.3.3 Neutrino mass, optical depth and LSS bias

CMB lensing can also be used to constrain additional cosmological parameters

(see e.g. [100] for an overview). It can put an upper bound on the sum of neutrino

masses
∑
mν because increasing neutrino mass (while adjusting other parameters

to stay consistent with observations) increases the expansion rate at z & 1, which

suppresses sub-horizon clustering probed by CMB lensing. The current combined

constraint from the Planck temperature power spectrum, Planck lensing recon-

struction, WMAP polarization and ground-based high-l data is [2]

∑
mν < 0.85 eV (95%; Planck+lensing+WP+highL). (2.114)

Future CMB lensing reconstructions should be able to improve this upper bound

significantly. This will be very interesting because neutrino oscillations bound the

mass-squared differences m2
i −m2

j from below, implying that at least two neutrino

species must be massive and
∑
mν & 0.06 eV [101].

During reionisation, luminous sources such as the first stars, galaxies or quasars

formed and ionised the neutral hydrogen gas, liberating free electrons. CMB pho-

tons Thomson-scatter from these free electrons which leads to a e−2τ damping of

the CMB power spectrum on scales smaller than the Hubble radius at reionisa-

tion, where τ is the optical depth. The measured amplitude of small-scale CMB

fluctuations is therefore given by Ase
−2τ where As is the amplitude of the primor-

dial scalar fluctuations. This leads to a near-perfect degeneracy of As and τ for

the primary CMB, which is only partially broken by large-scales because they are

affected by cosmic variance (WMAP polarization is included in the above Planck

constraints to reduce this degeneracy; for Planck the correlation between As and

τ is still 94% [70]). However, CMB lensing breaks this degeneracy because it is

sensitive to the distribution of dark matter around z ∼ 2 and is not affected by

the τ -dependent damping at reionisation. Combining Planck’s CMB temperature

power spectrum and lensing reconstruction gives [2]

τ = 0.089± 0.032 (68%; Planck+lensing). (2.115)

Note that the WMAP-9 polarization data give a consistent constraint with about
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2.3 CMB lensing

twice the accuracy (and much higher accuracy is expected from Planck polarization

data), but the constraint from CMB lensing is still useful because it has very

different systematics as it relies on temperature data only.

Since CMB lensing depends directly on the dark matter distribution along the

line of sight, with a broad kernel that peaks around z ∼ 2, it can be used to study

the bias relation between dark matter and luminous tracers of dark matter such

as galaxies or quasars. Understanding the bias relation is crucial for obtaining

robust cosmological information from any direct large-scale structure experiment

surveying luminous matter. The cross-correlation between the lensing potential

derived from WMAP and NVSS has been detected by [90, 91] at the 3σ level. More

recently, Ref. [102] obtained a 4-5σ detection for the correlation between SPT

lensing reconstruction and data from BCS, WISE and Spitzer/IRAC. By cross-

correlating with the ACT CMB lensing reconstruction (obtaining a 3.8σ result),

Ref. [103] constrained the bias parameter of z ∼ 1.4 quasars extracted from SDSS

DR8 data to be b = 2.5 ± 0.6. Correlations of the Planck lensing reconstruction

with large-scale structure data have been detected with roughly 20σ significance

for NVSS, 10σ for SDSS LRGs and 7σ for both MaxBCG and WISE [3]. The

correlation of Planck’s lensing reconstruction with the Cosmic Infrared Background

(CIB), emitted from dusty star-forming galaxies and measured with Planck’s high-

frequency channels, has been detected at 42σ significance [104]. This correlation

has also been detected by cross-correlating a lensing reconstruction map derived

from SPT data with Herschel/SPIRE maps, reaching significances from 6.7 to

8.8σ in different submillimeter-wavelength maps [105]. Combining recent CMB

lensing reconstructions with near-future DES observations is forecasted to give

percent-level constraints on the linear galaxy bias [106].

2.3.4 Cosmological parameter estimation with CMB lens-

ing

While lensing has been measured from both the CMB 2- and 4-point function,

before the work presented in this thesis it has not been known how independent

these measurements are. If the two lensing measurements were perfectly corre-

lated lensing reconstructions from the CMB 4-point function would not contain
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any cosmological information which was not already contained in the CMB 2-

point function. This would reduce the motivation for performing 4-point lensing

reconstructions in the first place. To date, data analyses of lensing reconstructions

have assumed the lensing measurements from the 2- and 4-point function to be

perfectly uncorrelated [3, 94, 99]. Since both power spectra are derived from the

same CMB temperature map, one might question the validity of this approach,

raising the concern that lensing information is inadvertently being double counted.

While early lensing forecasts [71, 72, 107] addressed this by using unlensed CMB

power spectra, an optimal combination of the observed lensed CMB 2- and 4-point

functions should model their cross-covariance.

Intuitively, we expect that two effects could lead to a relevant correlation of

the 2- and 4-point lensing estimates. First, if due to cosmic variance some mode

of the CMB fluctuations is high in our realisation of the universe, the Gaussian

noise of the 4-point lens reconstruction will also be high because it depends on

the CMB fluctuations. Cosmic variance of the CMB fluctuations will therefore

imply a correlation between 2- and 4-point lensing measurements. We will show

in Chapter 5 that this correlation comes from the fully disconnected part of the

CMB 6-point function.

The second effect is due to cosmic variance of the dark matter distribution that

lenses the CMB: If in our realisation of the universe the lensing potential is high

at some scale, the 4-point lensing reconstruction will be high at the same scale and

the lensed CMB 2-point function will be smoother, i.e. acoustic peaks will be low

and troughs will be high. Therefore acoustic peaks of the CMB 2-point function

will be anti-correlated with higher overall 4-point reconstruction, while troughs

will be correlated. This effect follows from the connected part of the CMB 6-point

function at fourth order in the lensing potential.

As we shall show in Chapter 5, the induced correlations are rather small (a few

percent) for a Planck-like experiment for broad-band measures of the lensing power

such as a lensing power spectrum amplitude. Essentially, this is because there

are a limited number of modes of the lensing power spectrum that influence the

acoustic part of the temperature power spectrum, and the correlation due to cosmic

variance of these modes is diluted by the significant noise due to cosmic variance

of the CMB and instrumental noise (i.e. the fact that lensing measurements from
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the CMB 2- and 4-point function are not limited by cosmic variance of the lenses).

Moreover, the first effect mentioned above produces rather small lensing amplitude

correlations since CMB modes at different scales fluctuate independently, and most

of the information on peak smearing in the CMB power spectrum comes from

modes near the acoustic peaks and troughs, whereas the reconstruction of (large-

scale) lenses is most effective at CMB scales where the CMB spectrum changes

most rapidly, i.e. between acoustic peaks and troughs.

An additional effect comes from the late-time ISW effect [108], which accounts

for the fact that the ISW effect is sourced by the same late-time metric perturba-

tions as the ones that determine the lensing potential. However, this effect is only

relevant on the very largest scales and turns out to be much smaller than the two

cosmic variance effects.

We will quantify these arguments with a perturbative calculation of the CMB

6-point function and with simulations of lensed CMB maps in Chapter 5, where

we will also assess the relevance of the correlations for the lensing likelihood. The

size of the effects is consistent with intuitive plausibility arguments presented in

Sec. 5.A.

Once the correlations between the CMB 2-point function and the 4-point lens-

ing reconstruction are understood, we need to model the likelihood if we want to

constrain both the CMB and the lenses from the observed CMB. Since both the

unlensed CMB and the lensing potential are to a very good approximation Gaus-

sian random fields, one can write down a formal expression for the likelihood of the

lensed CMB [109]. However it is not practical to work with this exact likelihood di-

rectly given the large number of pixels observed by current CMB datasets. Instead,

on small angular scales the data is typically compressed to empirical power spec-

tra which are fast to compute and straightforward to model with an approximate

Gaussian likelihood and a covariance which accounts for the noise characteristics

of the experiment under consideration. To account for CMB lensing it is desirable

to include the 4-point reconstruction as well as the empirical CMB power spectra

in the likelihood. In Chapter 5, we will compare different approximate forms of

the likelihood for the lensing reconstruction, finding that a Gaussian in the power

spectrum of the reconstruction with a model-independent covariance performs well

in constraining the amplitude and tilt of the fiducial lensing power spectrum. The
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cross-correlation effects between CMB 2- and 4-point function mentioned above

can then be incorporated in this likelihood in a straightforward manner.

2.4 Large-scale dark matter perturbations

An alternative observational probe of the primordial fluctuations is the distribution

of galaxies whose positions are collected with galaxy surveys. We will briefly sketch

how large-scale dark matter structures form from their primordial seeds generated

during inflation, closely following [7, 8, 9, 11, 110].

2.4.1 Evolution of perturbations during radiation and mat-

ter domination

The evolution of the dark matter density and velocity perturbations δc and kvc is

governed by the perturbed Einstein equations. Combining the 00 and ii Einstein

equations yields for the evolution of the potential Φ (for c2
s = δP/δρ = const and

w = P̄ /ρ̄ = const, neglecting anisotropic stress; see e.g. [8])

Φ̈ + 3(1 + c2
s)HΦ̇ + c2

sk
2Φ = 0. (2.116)

We can also exploit conservation of the energy momentum-tensor which gives for

cold dark matter with negligible pressure and sound speed:

δ̇c = −θc + 3Φ̇, θ̇c = −Hθc + k2Φ, (2.117)

where θc is the velocity divergence (i.e. θc = ∇ · vc in real space). Taking the

time derivative of the first equation and substituting the second gives an evolution

equation for the dark matter density for known potential Φ,

δ̈c + Hδ̇c = 3Φ̈ + 3HΦ̇− k2Φ. (2.118)

Solving the evolution equations numerically is straightforward. In some limits it

is also possible to find approximate analytical solutions, which are summarised in

Table 2.1. The evolution depends on the matter content of the universe, which
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2.4 Large-scale dark matter perturbations

Perturbation scale RD MD

Φ δ Φ δ

k � keq

super-horizon const. const. – –

sub-horizon ∼ a−2 ∝ ln a const. ∝ a

k � keq

super-horizon const. const. const. const.

sub-horizon – – const. ∝ a

Table 2.1: Approximate analytical limits of the solutions for dark matter density
contrast δc and potential Φ for small-scale modes with k � keq which enter the
horizon during RD, and for large-scale modes with k � keq which enter the horizon
during MD. The wavenumber keq corresponds to the mode which enters the horizon
at matter radiation equality, keq = aeqH(aeq).

smoothly turns from radiation domination (RD) to matter domination (MD) at

zeq ∼ 3500, and it is affected by the time at which the modes enter the horizon,

which happens when k = aH. Both δ and Φ are constant during RD and MD as

long as they are super-horizon. If their scales k−1 are small enough that they enter

the horizon already during RD, radiation pressure prevents effective clustering and

implies that the potential Φ oscillates with an amplitude that decays as a−2, and

the density only grows logarithmically, δc ∝ ln a. During MD there is no pressure

which allows the sub-horizon density to grow as δc ∝ a and the potential Φ to stay

constant (on all scales).

2.4.2 Transfer function

The evolution of the potential Φ from primordial times into MD can be expressed

in terms of the transfer function TΦ(k) = Φlate(k)/Φinit(k). For simplicity we

neglect corrections to Table 2.1 which describe e.g. the transition from RD to

MD (giving rise to a factor of 9/10 for Φ on large scales). In this simplified

picture, the transfer function is unity, TΦ(k) = 1, on large scales k � keq because

Φ is always constant. On small scales, k � keq, the amplitude of Φ decays as

1/a2 during the sub-horizon RD stage. Since aH ∝ 1/a during RD, the mode
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enters the horizon at aentry ∝ 1/k, i.e. earlier for smaller scales (see also Fig. 2.1).

Therefore perturbations on smaller scales decay with Φ ∝ a−2 for a longer period

of time before they become constant at matter-radiation equality. This implies

that the transfer function decreases with increasing k. Explicitly, on small scales,

k > keq, we find from ΦMD = Φinit(aeq/aentry)−2 ∝ Φinitk
−2 that TΦ(k) ∝ 1/k2.

Since the density power spectrum contains T 2
Φ(k) it scales with four powers of k

less on small scales than on large scales. Indeed, if we use the sub-horizon Poisson

equation during MD (see Eq. (4.2) in Chapter 4 for prefactors),

δc,MD(k) ∝ k2ΦMD(k), (2.119)

we find that

Pδ,MD(k) ∝ k4PΦ,MD(k) ∝ k4T 2(k)PΦ,prim(k) ∝




k, k � keq,

k−3, k � keq

, (2.120)

where we assumed the primordial power spectrum to scale as k−3, which is close

to the observed scaling of ∼ k−3.04. The approximate scalings in (2.120) and the

turn-over at keq ∼ 0.02h/Mpc can be seen in Fig. 2.8, which also illustrates the

agreement with observations.

2.4.3 Growth function

At late times, z . 10, all linear modes have entered the horizon and evolve iden-

tically independent of k. We describe their scale-independent growth with the

growth function D(a) which is proportional to a during MD. When dark energy

starts to dominate, the growth is suppressed due to the exponential expansion of

the universe. If the growth function is normalised such that D(a) = a deep in MD,

one can show that it is given by (see e.g. Eq. (7.77) in [11] or Eq. (2.10) in [112];

this follows from solving the first order parts of (2.127) and (2.129) below)

D(a) =
5Ωm

2

H(a)

H0

∫ a

0

dã

(ãH(ã)/H0)3
. (2.121)
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Fig. 5.— The reconstructed matter power spectrum: the stars show the power spectrum from combining ACT and WMAP data (top
panel). The solid and dashed lines show the nonlinear and linear power spectra respectively from the best-fit ACT ⇤CDM model with
spectral index of ns = 0.96 computed using CAMB and HALOFIT (Smith et al. 2003). The data points between 0.02 < k < 0.19 Mpc�1

show the SDSS DR7 LRG sample, and have been deconvolved from their window functions, with a bias factor of 1.18 applied to the data.
This has been rescaled from the Reid et al. (2010) value of 1.3, as we are explicitly using the Hubble constant measurement from Riess et al.
(2011) to make a change of units from h�1Mpc to Mpc. The constraints from CMB lensing (Das et al. 2011), from cluster measurements
from ACT (Sehgal et al. 2011), CCCP (Vikhlinin et al. 2009) and BCG halos (Tinker et al. 2011), and the power spectrum constraints
from measurements of the Lyman–↵ forest (McDonald et al. 2006) are indicated. The CCCP and BCG masses are converted to solar mass
units by multiplying them by the best-fit value of the Hubble constant, h = 0.738 from Riess et al. (2011). The bottom panel shows the
same data plotted on axes where we relate the power spectrum to a mass variance, �M/M, and illustrates how the range in wavenumber k
(measured in Mpc�1) corresponds to range in mass scale of over 10 orders of magnitude. Note that large masses correspond to large scales
and hence small values of k. This highlights the consistency of power spectrum measurements by an array of cosmological probes over a
large range of scales.

(Hlozek et al. 2011)

~ keq

Figure 2.8: Reconstructed matter power spectrum today, adapted from Fig. 5
in [111]. The data points are from various large-scale structure and CMB ex-
periments. The dashed line represents the linear power spectrum which follows
approximately (2.120). The solid line contains non-linear corrections which are
important on small scales.

The integral can be computed numerically using the Friedmann equation

(
H(a)

H0

)2

= Ωra
−4 + Ωma

−3 + ΩΛ + Ωka
−2, (2.122)

where ΩX are the density parameters today (when a = 1). Note that we only

consider the fastest growing mode here and in the following.

2.4.4 Higher-order perturbation theory

The late-time dark matter distribution has a non-trivial bispectrum even in the

absence of primordial non-Gaussianity due to non-linearities in the equations of
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motion. Deep in the matter-dominated universe on sub-horizon scales we can

use the second-order Newtonian fluid equations (corresponding to the Einstein

equations in conformal-Newtonian gauge); see e.g. [7, 8, 41, 110, 113]:

∂ηδ +∇ · [(1 + δ)v] = 0 (continuity) (2.123)

∂ηv + Hv + (v · ∇)v = −∇Φ (Euler) (2.124)

∇2Φ =
3

2
Ωm(η)H2δ (Poisson), (2.125)

where v is the velocity perturbation, assumed to be curl-free with θ ≡ ∇ · v, and

we used the time-dependent1 density parameter Ωm(η) = 8πGρ̄DM/(3H
2) in the

Poisson equation. The Fourier transform of ∇ · [(1 + δ)v] is

θ(k, η) +

∫
d3k1d3k2

(2π)3
δD(k− k1 − k2)

[
k1 · k2

k2
1

θ(k1, η)δ(k2, η) + θ(k1, η)δ(k2, η)

]
,

(2.126)

where we used v(k1, η) = ik1θ(k1, η)/k2
1. Therefore the Fourier transform of the

continuity equation is given by (see e.g. [41, 110])

∂ηδ(k, η)+θ(k, η) = −
∫

d3k1d3k2

(2π)3
δD(k−k1−k2)α(k,k1)θ(k1, η)δ(k2, η), (2.127)

where we defined the mode-coupling function

α(k,k1) ≡ k · k1

k2
1

. (2.128)

Similarly, the Fourier transform of the divergence of the Euler equation (2.124) is

[41, 110]

∂ηθ(k, η)+ Hθ(k, η) +
3

2
H2Ωm(η)δ(k, η) =

−
∫

d3k1d3k2

(2π)3
δD(k− k1 − k2)β(k,k1,k2)θ(k1, η)θ(k2, η), (2.129)

1So far, Ωm denoted the density parameter today. We will always write out the time-
dependence explicitly in the rest of this Chapter if we mean the time-dependent quantity Ωm(η).
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where

β(k,k1,k2) ≡ k2(k1 · k2)

2k2
1k

2
2

(2.130)

describes the third term on the left-hand side of (2.124), which is non-linear in v,

and we used (2.125).

To solve (2.127) and (2.129) we start with the first-order parts of the equations,

denoting the solutions as δ1 and θ1. The continuity equation (2.127) relates θ1 to

δ1,

θ1(k, η) = −∂ηδ1(k, η) =
δ1(k, η)

D(η)

dD(η)

dη
= −f(η)Hδ1(k, η), (2.131)

where we used that the time dependence of δ1 is given by

δ1(k, η) = D(η)δ1(k), (2.132)

and introduced the logarithmic growth rate f(η) ≡ d lnD/d ln a, which is unity

during MD but decreases at late times when dark energy domination implies slower

growth of the linear density contrast. Due to (2.131) the linear perturbations are

completely determined by the linear density contrast δ1. To solve (2.127) and

(2.129) at higher orders, including the non-linearities on the right-hand sides, we

expand the nth-order solutions δn and θn in powers of the linear solution δ1 as

δ(k, η) =
∞∑

n=1

∫
d3q1

(2π)3
· · · d3qn

(2π)3
(2π)3δD

(
k−

n∑

i=1

qi

)

× F (s)
n (q1, . . . ,qn, η)δ1(q1, η) · · · δ1(qn, η), (2.133)

and

θ(k, η) = −fH
∞∑

n=1

∫
d3q1

(2π)3
· · · d3qn

(2π)3
(2π)3δD

(
k−

n∑

i=1

qi

)

× G(s)
n (q1, . . . ,qn, η)δ1(q1, η) · · · δ1(qn, η), (2.134)

where F
(s)
n and G

(s)
n are arbitrary kernels, symmetrised over their wavevector ar-

guments. At first order we have F
(s)
1 = G

(s)
1 = 1. At higher order, substituting
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the expansions (2.133) and (2.134) into (2.127) and (2.129) yields recursion rela-

tions relating the (unsymmetrised) kernels Fn, Gn to lower order kernels Fm, Gm

(m < n; see [114, 115], or reviews in e.g. [41, 110, 112]):

Fn(q1, . . . ,qn) =
n−1∑

m=1

Gm(q1, . . . ,qm)

(2n+ 3)(n− 1)

[
(2n+ 1)α(k,k1)Fn−m(qm+1, . . . ,qn)

+ 2β(k,k1,k2)Gn−m(qm+1, . . . ,qn)
]
, (2.135)

Gn(q1, . . . ,qn) =
n−1∑

m=1

Gm(q1, . . . ,qm)

(2n+ 3)(n− 1)

[
3α(k,k1)Fn−m(qm+1, . . . ,qn)

+ 2nβ(k,k1,k2)Gn−m(qm+1, . . . ,qn)
]
, (2.136)

where k1 =
∑m

i=1 qi, k2 =
∑n

i=m+1 qi, k = k1 + k2, F1 = G1 = 1 and the

symmetrised kernels are

F (s)
n (q1, . . . ,qn) =

1

n!

∑

π

Fn(qπ(1), . . . ,qπ(n)) (2.137)

and similarly for G, where π denotes all permutations of {1, . . . , n}. Since non-

trivial time-dependencies of the kernels F and G would lead to a coupled system

of differential equations, the algebraic recursion relations (2.135) and (2.136) can

only be obtained because the kernels Fn and Gn turn out to be time-independent

for Ωm = 1, and for other cosmologies their time-dependence is generally negligibly

small [41, 116]. We can therefore express the expansions (2.133) and (2.134) in

terms of time-independent perturbations δn(k) and θn(k) which are of n-th order

in δ1,

δ(k, η) =
∞∑

n=1

δn(k, η) =
∞∑

n=1

Dn(η)δn(k), (2.138)

θ(k, η) =
∞∑

n=1

θn(k, η) = −fH
∞∑

n=1

Dn(η)θn(k). (2.139)

The first non-trivial kernels can be obtained from (2.135) and (2.137) (k =
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k1 + k2; see e.g. [41]):

F
(s)
2 (k1,k2) =

5

14

[
α(k,k1) + α(k,k2)

]
+

2

7
β(k,k1,k2)

=
5

7
+

k1 · k2

2

(
1

k2
1

+
1

k2
2

)
+

2

7

(k1 · k2)2

k2
1k

2
2

, (2.140)

and

G
(s)
2 (k1,k2) =

3

7
+

k1 · k2

2

(
1

k2
1

+
1

k2
2

)
+
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(k1 · k2)2

k2
1k

2
2

. (2.141)

2.4.5 Gravitational bispectrum

Assuming δ1 to be a Gaussian statistically-homogeneous and isotropic random field

with linear power spectrum

〈δ1(k1, η)δ1(k2, η)〉 = (2π)3δD(k1 + k2)PL
δ (k1, η), (2.142)

we find for the leading-order 3-point function, noting 〈δ3
1〉 = 0, that

〈δ(k1, η)δ(k2, η)δ(k3, η)〉 = 〈(δ2(k1, η)δ1(k2, η)δ1(k3, η)〉+ 2 perms

= (2π)3δD(k1 + k2 + k3)Bgrav
δ (k1, k2, k3; η), (2.143)

where

Bgrav
δ (k1, k2, k3; η) = 2PL

δ (k1, η)PL
δ (k2, η)F

(s)
2 (k1,k2) + 2 perms. (2.144)

This is the leading-order dark matter density bispectrum due to non-linear gravity

in the absence of any primordial non-Gaussianity. The shape dependence on the

triangle configuration is determined by the F2 kernel which is directly related to

the non-linear terms in the continuity and Euler equation. We will analyse the

shape of this bispectrum in more detail in Chapter 4, where we also discuss some

extensions beyond leading order and the impact of primordial non-Gaussianity.

Measuring the large-scale structure bispectrum, and correcting for that in-

duced by gravity, can therefore be used to constrain primordial non-Gaussianity.

Bispectrum measurements are expected to improve upon power spectrum measure-
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ments because the scale-dependent halo-bias is mainly sensitive to the squeezed

limit of the primordial bispectrum (which is tightly constrained by the CMB),

but the bispectrum can in principle access all triangle configurations of the pri-

mordial bispectrum. On sufficiently small scales the halo bispectrum is therefore

expected to contain more information than the power spectrum (see e.g. [117, 118]

for local non-Gaussianity). Chapters 3 and 4 will discuss the effect of primordial

non-Gaussianity on large-scale structure bispectra in more detail.

In the absence of primordial non-Gaussianity there are important late-time

motivations for measuring the large-scale structure bispectrum in combination with

the power spectrum, e.g. to constrain non-linear bias and break the degeneracy

between linear bias and the power spectrum normalisation σ8 (or Ωm; see e.g. [119,

120, 121, 122, 123]). To understand this, we can work with the naive local bias

ansatz (e.g. [124]) relating the halo density δh to the dark matter density δ for

Gaussian initial conditions by

δh(x) = b1δ(x) +
1

2
b2δ(x)2 + · · · , (2.145)

where we truncated at second order in δ.1 The correct bias relation is in fact more

complicated and contains e.g. higher order terms, corrections from the tidal tensor

[125] and potentially further non-local, stochastic and scale-dependent corrections

(especially on small scales, but also on large scales in the presence of primor-

dial non-Gaussianity, see e.g. [117, 126]), but we neglect them in the schematic

discussion here. Assuming (2.145), the leading-order halo power spectrum and

bispectrum are

Ph(k) ≈ b2
1Pδ(k), (2.146)

Bh(k1, k2, k3) ≈ b3
1Bδ(k1, k2, k3) + b2

1b2(Pδ(k1)Pδ(k2) + 2 perms). (2.147)

If we only measure Ph, we cannot distinguish a rescaling in b1 from a rescaling of

the amplitude σ8 of the dark matter power spectrum. However, this degeneracy

can be broken when combining with Bh because of its distinctive dependence on

1Corrections to Eqs. (2.146) and (2.146) below due to a third-order term bias b3δ
3/6 are

suppressed by a factor of Pδ � 1 (if we assume that loop integrals are at most of order unity,
which is a reasonable assumption on large scales).
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triangle configurations (only the first term in (2.147) contains the F2 kernel which

vanishes in the squeezed limit). If one is only interested in testing analytic bias

models against simulations instead of relating them to observations, one can also

consider mixed bispectra like e.g. the halo-halo-dark-matter bispectrum Bhhδ, see

e.g. [125].

2.4.6 Zel’dovich approximation and N-body initial condi-

tions

To represent an initial density perturbation δ (sampled from a pdf with the de-

sired dark matter power spectrum, bispectrum and trispectrum) at redshift z = zi

by particle positions and velocities we can use the Zel’dovich approximation [127]

(see also [41, 128]), which states that the unperturbed comoving particle posi-

tions qj, which can be placed equally spaced on a grid, should be displaced by a

displacement field Ψ(q, z) to perturbed positions

xj(z) = qj + Ψ(qj, z), (2.148)

where the Fourier transform of Ψ is given by

Ψ(k, z) =
ik

k2
δ(k, z). (2.149)

The velocities vj of the particles can be obtained from (see e.g. [128])

vj(z) = ax′j = a
D′(z)

D(z)
Ψ(xj, z)

=
a

D(z)

ΩmH
2
0

2a2H(a)

(
5− 3D(z)

a
− 2ΩkD(z)

Ωm

)
Ψ(xj, z), (2.150)

where a is the scale factor at the initial redshift z and primes denote derivatives

with respect to conformal time as usual. In going to the second line we expressed

D′(z) in terms of D(z) using the definition of D(z) in (2.121).

A derivation of the Zel’dovich approximation can be found in e.g. Chapter 2.6

of [41]. First, the divergence of the equation of motion of particle trajectories

x(z) is simplified by using the Poisson equation and conservation of total mass
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when displacing the particles. Then the resulting equation is solved at first order

in perturbations by (2.149). Because this is an approximation, the density per-

turbation δZA of the displaced particles is not exactly equal to the input density

perturbation δ. Indeed it was shown [110, 129, 130] that the Zel’dovich approxima-

tion introduces a spurious bispectrum, i.e. even if the input density perturbation

is Gaussian, the density perturbation of the displaced particles is slightly non-

Gaussian. Since this will be potentially confusing when examining the effects of

non-Gaussian input density perturbations due to primordial non-Gaussianity, we

will use the second order Lagrangian perturbation theory (2LPT) generalisation

of the Zel’dovich approximation as advertised in [130], because this should give

no spurious bispectrum (but possibly a spurious trispectrum, which we neglect

however).

In a practical implementation of the Zel’dovich approximation or its 2LPT

generalisation, the displacement field Ψ(q, z) is calculated from the density per-

turbation δ(q, z) at points q on a grid. However the initially unperturbed particles

may sit at other points qi inside the box.1 Therefore the displacement field Ψ must

be interpolated, e.g. using a cloud-in-cell scheme which averages over the field val-

ues at the eight nearest-neighbour grid points of qi, with weights given by the

distances to the neighbours (see e.g. [133]). For higher accuracy one can also

interpolate over the 27 nearest neighbours using a triangular cloud-in-cell scheme.

2.4.7 N-body simulations

To model the full non-linear clustering of dark matter we describe it as a self-

gravitating fluid obeying the collisionless Boltzmann (or Vlasov) equation in co-

moving coordinates (e.g. [41])

df

dη
=
∂f

∂η
+ v · ∂f

∂x
− ∂φ

∂x
· ∂f
∂v

= 0, (2.151)

1This is the case if particles are not perturbed from a regular-spaced grid but from an initial
glass distribution, which is obtained by distributing particles randomly in a box and then evolving
them with the sign of the gravitational force flipped [131, 132].
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where f is the mass density in phase space. The self-consistent potential φ solves

the Poisson equation

∇2φ(x, η) = 4πG

∫
f(x,v, η)dv, (2.152)

where the last integral is the local mass density. Note that the continuity equation

can be obtained from the zeroth moment of (2.151), and combining this with its

first moment gives the Euler equation [41].

Solving the Boltzmann equation (2.151) is hard because it is a non-linear PDE

in the seven variables x,v, η. Typically one employs the N -body method, which

is a Monte-Carlo-like approach where N3
p � 1 “particles” sample the phase-space

distribution and are displaced by the gravitational force at every time step.

Different numerical techniques can be used to implement this method (see

e.g. [41, 134] and references therein). The most straightforward one is the direct

summation particle-particle (PP) method where the force on a particle is computed

by summing over all other particles. This is very CPU-intensive because it scales

like O(N6
p ) for N3

p particles. A faster approach is the tree method, which stores

particles in a tree to allow for a O(N3
p logNp) force-computation by truncating a

hierarchical multipole-expansion of “clusters” containing many particles. The main

drawback is the high memory requirement. A less memory demanding method is

the Particle-Mesh (PM) method, where particles are converted to a mass density

interpolated to a fixed 3D grid with N3
g grid points, and the Poisson equation is

solved using a Fast Fourier Transform. The main drawback is that structures on

scales of the grid separation or below cannot be resolved. Therefore, modern codes

like Gadget-2 [132] often use a hybrid TreePM method, where short-range forces

are computed with the tree method while the PM method is used for long-range

forces on large scales.

While Gadget-2 also contains a smoothed particle hydrodynamics (SPH) mod-

ule to incorporate collisional gas, this is not needed in large-scale cosmological

studies like in this thesis, where it is sufficient to simulate dark matter only.
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2.4.8 Large-scale structure surveys

To probe the dark matter distribution of the late-time universe, three-dimensional

galaxy catalogues have been generated from a series of experiments such as the

2-degree Field Galaxy Redshift Survey (2dFGRS; around 250,000 galaxies with

median z = 0.11; [135]), the 6-degree Field Galaxy Survey (6dFGS; [136]), the

Sloan Digital Sky Survey I/II (SDSS-I, 2000-2005; SDSS-II, 2005-2008; 930,000

galaxies [137]) and the WiggleZ Dark Energy Survey (240,000 galaxies at z = 0.2 -

1; [138]), which are all completed. The Baryon Oscillation Spectroscopic Survey

(BOSS) is part of the ongoing SDSS-III and will be completed in 2014, collecting

about 1.5 million galaxies in a volume of about 6 Gpc3/h3, with mean redshift of

z ≈ 0.5 [139]. Various further improvements will be obtained by future planned

or ongoing surveys like the Dark Energy Survey (DES; 300 million galaxies with

photometric redshifts z . 1 in the next five years; [140, 141]), the Hobby-Eberly

Telescope Dark Energy Experiment (HETDEX; 2013-2015; z ≈ 3; [142]), the

Extended Baryon Oscillation Spectroscopic Survey (e-BOSS; 2014-2018?; z = 0.3 -

1.5; [143]), the Prime Focus Spectrograph (PFS) on the Subaru Telescope (2017;

few million galaxies at z ≈ 0.8 - 2.4; [144]), the Medium Scale Dark Energy Spectro-

scopic Instrument (MS-DESI; 2018-2022?; 20 - 40 million redshifts at z ≈ 0.2 - 1.6;

based on BigBOSS and DESpec proposals; [145, 146, 147]), the EUCLID satellite

mission (2020; 50 million spectroscopic redshifts at z ≈ 0.7 - 2; [148, 149]), the

space-based Wide Field Infrared Survey Telescope (WFIRST; 20 million galaxies

at z ≈ 1 - 3; 2023-2028?; [150]), and the ground-based Large Synoptic Survey Tele-

scope (LSST; several billion galaxies with median photometric redshift z ≈ 1.2;

2022-2032?; [151]). In the same decade, the Square Kilometer Array (SKA; [152])

will collect the 21cm-radiation of hydrogen (due to a hyperfine splitting of the

ground state), which also traces the dark matter distribution.

Many of these surveys also map the high-redshift distribution of neutral hy-

drogen clouds in front of quasars by measuring the Lyman-alpha forest, which

is formed from absorption lines in quasar spectra that occur when photons from

quasars excite hydrogen atoms along the line of sight through the Lyman-α tran-

sition. (Since photons redshift on their way from quasars, the observed frequency

of an absorption line corresponds to the location of the hydrogen along the line
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of sight). The mapped hydrogen distribution is also a tracer of the dark matter

distribution.

While the planned surveys mentioned above are often tailored towards con-

straining dark energy and measuring the BAO scale, the data delivered by all these

surveys can also be used to constrain primordial non-Gaussianity with ever higher

precision from the large scale structure clustering properties or the abundance of

highly clustered objects. Measuring higher order correlations like the bispectrum

from these surveys will not only be useful for testing the initial conditions but will

also break degeneracies of late-time observables and nuisance parameters present

at the 2-point level, e.g. by providing precious information on the bias relation

between dark matter and galaxies and on the growth of structures due to specific

induced triangle dependencies of the bispectrum.
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3
Non-Gaussian N-body initial conditions for

arbitrary primordial bispectra

Based on [4]

Summary

We present the implementation of an efficient framework for generating arbitrary

non-Gaussian initial conditions for N-body simulations. The method is based on

a separable modal expansion of the primordial bispectrum. This allows generating

non-Gaussian initial conditions far more efficiently than described in the literature

and far more generally as e.g. non-separable bispectra can also be studied for the

first time. The modal expansion is also used to estimate the bispectra in the reali-

sations of the initial conditions, which we use as a consistency check of the initial

condition setup.
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Overview

This chapter is organised as follows. After a short introduction in Sec. 3.1, we

describe in Sec. 3.2 the algorithm for generating non-Gaussian initial condition

using a separable mode expansion of the (appropriately weighted) bispectrum or

trispectrum. In Sec. 3.3 we describe a non-trivial validation procedure by estimat-

ing the non-Gaussianity of the generated initial field. We present the results for a

series of non-Gaussian shapes in Sec. 3.4 and conclude in Sec. 3.5.

3.1 Introduction

Non-Gaussianity of the primordial density perturbations provides an observa-

tional window to distinguish mechanisms that created the initial fluctuations (see

e.g. [16, 17, 18, 42, 87, 153, 154, 155, 156, 157, 158]). So far most constraints on

primordial non-Gaussianity (PNG) come from CMB observations, the most recent

ones being from Planck [20]. Large-scale structures (LSS) provide an alternative

probe of PNG. Since galaxy surveys provide three-dimensional datasets, LSS has

in principle access to more modes than the two-dimensional CMB. Current and

upcoming surveys like SDSS, DES and EUCLID can therefore provide tight esti-

mates on PNG. However, the effect of PNG on LSS is difficult to model because of

non-linear structure formation, which requires the use of N -body simulations on

all but the largest scales, and the complicated relationship between dark matter

structures and the observed tracers like galaxies, which requires detailed under-

standing of galaxy bias and redshift space distortions. We will only consider the

first problem here; our aim is to study the late time dark matter clustering in

presence of PNG using N -body simulations.

So far only the effect of the local, equilateral and orthogonal templates of

PNG have been studied [39, 159]. Except for the local shape the generation of

non-Gaussian initial conditions is computationally extremely expensive even if

separable templates of the physical shapes are used. This prohibits non-local non-

Gaussian N -body simulations with the grid sizes required for upcoming galaxy

surveys. In addition, theoretical bispectra from inflation models are often non-

separable. The separable equilateral and orthogonal templates are tailored for the
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CMB (meaning that the measured fNL of the templates is very close to the fNL

one would get for the correct physical shapes), but they should ultimately not be

used for LSS, because LSS observables are sensitive to limits of the bispectrum

which are not necessarily represented correctly by the CMB templates (e.g. halo

bias strongly depends on the squeezed limit of the bispectrum). To be able to

study structure formation for essentially any model of inflation without relying

on separable templates, the goal in this chapter is to provide an efficient and

general numerical framework to run N -body simulations for arbitrary types of

PNG. The method presented here achieves this for arbitrary primordial bispectra.1

The main idea is to expand the primordial bispectrum (or rather the associated

kernel required for generating initial conditions) in separable basis functions. We

generate initial conditions for every basis mode and sum up the contributions to

represent the full bispectrum in the initial particle distribution. This approach is

a natural LSS generalisation of the modal expansion technique pioneered for the

CMB by Fergusson and Shellard [28, 49, 160]. While the theory has been presented

in [50], we summarise the formalism here and present the implementation and

numerical consistency checks of this framework.

3.2 Algorithm

3.2.1 Bispectrum

To generate a realisation of the primordial potential Φ if this has power spectrum

P (k) and arbitrary primordial bispectrum B(k1, k2, k3), we first draw ΦG from a

Gaussian with the desired power spectrum P (k). To represent the bispectrum we

compute

Φ = ΦG +
fNL

2
ΦB, (3.1)

1The method was also successfully applied to trispectra which do not depend on the diagonals
of the quadrilateral [4]. Extending this to diagonal-dependent trispectra would be interesting
to test models that depend non-trivially on diagonals, like e.g. some equilateral trispectra [54].
This is conceptually straightforward but computationally challenging [50].
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where1 [39, 50]

ΦB(k) =

∫
d3k′d3k′′

(2π)6
(2π)3δD(k− k′ − k′′)ΦG(k′)ΦG(k′′)

× B(k, k′, k′′)

P (k)P (k′) + P (k)P (k′′) + P (k′)P (k′′)
. (3.2)

For the local shape this reduces to ΦG ∗ ΦG in k-space, which corresponds to the

squared Gaussian field in x-space. The symmetrised non-separable denominator

in (3.2) is required to leave the power spectrum (to a very good approximation)

unchanged [39]. Indeed, for small levels of non-Gaussianity we get, as desired,

〈Φ(k1)Φ(k2)〉 = (2π)3δD(k1 + k2)P (k1),

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3δD(k1 + k2 + k3)fNLB(k1, k2, k3). (3.3)

The prescription (3.2) is a generalisation of the analogous expressions for the CMB

[28, 154]. A computationally expensive brute-force evaluation of Eq. (3.2) was

used to create N -body initial conditions for some separable shapes in [39, 159].

This approach is not efficient because the denominator of the kernel in (3.2) is

not separable in the sense that it cannot be expressed in the form of a product

f1(k1)f2(k2)f3(k3) for some functions fi. In analogy to the modal CMB techniques

described in [28, 49, 160], we achieve efficiency by expanding the kernel in (3.2) in

separable modes as

B(k, k′, k′′)

P (k)P (k′) + P (k)P (k′′) + P (k′)P (k′′)
=
∑

rst

αQrstqr(k)qs(k
′)qt(k

′′). (3.4)

The qr are one-dimensional independent polynomials defined on the tetrapyd do-

main where the bispectrum is defined if the triangle condition due to statistical

homogeneity is imposed. The specific form of the qr can be arbitrary as long as

they form a set of linearly independent functions. Here we choose simple mono-

1The kernel in Eq. (3.2) is just one particular, non-unique choice that produces the correct
power spectrum and bispectrum, but it does not necessarily generate the desired trispectrum
and higher-order correlation functions beyond the trispectrum. Ref. [161] discusses attempts to
improve the kernel to obtain correct primordial trispectra, which is an interesting field of future
work.
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mials qr(k) = kr following [28]. For notational convenience we symmetrise over

the indices r, s, t in (3.4), denoted by curly brackets, and label the different index

combinations by n, so that

∑

rst

αQrstqr(k)qs(k
′)qt(k

′′) =
∑

n={rst}
αQn q{r(k)qs(k

′)qt}(k
′′) =

∑

n

αQnQn(k, k′, k′′),

(3.5)

where we also introduced the 3D basis functions Qn. The expansion coefficients αQn

are specific to a given inflation model which predicts a bispectrum B. While the

expansion (3.4) is exact if a complete set of basis functions is used, truncating the

expansion after nmax = O(30− 100) terms yields an accurate description for many

inflation models. Expressing the Dirac delta function in terms of plane waves,

δD(k) =
1

(2π)3

∫
d3xeik·x, (3.6)

and using the expansion (3.4) in (3.2) we find

ΦB(k) =
∑

n

αQn q{r(k)

∫
d3xeik·xMs(x)Mt}(x), (3.7)

where Ms(x) denotes the potential filtered by the basis functions,

Ms(x) =

∫
d3k

(2π)3
ΦG(k)qs(k)e−ik·x. (3.8)

While a brute force evaluation of (3.2) requires O(N6) operations (one k′ inte-

gral for every k), where N = O(103) is the number of grid points per dimension,

evaluating (3.7) requires only O(nmaxN
3) operations because it consists of a se-

ries of Fourier transforms which can be efficiently computed with Fast Fourier

Transforms.

In practise the above expressions are evaluated in a box with side length L and

N grid points per dimension. The allowed discrete wavenumbers are therefore

k = −
(
N

2
− 1

)
∆k, . . . ,

(
N

2
− 1

)
∆k,

N

2
∆k, (3.9)
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where ∆k = 2π/L. The minimal scale resolved by the grid is represented by

the maximum wavenumber kmax = N∆k/2. Care must be taken to account for

unwanted realisations of the discretisation of the Dirac delta function when the

wavevectors, ki, align.1 This can be accounted for simply by restricting the range

of the wavevectors to |ki| < 2kmax/3 for the calculation of ΦB. We will work with

|ki| ≤ keff
max ≡ kmax/2 in the following. This means that we cannot use the full grid

that is available in memory. However this limitation is offset by the improvement

in numerical speed that the modal method provides.

To obtain N -body initial conditions from the realisation of Φ generated with

the above prescription we relate Φ to the initial density perturbation δ at the initial

redshift of the simulation using the sub-horizon Poisson equation during matter

domination and transfer function T (k) (see Sec. 2.4.2 and Eq. (4.2) below for

details). The Zel’dovich approximation [127] or a second order 2LPT generalisation

thereof [128, 129] can then be used to obtain initial particle positions and velocities

for the N -body simulation.

3.2.2 Trispectrum

The modal expansion method can also be applied to represent non-trivial trispec-

tra in the initial conditions. To reduce the computational cost we only consider

trispectra which do not depend on the diagonal of the quadrilateral, i.e.

〈Φ(k1)Φ(k2)Φ(k3)Φ(k4)〉c = (2π)3δD(k1+k2+k3+k4)GNLT (k1, k2, k3, k4). (3.10)

A field with this trispectrum and the desired power spectrum can be generated

with

Φ = ΦG +
GNL

6
ΦT , (3.11)

1The discrete version of (3.6) is given by δD(k−k′−k′′) ∝∑xi
ei(k−k

′−k′′)xi , where the sum
goes over all points xi on the grid in real space with spacing ∆x = L/N . This representation
of the discrete Dirac delta function only holds if |k − k′ − k′′| < 2kmax. Therefore we need
ki < 2kmax/3 for all ki appearing in the formulas in the main text. I am very grateful to Hiro
Funakoshi for identifying this important issue. We only learned later that this was also found in
e.g. [112] .
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where

ΦT (k) =

∫
d3k′d3k′′d3k′′

(2π)9
(2π)3δD(k− k′ − k′′ − k′′′)

× T (k, k′, k′′, k′′′)

P (k)P (k′)P (k′′) + 3 perms
ΦG(k′)ΦG(k′′)ΦG(k′′′). (3.12)

Evaluation of this integral requires O(N9) operations in general, which is com-

putationally not feasible. However, efficiency is restored again by expanding the

relevant kernel in (3.12) in separable modes,

T (k, k′, k′′, k′′′)

P (k)P (k′)P (k′′) + 3 perms
=
∑

m

αQmq{r(k)qs(k
′)qt(k

′′)qu}(k
′′′). (3.13)

Here qr are independent one-dimensional polynomials defined on the trispectrum

domain allowed by the quadrilateral condition on the wavenumbers. The label m

represents the combination {rstu} and the expansion coefficients αQm characterise

the trispectrum under consideration. We denote the 4D basis functions as Qn =

q{rqsqtqu}. Using (3.6) we find

ΦT (k) =
∑

m

αQmq{r(k)

∫
d3xeik.xM s(x)M t(x)Mu}(x), (3.14)

where the potential is filtered with qs,

M s(x) =

∫
d3k

(2π)3
ΦG(k)qs(k)e−ik·x. (3.15)

Evaluating (3.14) requires only O(nmaxN
3) instead of O(N9) operations. To avoid

unwanted images of the discrete delta function when the wavevectors align we have

to restrict the allowed wavenumbers to |k| < kmax/2.

3.3 Algorithm validation

To validate our implementation of the modal method we directly test if the gener-

ated field Φ has the desired bispectrum property by creating a set of realisations
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of Φ and comparing the average estimated bispectrum with the theoretical input

bispectrum. Note that the accuracy of the expansion of primordial bispectrum

shapes has been tested in [28, 51, 162], reaching O(90 − 95%) shape correlations

for the bispectrum with O(30) modes and for the trispectrum with O(50) modes.

3.3.1 Bispectrum estimation

The amplitude of a given theoretical bispectrum shape B can be estimated with

[50]

E =

∫
Π3
i=1d3ki
(2π)6

δD(k1 + k2 + k3)B(k1, k2, k3)

P (k1)P (k2)P (k3)
[φk1φk2φk3 − 3〈φk1φk2〉φk3 ]. (3.16)

The ensemble average is

〈E〉 =
V

π

∫

VB

dk1dk2dk3
k1k2k3B

2(k1, k2, k3)

P (k1)P (k2)P (k3)
, (3.17)

where VB denotes the bispectrum domain allowed by the triangle condition. The

volume prefactor is V = (2π)3δD(0). The integrand in (3.16) contains the inverse-

variance weighted potential φ projected on the theoretical bispectrum B, i.e. the

estimator is just the cumulative signal to noise. Since the integral in (3.16) is

numerically expensive (scaling as O(N6)) if the theoretical bispectrum is not sep-

arable, we expand the integrand in separable modes as

√
k1k2k3B(k1, k2, k3)√
P (k1)P (k2)P (k3)

=
∑

n

αQ
′

n q{r(k1)qs(k2)qt}(k3). (3.18)

Note that this is a different expansion than in (3.4) where we expand the kernel

required for initial conditions instead of the theoretical signal to noise relevant

for bispectrum estimation. The two corresponding sets of expansion coefficients

αQn and αQ
′

n can be related with a conversion matrix which can be computed as a
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one-off calculation. With the expansion (3.18) the estimator (3.16) becomes [50]

E =
∑

n

αQ
′

n

∫
d3x[Mr(x)Ms(x)Mt(x)− 〈M{r(x)Ms(x)〉Mt}(x)]

︸ ︷︷ ︸
≡ βQ′n

(3.19)

〈E〉 =
∑

nm

αQ
′

n α
Q′
m γnm, (3.20)

where

γnm =
V

π

∫

VB

dk1dk2dk3Qn(k1, k2, k3)Qm(k1, k2, k3), (3.21)

Mr(x) =

∫
d3k

(2π)3

φkqr(k)√
kP (k)

eik·x. (3.22)

The βQ
′

n coefficients defined by (3.19) depend on the data φ and the basis functions

qr, and satisfy

〈βQ′n 〉 =
∑

m

αQ
′

m γnm. (3.23)

The relationship between theory coefficients α and data coefficients β becomes

more transparent if we transform Qn to mode functions Rn which are orthogonal

with respect to the inner product 〈fg〉 = (V/π)
∫
VB

dk1dk2dk3f(k1, k2, k3)g(k1, k2, k3)

motivated by (3.21). Then, (3.23) yields the consistency relation

〈βR′
n 〉 = αR′

n , (3.24)

i.e. in this basis the average data coefficients βR′
n are just given by the expansion

coefficients αR′
n of the theoretical bispectrum under consideration. Therefore, βR′

n

can be regarded as the estimated fNL-amplitude of the n-th basis shape. The sum

(3.19) sums up these individual amplitudes to obtain the estimated fNL of the full

theory bispectrum shape B under consideration.
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3.4 Results

Our implementation of the modal method was used to generate non-Gaussian

initial conditions of the local, equilateral, constant, orthogonal and flattened bis-

pectrum shapes (see Sec. 2.1.7.3 and [51]1). To generate initial conditions we first

compute the expansion coefficients in (3.4) by integrating over the tetrapyd. We

then compute the initial conditions using (3.7). To test their accuracy we estimate

the bispectrum with (3.19) and check the consistency relation (3.24), where the

theory expansion coefficients are obtained from (3.18). The mode expansions (3.4)

and (3.18) were truncated after nmax = 30 modes for all models except the non-

separable flattened shape for which we used nmax = 80 modes to improve accuracy.

The term of the form 〈MM〉M in (3.19) can be dropped when computing the β’s

because we do not include any inhomogeneous noise or mask.

Generating the initial conditions is very efficient, taking about one hour on

only 6 cores for one realisation of a 10243 grid. Since we are only presenting a

proof of concept in this chapter, we will mostly work with smaller 2563 grids.

Before validating the bispectrum of the initial conditions we note that the

power spectrum of the initial conditions is almost unchanged when adding ΦB to

the Gaussian field. Indeed, Fig. 3.1 demonstrates that the non-Gaussian change of

the power spectrum given by f 2
NL〈ΦBΦB〉/4 is negligible compared to the Gaussian

power spectrum P (k).

To validate the bispectrum in the initial conditions we compare in Fig. 3.2 the

theoretical expansion coefficients αR′
n with the estimated βR

n averaged over 5 real-

isations. The excellent agreement for both the local and equilateral bispectrum

shape demonstrates the correctness of the implementation. A more quantitative

validation is presented in Table 3.1, where the shape correlations between the theo-

retical bispectrum and the separable expansions (3.4) and (3.18) are shown to test

the primordial expansions, while the last column shows the shape correlation of the

expansion (3.18) of the theory bispectrum with the average measured bispectrum

represented by the average β coefficients. Since this last column is at least 99.3%

in all cases we see that the initial conditions represent the input decomposition

1I implemented the modal expansion technique for generating LSS initial conditions for ar-
bitrary bispectra in a hybrid MPI/OpenMP-parallelised C code. The code was later generalised
to diagonal-independent trispectra by Donough Regan; see [4] for details.
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Figure 3.1: Plot of input power spectrum P (k) for ΦG (red) and measured power
spectra of fNLΦB/2 for the local shape with fNL = 100 (black), fNLΦB/2 for the
equilateral shape with fNL = 400 (blue) and ΦG + fNLΦB/2 for the two cases
(green). ΦB was calculated for 100 realisations of ΦG using (3.7) on a 2563 grid in
a box with L = 100 Mpc/h.

of the primordial bispectrum very well. The correlation of the primordial shape

with its expansions (3.4) and (3.18) is at least 90% in all cases. While this is

already a reasonably good representation, further improvements can be obtained

by using more basis functions (i.e. increasing nmax) or by choosing a more suitable

functional form for the basis functions instead of the simple monomials employed

here.

Results for trispectrum initial conditions are presented in [4], where we have

validated the modal trispectrum method for local, equilateral and constant trispec-

tra.

3.5 Conclusions

We have presented the implementation of a method to create initial conditions for

N -body simulations for arbitrary primordial bispectra, including non-separable

shapes. The method is based on a separable modal expansion of the bispectrum
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Figure 3.2: Theoretical expansion coefficients αR′
n from (3.18) compared with the

average estimated coefficients 〈βR
n 〉 from 5 realisations in a box with N = 512 and

L = 100Mpc/h. Left: Local bispectrum shape with fNL = 100, right: equilateral
shape with fNL = 500. Note that the left plot differs from the one shown in [4]
because we use a different ordering of polynomials here and use different box and
grid size. The error bars show 1σ errors. The lower panels show residual plots.

which reduces the generation of initial conditions to a series of efficient Fourier

transforms. It requires O(nmaxN
3) operations, where N = O(1000) is the number

of grid points per dimension and nmax = O(30 − 100) is the number of basis

functions which is kept in the expansion of the bispectrum. The computational

cost is therefore reduced by a factor of O(107) compared to a brute force approach

which requires O(N6) operations and has been used in the literature so far. We

have validated our implementation for the local, equilateral, orthogonal, constant

and non-separable flattened bispectrum shapes with a non-trivial consistency check

by comparing the bispectra of the initial conditions with the input bispectra.

We note that further work is required to represent arbitrary trispectra together

with arbitrary bispectra in the initial conditions because the bispectrum term

fNLΦB/2 in (3.1) introduces a spurious trispectrum which is non-trivial to mitigate

(see [161] for first attempts in this direction for a few specific shapes). We could

subtract this spurious trispectrum if the presented methods are generalised to

trispectra which also depend on the diagonal of the quadrilateral, which is in

principle straightforward though computationally challenging.

We hope that the work presented here proves useful for studying large-scale
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Model nmax fNL Shape vs
Decomp (3.4)

Shape vs
Decomp (3.18)

〈βQn 〉 vs
Decomp (3.18)

Local 30 100 100% 92.6% 99.5%

Equilateral 30 200 99.7% 99.7% 99.8%

Constant 30 200 99.9% 100% 99.3%

Orthogonal 30 200 98.7% 98.9% 99.7%

Flattened 80 200 91.8% 90.6% 99.1%

Table 3.1: Correlation between the primordial bispectrum shape and the separable
modal expansions (3.4) and (3.18), as well as the correlation between the average
of the realisations 〈βQn 〉 and the expansion (3.18).

structures with N -body simulations in presence of arbitrary primordial bispectra.
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4
Fast estimation of gravitational and primordial

bispectra in large-scale structures

Based on [5]
Summary

We present the implementation of a fast estimator for the full dark matter bis-

pectrum of a three-dimensional particle distribution relying on a separable modal

expansion of the bispectrum. The computational cost of accurate bispectrum es-

timation is negligible relative to simulation evolution, so the isotropic bispectrum

can be used as a standard diagnostic whenever the power spectrum is evaluated.

As an application we measure the evolution of gravitational and primordial dark

matter bispectra in N-body simulations with Gaussian and non-Gaussian initial

conditions of the local, equilateral, orthogonal and flattened shape. The results are

compared to theoretical models using a 3D visualisation, 3D shape correlations and

the cumulative bispectrum signal-to-noise, all of which can be evaluated extremely

quickly. Our measured bispectra are determined by O(50) coefficients, which can

be used as fitting formulae in the nonlinear regime and for non-Gaussian initial

conditions. In the nonlinear regime with k < 2hMpc−1, we find an excellent cor-

relation between the measured dark matter bispectrum and a simple model based

on a ‘constant’ bispectrum plus a (nonlinear) tree-level gravitational bispectrum.

In the same range for non-Gaussian simulations, we find the measured excess bis-

pectrum (i.e. the difference with the measured gravitational bispectrum) has an

excellent correlation with a phenomenological model consisting of the constant bis-

pectrum plus a (nonlinear) tree-level primordial bispectrum. We demonstrate that

the constant contribution to the non-Gaussian bispectrum can be understood as a

time-shift of the constant mode in the gravitational bispectrum, which is motivated

by the one-halo model. The final amplitude of this extra non-Gaussian constant

contribution is directly related to the initial amplitude of the constant mode in the

primordial bispectrum. We also comment on the effects of regular grid and glass

initial conditions on the bispectrum.
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Overview

The chapter is organised as follows. After a brief introduction in Section 4.1 we re-

view the generation of non-Gaussianity due to nonlinear gravitational evolution in

Section 4.2, together with the physically-motivated models that we will use to de-

scribe our results. In Section 4.3 we review primordial non-Gaussianity and discuss

its impact on the matter bispectrum, proposing a new time-shift model. In Section

4.4 we discuss the bispectrum estimation methodology based on a separable expan-

sion which allows extremely efficient estimation of the full N -body bispectrum, as

well as the cumulative signal-to-noise and its correlation to theoretically-predicted

bispectra. We discuss the simulation setup, impact of glass initial conditions,

validations and convergence tests in Section 4.5. In Section 4.6 we present our re-

sults for the gravitational bispectrum and the simple fits thereof, while primordial

bispectra in non-Gaussian simulations and their fits are discussed in Section 4.7.

We summarise our conclusions in Section 4.8. Readers familiar with the modal

methodology and interested primarily in the measured bispectra and testing of

various fitting formulae may wish to start with Section 4.6 and follow the refer-

ences to the earlier sections given there. Table 4.1 lists mathematical symbols used

in this chapter.

4.1 Introduction

So far, CMB [51, 162, 163, 164] and large-scale structure (LSS; [165, 166]) obser-

vations have not found any evidence for primordial non-Gaussianity. However, a

detection of primordial non-Gaussianity through a non-zero bispectrum or trispec-

trum would significantly improve our understanding of the physics of inflation.

General methods that can distinguish different shapes of bispectra and trispectra

are particularly important to discriminate between inflationary mechanisms. Fer-

gusson and Shellard have developed such methods for the CMB using a separable

expansion of the bispectrum or trispectrum to achieve computational feasibility

[28, 49, 51, 54, 162].

While the most stringent constraints on primordial non-Gaussianity are cur-
rently given by the CMB Planck results [20], competitive or improved constraints
are expected from the large-scale structure surveys listed in Sec. 2.4.8. Partially,
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Symbol Description Definition

〈·, ·〉 S/N weighted scalar product between bispectra (4.32)

〈, 〉noweight Unweighted scalar product between bispectra (4.44)

‖ · ‖ Bispectrum norm (cumulative S/N) (4.34)

αQ,Rn Theory bispectrum expansion coefficients (4.38),(4.45),

above (4.47)

βRn Estimated bispectrum coefficients (4.48)

α, β Sides of k1 + k2 + k3 = const triangles

γnm, λnm Matrices related to Qn and Rn bases (4.41), above (4.47)

δ Fractional dark matter density

δD Dirac delta function

δn n-th order density perturbation (2.138)

∆z Halo model time shift due to prim. non-Gaussianity Section around (4.24)

ν k-scaling of Bgrav
δ,const for equilateral triangles (4.12)

Φ Primordial potential above (4.2)

B{δ,Φ} Bispectrum of δ or Φ (4.3), (4.21)

Bfit
δ , Bfit

NG Time shift model fits for bispectra in Gaussian and

non-Gaussian simulations

(4.62), (4.67)

Bgrav
δ Perturbative gravitational bispectrum (4.4)

Bgrav
δ,const ‘Constant’ bispectrum (approx. 1-halo bispectrum) (4.12)

Bgrav
δ,NL Phenomenological non-linear extension of Bgrav

δ (4.6)

Bopt
δ Optimal linear combination of Bgrav

δ,NL and

(k1 + k2 + k3)ν with arbitrary weight w(z)

(4.63)

Bprim
δ Perturbative density bispectrum from primordial BΦ (4.22)

Bprim
δ,const Time-shifted constant bispectrum due to

prim. non-Gaussianity

(4.26)

Bprim
δ,NL Phenomenological non-linear extension of Bprim

δ (4.23)

BRn Orthonormal contributions to full bispectrum shape (4.46), (4.51)

B̂δ Measured density bispectrum (4.51)

B̂NG Measured primordial contribution to B̂δ (4.52)

C(·, ·) 3D shape correlation (cosine) (4.33)

Cα,th Correlation of theory vs expansion (4.53)

Cβ,α Correlation of simulations vs expansion (4.54)

Cβ,th Correlation of simulations vs theory (4.55)

c1, c2 Amplitudes of Bgrav
δ,const and Bprim

δ,const (4.12), (4.26)

D̄(z), D(z) Linear growth function, normalised to D̄(0) = 1

and D(z) = (1 + z)−1 in matter dom.

below (4.2)

dVk Volume element dk1dk2dk3 Below (4.30)
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F
(s)
n Symmetrised density kernels (2.133)

fNL Non-linear amplitude of BΦ (4.21)

f̂ th
NL Estimator of amplitude of theoretical bispectrum Bth

δ (4.28)

F̄BNL Cumulative bispectrum S/N relative to linearly

evolved local bispectrum

(4.36)

L Side length of simulation box (in Mpc/h)

M(k, z) Poisson factor (4.2)

Mr Density perturbation filtered by 1D basis function qr (4.42)

Nth Normalisation of f̂ th
NL (4.31)

N Number of grid points per dimension

Nfit Overall normalisation factor for Bfit
δ (4.64)

nh, nprim
h Halo exponents describing time evolution of Bgrav

δ,const

and Bprim
δ,const

(4.12), (4.26)

nmax Number of modal basis functions used (4.38)

Np Number of particles per dimension

Nr Number of realisations simulated

Pδ Power spectrum of δ (4.1)

PLδ Linear power spectrum of δ1

qr 1D basis functions (chosen to be monomials here)

Qn 3D basis functions obtained from qr (4.43)

Rn Orthonormalised 3D basis functions (rotated Qn’s) above (4.47)

sB Symmetry factor Below (4.34)

T (k) Linear transfer function below (4.2)

V Volume factor V = L3

VB Tetrahedral domain allowed by triangle condition

Table 4.1: List of most important mathematical symbols used

throughout this Chapter (alphabetically sorted).

this is expected because LSS data is three-dimensional and can therefore access

many more modes than the 2D CMB. While the CMB 2-point statistics are ba-

sically unaffected by primordial non-Gaussianity, the power spectrum of biased

tracers of the dark matter distribution receives corrections on large scales that can

scale as k−2 if the primordial bispectrum has a significant squeezed limit [167].

Detection of this ‘transfer’ of the bispectrum to the power spectrum through a

scale-dependent bias would rule out single field inflation. While this effect makes

future LSS power spectrum constraints competitive with the CMB bispectrum,
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some care needs to be taken to understand all systematics on very large scales

in a robust manner. Including the LSS bispectrum is expected to improve the

power spectrum constraints already on intermediate scales [117, 118], where sys-

tematics should be well controlled, but next-to-leading order contributions in the

theoretical modeling may become relevant. Including smaller scales in the bis-

pectrum analysis will improve contraints further. This is not limited by obser-

vations but only by the break-down of the theoretical modeling, i.e. any the-

oretical progress about understanding the impact of non-Gaussianity on small

scales can yield major improvements for constraining primordial non-Gaussianity

from LSS. Several groups have therefore studied the impact of primordial non-

Gaussianity on matter, halo and galaxy power spectra and bispectra (see, e.g.,

[118, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177] and references therein).

Constraints on local non-Gaussianity from LSS have recently been obtained in

[166, 178, 179].

Only few works have studied bispectrum shapes beyond the local template

because of the difficulty to generate initial conditions for N -body simulations for

non-local shapes. This changed when Wagner and Verde [39, 159], as well as

Scoccimarro et al. [161] suggested methods to simulate some other specific shapes.

However, the methods are not efficient for truly general non-separable shapes. As

an alternative, [50] suggested to apply the separable expansion method which also

works for non-separable shapes. This was successfully implemented and tested in

[4], as described in Chapter 3 of this thesis.

In this chapter, we apply the initial conditions generator from Chapter 3 to run

full N -body simulations with non-Gaussian initial conditions for several primordial

bispectrum shapes. Exploiting again a separable expansion of the bispectrum we

estimate and study the full resulting 3D dark matter bispectrum at a series of

redshifts down to small scales. The estimator is not only orders of magnitude

faster than previous N -body bispectrum estimators, but it also compresses the full

3D information of bispectrum shape to O(100) numbers, which greatly simplifies

subsequent analyses based on 3D shape correlations and cumulative signal to noise

estimates. We compare the N -body bispectra with tree level predictions and

show the time and length scales at which they break down, both for Gaussian

and non-Gaussian simulations. We describe the results in the highly non-linear
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regime using a phenomenological time shift model according to which primordial

non-Gaussianity leads to an earlier start of halo growth compared to a Gaussian

universe. This motivates a simple form of the dark matter bispectrum, which we

exploit to create fitting formulae valid down to small scales over a wide range

of redshifts and for a series of different inflationary bispectrum shapes. We also

study the impact of glass initial conditions in comparison to regular grid initial

conditions. While the main purpose here is to demonstrate the efficiency and

accuracy of the modal bispectrum estimation by applying it to the dark matter

distribution in N -body simulations, we emphasise that the same method can in

principle be applied to the 3D distribution of galaxies mapped by LSS surveys.

Treating systematics, foregrounds and window functions with the modal method

should in principle be similar to the CMB treatment used in the Planck analysis

[20]. However, applying the modal method to real data will be left for future work.

4.2 The distribution of matter

4.2.1 Power spectrum and transfer functions

An important prediction of cosmological models is the probability of finding a cer-

tain configuration of the fractional overdensity δ(x) in the universe. The simplest

possibility is a Gaussian pdf, which is determined by the two-point correlation

function, or in Fourier space by the power spectrum Pδ,

〈δ(k1)δ(k2)〉 = (2π)3δD(k1 + k2)Pδ(k1). (4.1)

Here we assumed statistical homogeneity, leading to the Dirac delta function, and

statistical isotropy, which implies that the power spectrum only depends on the

magnitude of the wavevector.

Perturbations from inflation are usually described by the comoving curvature

perturbation R, which is related to the primordial potential Φ by Φ = −3R/5, in

linear perturbation theory during matter domination. The density perturbation δ
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can be obtained using the linear Poisson equation

δ(k, z) =
2

3

k2T (k)D(z)

ΩmH2
0

Φ(k) ≡M(k, z)Φ(k), (4.2)

where T (k) is the linear transfer function at low redshift normalised to T (k) = 1 on

large scales and calculable with CAMB [64], and D(z) is the linear growth function

for Ωrad = 0 [180] normalised to D(z) = 1/(1+z) during matter domination. Later

we will also find it convenient to use the growth function normalised to unity today,

D̄(z) = D(z)/D(0).

At late times and on small scales, the linear treatment breaks down and N -body

simulations must be used to find the nonlinear transfer of primordial to late time

perturbations. A widely used fit of the nonlinear power spectrum is HALOFIT

[81], which is included in CAMB [64]. However, in our own bispectrum analysis we

will generally use the actual nonlinear power spectrum measured from the N -body

simulations.

4.2.2 Matter bispectrum

At late times, the model of a Gaussian pdf for the density perturbation is over-

simplified because nonlinear gravitational collapse will lead to higher order correla-

tions. To study deviations from Gaussianity, it is useful to consider the bispectrum

Bδ (or three-point correlator transform), which is defined by

〈δ(k1)δ(k2)δ(k3)〉 = (2π)3δD (Σiki)Bδ(k1, k2, k3), (4.3)

assuming again statistical homogeneity and isotropy. The Dirac delta function

imposes a triangle constraint on the bispectrum arguments k1, k2, k3. The space of

triangle configurations is sometimes called a tetrapyd [28] and is shown in Fig. 4.1.

Additionally to the triangle constraint, we impose a cut off at kmax, correspond-

ing to the smallest scale under consideration. The bispectrum shape, i.e. its de-

pendence on the wavenumbers ki, gives important information about the physics

which induced the bispectrum. Not only does it help to disentangle late time

non-Gaussianity, e.g. induced by nonlinear gravitational collapse, from primordial

inflationary non-Gaussianity, but it also opens the intriguing possibility of distin-
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Figure 4.1: Space of triangles with sides k1, k2, k3, i.e. each point inside the tetrapyd
volume corresponds to a triangle configuration. Squeezed, folded and equilateral
configurations are highlighted.

guishing between different inflationary models. To see this explicitly we will review

the perturbative treatment of such non-Gaussianities in the following sections.

4.2.3 Tree-level gravitational matter bispectrum

The equations of motion for a perfect pressureless fluid in a homogeneous and

isotropic universe contain nonlinearities, which induce a non-vanishing bispectrum

(see Section 2.4.4 or, e.g., [41, 110] for details). Specifically these are the ∇ ·
(δv) term in the continuity equation (2.123) and the (v · ∇)v term in the Euler

equation (2.124), where v is the peculiar velocity, which describes deviations from

the background Hubble flow. As reviewed in Sections 2.4.4 and 2.4.5, the induced

tree level gravitational bispectrum is (see (2.144) and [40])

Bgrav
δ (k1, k2, k3) = 2PL

δ (k1)PL
δ (k2)F

(s)
2 (k1,k2) + 2 perms, (4.4)
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where PL
δ is the power spectrum of the linear perturbation δ1 and

F
(s)
2 (k1,k2) =

5

7
+

1

2

k1 · k2

k1k2

(
k1

k2

+
k2

k1

)
+

2

7

(
k1 · k2

k1k2

)2

. (4.5)

Here the first and second terms come, respectively, from δ ∇ · v and v · ∇δ in the

continuity equation, while the last term comes from (v · ∇)v in Euler’s equation

[110].

To discuss the shape of this gravitational bispectrum let us consider two-

dimensional slices through the tetrapyd shown in Fig. 4.1, with k1+k2+k3 = const.

We denote one side of these two-dimensional triangular slices as α and parame-

terise the other direction with β.1 A slice through the gravitational bispectrum

(4.4) is shown in Fig. 4.2a (see [45] for more slices at slightly different length scales).

The bispectrum is maximal at the edges of the plot, corresponding to flattened

triangle configurations, where k1 + k2 = k3 or permutations thereof, i.e. where

the wavevectors ki are parallel or anti-parallel to each other. However there is a

suppression in the corners of the plot, corresponding to squeezed triangle configu-

rations with k1 � k2 ≈ k3 or permutations thereof. Non-flattened and equilateral

triangle configurations in the centre of the plot are also suppressed. This tree level

gravitational bispectrum is also illustrated in Fig. 4.3 as a function over the full

tetrapyd.

To understand the basic shape of the gravitational bispectrum (4.4) we plot in

Fig. 4.2b the expression 2PL
δ (k1)PL

δ (k2) + 2 perms, which corresponds to replac-

ing F
(s)
2 in (4.4) by a constant. Comparing Fig. 4.2b with Fig. 4.2a shows that

the configuration dependence of the kernel (4.5), which is induced by the terms

containing scalar products, leads to an enhancement of flattened and particularly

folded configurations, where two of the wavevectors ki equal each other. Non-

flattened configurations are relatively suppressed. As we go along the edge of the

plot in Fig. 4.2a, from folded (k1 = k2 = k3/2 or permutations) to squeezed config-

urations (k1 � k2 ≈ k3 or permutations), the bispectrum shape reflects the shape

of the power spectrum PL
δ , which peaks at keq ≈ 0.02h/Mpc and then decreases

with decreasing k1 because PL
δ (k1) ∝ k1 on large scales.

1Details can be found in [49]. The slice parameters α, β should not be confused with the

expansion coefficients α
{Q,R}
n and β

{Q,R}
n to be defined later.
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(a) Bgrav
δ

(b) 2PLδ (k1)PLδ (k2) + perms

(c) F
(s)
2

Figure 4.2: Two-dimensional slices of (a) the leading order gravitational bispectrum Bgrav
δ from

(4.4), (b) the expression 2PLδ (k1)PLδ (k2) + perms and (c) the kernel F
(s)
2 defined in (4.5) (with

cut-offs in the squeezed limit where the kernel diverges). All slices are at fixed k1 + k2 + k3 =
0.24h/Mpc and we restrict the plot to ki ≥ 0.0013h/Mpc, corresponding to a 5000Mpc/h box.
The linear power spectra are evaluated at z = 30.
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Further discussion is required in the squeezed limit, where k2 ≈ −k3. Let us

consider the regime where k1 < keq and k2, k3 > keq. The term with PL
δ (k2)PL

δ (k3)

in (4.4) is small since the small scale power spectra decrease rapidly with increasing

k2, k3 and F
(s)
2 (k2,k3) vanishes for k2 = −k3. The other two permutations in (4.4)

depend on the angle between the large-scale wavevector k1 and the small-scale

wavevectors k2,k3. First consider the case where the large scale is approximately

perpendicular to the two small scales, i.e. k1·k2 ≈ −k1·k3 ≈ 0. Then F
(s)
2 (k1,k2) ≈

F
(s)
2 (k1,k3) ≈ 5/7 and PL

δ (k1)PL
δ (k2) and PL

δ (k1)PL
δ (k3) decrease as we approach

more squeezed triangles, implying a suppressed bispectrum in the squeezed limit.

In the other limit, the large-scale wavevector k1 is not orthogonal to the small scale

wavevectors, and so is aligned with one or other of k2, k3. Then the squeezed limit

k1 → 0 implies F
(s)
2 (k1,k2) ∝ k−1

1 → ∞ and F
(s)
2 (k1,k3) ∝ −k−1

1 → −∞, which

can be seen in Fig. 4.2c. However, in the sum

PL
δ (k1)PL

δ (k2)F
(s)
2 (k1,k2) + PL

δ (k1)PL
δ (k3)F

(s)
2 (k1,k3),

the two terms containing k−1
1 divergences in the kernel approximately cancel, be-

cause k2 ≈ k3 and k1 · k2 ≈ −k1 · k3. Also in the limit k1 → 0, the diver-

gences of the kernels are regulated by the large-scale power spectrum because

k−1
1 PL

δ (k1) = const. on very large scales. Fig. 4.2a shows that the divergences are

indeed cancelled in the total bispectrum (4.4) and the squeezed limit is suppressed

if the large-scale wavenumber satisfies k1 < keq.

4.2.4 Gravitational matter bispectrum beyond tree level

4.2.4.1 Loop corrections

The tree level prediction for the gravitational matter bispectrum (4.4) is only a

good approximation on large scales and can be improved by including so-called

loop corrections, which were derived for Gaussian initial conditions in [110] and

extended to include non-Gaussian initial conditions in [168]. Important loop cor-

rections can be included simply by replacing the linear power spectrum PL
δ by the

nonlinear power spectrum Pδ in the tree level expression (4.4) for Gaussian initial
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conditions, that is,

Bgrav
δ,NL ≡ 2Pδ(k1)Pδ(k2)F

(s)
2 (k1,k2) + 2 perms . (4.6)

Although we expect this simple model for the gravitational bispectrum to fail on

sufficiently small scales, we will later find the expression (4.6) to be a key approx-

imation to the gravitational bispectrum in certain limits as we probe beyond the

mildly nonlinear regime. Of course, this omits several loop corrections containing

powers of F
(s)
2 or higher order kernels, but it is easy to evaluate with the nonlin-

ear power spectrum from CAMB [64]. We leave a more quantitative discussion of

further loop corrections for future work.

4.2.4.2 Halo models

At sufficiently small scales, well probed by our simulations, the perturbative treat-

ment breaks down and simulations and phenomenological models must be used.

In the strongly nonlinear regime the halo model can be used as a phenomeno-

logical model for the dark matter distribution (see [181] for a review). Recently

in Ref. [182] it was demonstrated that combining 1-loop perturbation theory with

the halo model describes the matter bispectrum in simulations at the O(10%) level

on nonlinear scales for equilateral and isosceles bispectrum slices. Similar results

were obtained in Ref. [183], where local non-Gaussian initial conditions were also

considered and compared with simulations for k ≤ 0.3h/Mpc at z ≤ 1. In the

mildly nonlinear regime, when the approximation that all dark matter particles

are inside halos is no longer valid, the halo model becomes less accurate than in

the strongly nonlinear regime. It should also be noted that important ingredients

of the halo model like the halo density profile and halo mass function cannot be

derived analytically but are obtained from fits to N -body simulations.

In detail, the halo model prediction for the dark matter bispectrum is given by

three contributions corresponding to the three cases that the three points of the

three point function lie in one, two or three halos (see e.g. [181, 182, 183]):

BHM = B1H +B2H +B3H, (4.7)
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where

B1H(k1, k2, k3) =
1

ρ̄3

∫
dmn(m)

3∏

i=1

ρ̂(ki,m), (4.8)

B2H(k1, k2, k3) =
1

ρ̄3

∫
dm1n(m1)ρ̂(k1,m1)

∫
dm2n(m2)

ρ̂(k2,m2)ρ̂(k3,m2)Ph(k1,m1,m2) + perms, (4.9)

B3H(k1, k2, k3) =
1

ρ̄3

[
3∏

i=1

∫
dmin(mi)ρ̂(ki,mi)

]
Bh(k1,m1; k2,m2; k3,m3). (4.10)

Here n(m) is the mass function and ρ̂(k,m) is the Fourier transform of the density

profile of a halo of mass m, i.e. for spherically symmetric density profiles (like the

commonly used NFW profile [184])

ρ̂(k,m) = 4π

∫
dr r2ρ(r,m)

sin(kr)

kr
. (4.11)

Ph and Bh denote the halo power spectrum and bispectrum, which can be related

to the tree level dark matter power spectrum and bispectrum on large scales using

bias relations.

4.2.4.3 Constant ‘halo’ model

As we consider the more strongly nonlinear regime, k ≥ 1h/Mpc at z = 0, the

halo model bispectrum is dominated by the 1-halo contribution B1H. Neglecting

the overall bispectrum amplitude, we find that in this regime the 1-halo shape for

Gaussian initial conditions can be approximated by a simple constant bispectrum,

Bgrav
δ,const(k1, k2, k3)|z ≡ c1 D̄

nh(z) (k1 + k2 + k3)ν . (4.12)

Here, ‘constant’ refers to constancy on k1 + k2 + k3 = const slices (see [49]). The

expression (4.12) has an overall wavenumber scale-dependence with exponent ν

and a time-dependence on the linear growth function D̄(z) with halo exponent

nh. The wavenumber scaling ν ≈ −1.7 is chosen such that it approximately

reflects the scaling for equilateral triangle configurations in this regime as measured

in our simulations (and which is approximately predicted by the halo model for
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Gaussian initial conditions [182, 183]). The exponent nh is similarly defined by

the fast growth factor appropriate for the halo model for the scales under study

0.2h/Mpc . k ≤ 2h/Mpc, typically with nh ≈ 6–8. For kmax = 2h/Mpc and

z = 0, this simple model achieves a shape correlation of 99.7% with the 1-halo

contribution B1H and 99.3% with the full halo model bispectrum (4.7). While

we found this approximation to be numerically accurate, analytic and physical

motivations for the specific form (4.12) warrant further investigation (e.g. related to

the facts that isolated point-like objects and shot noise induce constant bispectra).

In later sections, we will note that (4.12) provides an excellent approximation

to the late-time bispectrum in the nonlinear regime when we use it in a simple

fitting formula together with the modified tree-level gravitational bispectrum (4.6).

We shall investigate the other halo contributions in more detail in the future.

As we shall see, on smaller nonlinear scales (large k > 1h/Mpc) the fast bis-

pectrum growth begins to slow down by the present day z = 0. In this case, we

should really replace the power law growth Dnh(z) for the constant mode using a

more general growth factor T(k̃, z, zi), where the ‘slice’ or ‘average’ wavenumber

k̃ =
1

3
(k1 + k2 + k3) . (4.13)

For future reference, it is convenient to use this growth rate in a more general

integral form of the ‘constant’ model (4.12), that is,

Bgrav
δ,const(k1, k2, k3)|z = T(k̃, z, zi) B

init
const(k̃, zi) (4.14)

≡
∫ z

zi

G(k̃, z) dz Binit
const(k̃, zi) ,

where zi is the redshift at which this rapid ‘halo’ growth takes hold (it has an

implicit k̃ dependence). The quantity Binit
const(k̃, zi) represents the initial condition

at z = zi for the constant part of the bispectrum. Naively, we might take this to

be Binit
const(k̃, zi) = Bgrav

δ (k̃, k̃, k̃)|z=zi , that is, the equilateral or constant part of the

tree-level gravitational bispectrum (4.4) at z = zi. However, to date, determining

the amplitude of this initial constant bispectrum has relied on simulations. We will

use this simple model to characterise both the time- and scale-dependence of the

gravitational bispectrum, as well as primordial non-Gaussianity as we approach
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the strongly nonlinear regime.

4.2.4.4 Alternative phenomenological fit

An alternative description of the gravitational matter bispectrum in the non-

perturbative regime was proposed in Ref. [170], who constructed a fitting for-

mula which interpolates between the perturbative prediction on large scales and a

local-type bispectrum on small scales, which was suggested by early simulations.

In their terminology, the small-scale bispectrum was denoted as a ‘constant re-

duced’ bispectrum, which implies that it takes the same form as the local shape

Bδ ∼ Pδ(k1)Pδ(k2) + perms, in contrast to the constant shape (4.12) above. Re-

cently Ref. [171] extended this fitting formula with updated simulations into mildly

nonlinear scales 0.03h/Mpc ≤ k ≤ 0.4h/Mpc at 0 ≤ z ≤ 1.5.

We review for the sake of completeness this phenomenological 9-parameter fit,

for which we will test the regime of validity. The linear power spectrum in (4.4) is

replaced by the nonlinear one Pδ, and the symmetrised kernel F
(s)
2 is replaced by

F
(s) eff
2 (k1,k2) =

5

7
a(n1, k1)a(n2, k2) +

1

2

k1 · k2

k1k2

(
k1

k2

+
k2

k1

)
b(n1, k1)b(n2, k2)

+
2

7

(
k1 · k2

k1k2

)2

c(n1, k1)c(n2, k2) , (4.15)

where

a(n, k) =
1 + σa6

8 (z)
√

0.7Q3(n)(a1q)
a2+n

1 + (a1q)a2+n
, (4.16)

b(n, k) =
1 + 0.2a3(n+ 3)(qa7)n+3+a8

1 + (qa7)3.5+n+a8
, (4.17)

c(n, k) =
1 + 4.5a4/[1.5 + (n+ 3)4](qa5)n+3+a9

1 + (qa5)3.5+n+a9
. (4.18)

In these formulae, n represents the slope of the linear power spectrum at k, i.e. n =

d lnPL
δ (k)/d ln k (with an additional spline interpolation as described in [171]),

q = k/knl with knl defined by k3
nlP

L
δ (knl)/(2π

2) = 1, and the function Q3(n) is
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given by

Q3(n) =
4− 2n

1 + 2n+1
. (4.19)

The best-fit values for the free parameters a1− a9 were found by simulations [171]

a1 = 0.484, a2 = 3.740, a3 = −0.849,

a4 = 0.392, a5 = 1.013, a6 = −0.575,

a7 = 0.128, a8 = −0.722, a9 = −0.926 . (4.20)

4.3 Primordial non-Gaussianity

Additional to the contribution Bgrav
δ from nonlinear gravity, the matter bispectrum

can have primordial contributions Bprim
δ from inflation or some other early universe

model such as cosmic defects. While the simple model of single field slow roll

inflation gives only a small primordial bispectrum, fNL ∼ O(10−2), other models

can yield large non-Gaussianities with fNL > 1 (see e.g. [16, 17, 18, 156, 185] for

reviews). Such models can be distinguished if they induce different bispectrum

shapes, i.e. different dependencies of the bispectra on the momenta k1, k2, k3 as

illustrated in Fig. 4.3. However, before reviewing primordial bispectrum shapes

we describe how primordial non-Gaussianity changes the dark matter bispectrum.

4.3.1 Primordial contribution to the matter bispectrum

Let us assume that an inflationary model produces a primordial bispectrum BΦ

with nonlinear amplitude fNL, i.e.1

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3δD(Σiki)fNLBΦ(k1, k2, k3). (4.21)

1Non-linear corrections to the mapping between R and Φ, which are not taken into account
here, induce an additional bispectrum of Φ, which is however smaller than the primordial con-
tributions considered here [16].
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Figure 4.3: Illustration of separable expansion (4.38) for some theoretical tree level bispectra.
Each black cell of 3 plots contains from left to right: Theoretical tree level prediction (4.4) or
(4.22), separable expansion of the tree level theory (4.38) and estimated bispectrum from N -
body simulations (4.51) (for simulations G512b, Loc10, Eq100, Orth100 and Flat10 from top
to bottom; see Table 4.2 below). The plots show signal to noise weighted bispectra (as on the
left hand side of (4.38)) on the tetrapyd domain in Fig. 4.1, evaluated at redshift z = 30 for
5123 particles in a box with L = 1600Mpc/h. The opaqueness of the points reflects the absolute
value of the signal to noise weighted bispectrum (values close to 0 are completely transparent).
Colors and transparency scales are consistent within each black cell but differ across different
black cells. The plot axes are k1, k2, k3 ≤ 0.5h/Mpc. For better visibility we do not plot points
with k1 + k2 + k3 > 2kmax (corresponding to the green region in Fig. 4.1).
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From the linear Poisson equation (4.2) we see that the primordial contribution to

the matter bispectrum is given at leading order by

Bprim
δ (k1, k2, k3)|z = M(k1, z)M(k2, z)M(k3, z)fNLBΦ(k1, k2, k3), (4.22)

which is valid on large scales.

A simple improvement to the tree level shape which incorporates some loop

corrections can be obtained with the nonlinear power spectrum Pδ:

Bprim
δ,NL(k1, k2, k3) ≡

√
Pδ(k1)Pδ(k2)Pδ(k3)

PΦ(k1)PΦ(k2)PΦ(k3)
BΦ(k1, k2, k3) , (4.23)

where PΦ(ki) refers to the primordial power spectrum at some early time in matter

domination. As will be demonstrated later in this chapter, this shape can be used

to obtain simple fitting formulae for the primordial contribution to the matter

bispectrum. A more systematic but also more cumbersome approach is to include

loop corrections, which become important on small scales [168, 169]. We shall

calculate more of these contributions in future work and test their correspondence

to the N -body simulations.

We note that, while the time dependence of the tree level gravitational bispec-

trum (4.4) is given by Bgrav
δ ∝ D4(z), the tree level primordial contribution (4.22)

only grows like Bprim
δ ∝ D3(z), implying that it is easier to extract the primordial

contribution to the dark matter bispectrum at early times. The simulations and

fitting formulae discussed later will show that the gravitational bispectrum also

grows faster than the primordial contribution in the strongly nonlinear regime

(also by a factor of roughly D(z)).

4.3.2 Non-Gaussianity as a halo model time-shift

At sufficiently small scales the perturbative treatment breaks down and simulations

and phenomenological models must be used. The phenomenological halo model

prediction for local non-Gaussian initial conditions was computed in [183] by in-

corporating modified expressions for the halo model ingredients in presence of local

non-Gaussianity. While first tests by [183] demonstrate that this approach works
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well for some one-dimensional bispectrum slices in the mildly nonlinear regime,

k ≤ 0.3h/Mpc and z ≤ 1, comparisons to simulations in the strongly nonlinear

regime have not been undertaken to date.

An alternative phenomenological model we propose here is to note that the

primordial bispectrum can also contribute to the halo model bispectrum as an

initial offset or time-shift. As we have seen the 1-halo model is highly correlated

with the simple ‘constant’ bispectrum we described earlier (4.12). The key point

is that this constant halo contribution grows much more rapidly than both the

tree-level primordial bispectrum (4.22) or the tree-level gravitational bispectrum

(4.4). Consequently, if the primordial bispectrum has a significant positive (or

negative) constant component, then this can act as an initial condition for the

halo bispectrum; the faster halo amplification growth will start earlier (or later)

by a time or redshift offset ∆z. The constant part of the primordial signal, then,

will participate in the halo bispectrum growth and can be amplified much faster

than expected from the tree-level result (4.22) or even with loop corrections (4.23).

If this physical picture is correct, then the primordial constant contribution can be

described perturbatively around the constant halo bispectrum (4.12) by expanding

the growth factor

D̄nh(z + ∆z) ≈ D̄nh(z) + nhD̄
nh−1(z)

dD̄(z)

dz
∆z. (4.24)

We determine ∆z by matching the projection of the total measured bispectrum

B̂δ on the constant shape Bgrav
δ,const in the Gaussian and non-Gaussian simulations:

(f̂ const
NL )Gauss(z + ∆z) = (f̂ const

NL )NG(z). (4.25)

From simulations, the time shift ∆z and the corresponding shift of the growth

function, ∆D̄ = dD̄(z)
dz

∆z, are both found to vary over time at most by a factor of

2 for redshifts 10 & z & 1 for local, equilateral and flattened initial conditions (to

the extent to which this can be tested by linearly interpolating the limited number

of output redshifts at which the bispectrum was measured). Provided ∆D̄ is time-

independent this perturbation of the simple ‘constant’ model (4.12) means we
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should be able to model the halo contribution from the primordial perturbation as

Bprim
δ,const(k1, k2, k3) ≡ c2 D̄

nprim
h (z) (k1 + k2 + k3)ν , (4.26)

where we expect nprim
h = nh − 1 from (4.24) and again ν ≈ −1.7. The fitting

parameter c2 will be related to the correlation between the primordial shape1 and

the constant model at the time at which halos form for the length scale under

consideration. Different non-Gaussian bispectrum models should show consistent

behaviour in the nonlinear regime depending on the relative magnitude of their

constant component. We shall define these quantities more precisely after intro-

ducing the bispectrum shape correlator in the next section, but (4.26) will be an

important component in our later fitting formulae for primordial non-Gaussianity.

The simple power law in the linear growth function D̄(z) used to model the time

dependence of the constant halo bispectrum can of course be extended to more

general functions of time (4.14), whose time derivative would then enter in the

expansion (4.24). The results presented later show that the overall normalisation of

the simple fits can be improved by a more general modeling of the time dependence

(reducing the overall growth rate in the strongly nonlinear regime). In this case,

we can consider a time-shift for the more general ‘constant’ model (4.14)

Bprim
δ,const(k1, k2, k3)|z = Bgrav

δ,const(k1, k2, k3)|z+∆z −Bgrav
δ,const(k1, k2, k3)|z

=
dT(k̃, z, zi)

dz
Binit

const(k̃, zi)∆z + · · · , (4.27)

where we neglect higher order terms assuming them to be subdominant. We can

determine the time-shift ∆z by determining the magnitude of the constant part of

the primordial bispectrum at z = zi.

While more sophisticated models of the time evolution are left for future work,

we note that the correlation with the measured bispectrum shape cannot be im-

proved much, because simulations are so well described by a combination of the

’constant’ shape (4.26) and the modified tree-level gravitational shape (4.23) used

1We refer here to the excess bispectrum compared to Gaussian initial conditions as measured
in N -body simulations at times when the constant contribution to the bispectrum is not negligible
compared to the partially loop-corrected tree level contribution (4.23). Therefore c2 is a fitting
parameter to be determined from N -body simulations.
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in the fitting formulae presented later.

The specific models of primordial non-Gaussianity studied in this chapter were

introduced in Section 2.1.7.3.

4.4 Bispectrum estimation methodology

4.4.1 fNL estimator

If our theoretical model is that the density perturbation δ has power spectrum

Pδ(k) and bispectrum f th
NLB

th
δ , then the maximum likelihood estimator for the

amplitude of this bispectrum in the limit of weak non-Gaussianity is given by (see

[4, 50] and Section 2.1.7.4)1

f̂ th
NL =

(2π)3

Nth

∫
Π3
i=1d

3ki
(2π)6

δD(k1 + k2 + k3)Bth
δ (k1, k2, k3)[δk1δk2δk3 − 3〈δk1δk2〉δk3 ]

Pδ(k1)Pδ(k2)Pδ(k3)

(4.28)

where δ is the observed density perturbation. If this has a bispectrum Bobs
δ , i.e.

〈δk1δk2δk3〉 = (2π)3δD (Σiki)B
obs
δ (k1, k2, k3), (4.29)

then the expectation value of (4.28) is given by2

〈f̂ th
NL〉 =

1

Nth

V

π

∫

VB

dVk k1k2k3
Bobs
δ (k1, k2, k3)Bth

δ (k1, k2, k3)

Pδ(k1)Pδ(k2)Pδ(k3)
, (4.30)

where dVk ≡ dk1dk2dk3, VB is the tetrahedral domain allowed by the triangle con-

dition on the wavenumbers ki, and V is a volume factor given by V = (2π)3δD(0) =

1In the denominator we have assumed that 〈δδ〉 is diagonal which is valid for a statistically
homogeneous density perturbation. The linear term 〈δδ〉δ in the numerator is written out for
completeness but it is not used in our simulations because it vanishes for a statistically homoge-
neous field (because δk=0 = 0).

2Performing the angular integrals shows for arbitrary F (k1, k2, k3)

∫
Π3
i=1d

3ki
(2π)9

(2π)6δ2
D(Σ3

j=1kj)F =
V

8π4

∫

VB

dk1dk2dk3 k1k2k3F,

which corrects for a factor of (2π)3 missing in [4, 50].
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L3. Demanding 〈f̂ th
NL〉 = 1 for Bth

δ = Bobs
δ fixes the normalisation such that

Nth =
V

π

∫

VB

dVk
k1k2k3[Bth

δ (k1, k2, k3)]2

Pδ(k1)Pδ(k2)Pδ(k3)
. (4.31)

4.4.2 Shape and size comparisons

Eq. (4.30) motivates the definition of a scalar product between two bispectrum

shapes [50, 58] (see also (2.49)),

〈Bi, Bj〉 ≡
V

π

∫

VB

dVk
k1k2k3Bi(k1, k2, k3)Bj(k1, k2, k3)

Pδ(k1)Pδ(k2)Pδ(k3)
, (4.32)

which can be normalised to

C(Bi, Bj) ≡
〈Bi, Bj〉√

〈Bi, Bi〉〈Bj, Bj〉
. (4.33)

This shape correlation is a useful measure of the similarity of bispectrum shapes

due to the reasons discussed after (2.50).

To measure the total integrated size of a bispectrum we define the squared

norm as the cumulative signal to noise squared of the bispectrum [38, 51],

‖B‖2 ≡ V

(2π)3

∫

VB

dVk
sB
6

B2(k1, k2, k3)

varB(k1, k2, k3)
=
〈B,B〉
6(2π)3

, (4.34)

which equals the quantity (S/N)2
B in [118]. The symmetry factor sB is 6 if k1 =

k2 = k3, 2 if only two ki equal each other and 1 if all ki are different from each

other. To obtain the expression on the right hand side of (4.34) we assumed that

different Fourier modes are uncorrelated, 〈δkδk′〉 ∝ δD(k + k′), and we only took

the Gaussian contribution to the bispectrum noise into account, i.e.1

varB(k1, k2, k3) = (2π)3 sBPδ(k1)Pδ(k2)Pδ(k3)

8π2 k1k2k3

. (4.35)

It is also convenient to normalise the total integrated bispectrum size with

1We need an additional factor of (2π)3 compared to [118] because Pthem = (2π)3Pus and
Bthem = (2π)3Bus.
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respect to the linearly evolved local bispectrum defined in (2.38) and (4.22) (see

[51] for a similar quantity in the CMB context):

F̄B
NL ≡

‖B‖
‖Bprim,loc

δ ‖
. (4.36)

We use the linearly evolved local bispectrum without loop corrections to obtain

an expression which can be easily evaluated.

Using definitions (4.33) and (4.34), the expectation value (4.30) can be rewrit-

ten in the intuitive form

〈f̂ th
NL〉 = C(Bth

δ , B
obs
δ )
‖Bobs

δ ‖
‖Bth

δ ‖
. (4.37)

Therefore the bispectrum amplitude fNL can be interpreted as the projection of

the observed bispectrum shape on the theoretical bispectrum shape, which is given

by the cosine of the shapes times the ratio of their norms.

4.4.3 Separable mode expansion for fast fNL estimation

Evaluating the estimator (4.28) is computationally very expensive because it re-

quires O(N6) operations for a grid with N points per dimension (typically N =

O(103)). For an efficient evaluation we expand the signal to noise weighted theo-

retical bispectrum in the separable form

√
k1k2k3B

th
δ (k1, k2, k3)√

Pδ(k1)Pδ(k2)Pδ(k3)
=

nmax−1∑

n=0

αQn q{r(k1)qs(k2)qt}(k3) , (4.38)

where {rst} denotes a symmetrisation over the indices, and a partial ordering has

been introduced to enumerate the modes (for a fuller description see [28]). The ex-

pressions qr could be any set of independent one-dimensional basis functions. For

definiteness we choose qr to be polynomials of order r defined in [28] and choose

the slice ordering defined in Eq. (58) of [28]. We truncate the modal expansion

(4.38) after nmax = O(50) modes, which provides an accurate representation for

the shapes we are considering as illustrated in Fig. 4.3, which compares theoretical

bispectra on the left with truncated expansions in the centre (and bispectra mea-
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sured in N -body simulations on the right). More quantitative discussions of the

error induced by the truncation of the expansions will be provided later in terms

of shape correlations.

The separable expansion (4.38) allows us to write the estimator and its expec-

tation value in the form

f̂ th
NL =

(2π)3

Nth

∑

n

αQn

∫
d3x[Mr(x)Ms(x)Mt(x)

− 3〈M{r(x)Ms(x)〉Mt}(x)], (4.39)

〈f̂ th
NL〉 =

1

Nth

∑

nm

αQnα
Q
mγnm, (4.40)

where

γnm =
V

π

∫

VB

dVkQn(k1, k2, k3)Qm(k1, k2, k3), (4.41)

Mr(x) =

∫
d3k

(2π)3

δkqr(k)√
kPδ(k)

eik·x (4.42)

and

Qn(k, k′, k′′) ≡ q{r(k)qs(k
′)qt}(k

′′) . (4.43)

This form of the estimator can be evaluated efficiently because it involves only

Fourier transforms and one three-dimensional integral over position space, leading

to O(nmaxN
3) operations instead of the O(N6) of the brute force estimator (where

N = O(103)).

To motivate the choice of the prefactor in the expansion (4.38) let us transform

to basis functions Rn(k1, k2, k3) that are orthonormal on the tetrapyd domain,

〈Rn, Rm〉noweight = δnm, with respect to the unweighted scalar product

〈Bi, Bj〉noweight ≡
V

π

∫

VB

dVk Bi(k1, k2, k3)Bj(k1, k2, k3). (4.44)
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From
∑

n α
Q
nQn =

∑
n α

R
nRn and Eq. (4.38) we find that

Bth
δ (k1, k2, k3) =

∑

n

αRnB
R
n (k1, k2, k3), (4.45)

where the contributions

BR
n (k1, k2, k3) ≡

√
Pδ(k1)Pδ(k2)Pδ(k3)

k1k2k3

Rn(k1, k2, k3) (4.46)

to the full bispectrum are orthonormal with respect to (4.32). Thus the expan-

sion coefficients αRn measure the size of contributions to the bispectrum which are

orthonormal with respect to the signal to noise weighted scalar product (4.32).

Note that when applying the bispectrum estimator in the non-perturbative

regime, the power spectra appearing in e.g. (4.38), (4.42) and (4.46) correspond to

full non-perturbative power spectra of the density field under consideration, be-

cause these are the 2-point statistics relevant for deriving the maximum-likelihood

estimator (4.28). In our implementation we use (ensemble-averaged) power spectra

estimated directly from our N -body simulations.

As a side remark, note that in contrast to the signal to noise weighted scalar

product (4.32) induced by the estimator expectation value, the weight of the scalar

product (4.44) is time-independent and does not depend on the range of scales un-

der consideration. Therefore we can use the same set of orthonormal polynomials

Rn at any time and for all length scales. If the expansion (4.38) does not converge

as well as for the applications considered here, different (separable) scalar product

weights can be used to orthonormalise the Rn’s.

4.4.4 Fast modal bispectrum estimator

Importantly the separable mode expansion allows us not only to measure f th
NL

efficiently for any given theoretical bispectrum, but it also allows us to recon-

struct the full bispectrum in a model-independent manner by measuring a set of

independent fNL’s and summing up the corresponding contributions to the bispec-

trum [4, 50]. To see this, note that the transformation Rn =
∑

m λnmQm implies

αQn =
∑

p λpnα
R
p and from 〈Rn, Rm〉noweight = δnm we get γ = λ−1(λ−1)T . Plugging
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this into (4.39) gives

f̂ th
NL =

1

Nth

∑

m

αRmβ
R
m, (4.47)

with

βRm ≡(2π)3
∑

n

λmn

∫
d3x[MrMsMt − 3〈M{rMs〉Mt}], (4.48)

where the index n labels the combination r, s, t. If Bth
δ = 〈Bobs

δ 〉 then (4.40)

becomes

〈f̂ th
NL〉 =

1

Nth

∑

m

αRmα
R
m. (4.49)

Equations (4.47) and (4.49) imply

〈βRn 〉 = αRn . (4.50)

Therefore we can estimate the full bispectrum with [4, 50]

B̂δ(k1, k2, k3) =
nmax−1∑

n=0

βRnB
R
n (k1, k2, k3), (4.51)

where BR
n is given by (4.46). Intuitively the coefficients βRn measure the compo-

nents of the orthonormal basis bispectra BR
n in the data and B̂δ measures the

projection of the bispectrum on the subspace of bispectra spanned by the BR
n .

This approach is extremely efficient with the calculation of each βRn coefficient

being equivalent to a single 3D integration over products of fast Fourier transforms.

While theoretically a complete basis would require N3 modes in practice far fewer

modes (O(50)) are necessary to reconstruct the bispectrum accurately.

The primordial contribution to the matter bispectrum will be extracted by

measuring the difference of the bispectrum between non-Gaussian and Gaussian
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initial conditions,

B̂NG =
nmax−1∑

n=0

[
βRn − (βRn )Gauss

]
BR
n . (4.52)

As will be discussed in more detail later, the difference is computed seed by seed

to reduce error bars.

The time-dependence of the expansion coefficients αRn and the βRn coefficients

can be read off from (4.38) to be (αRn )grav ∝ D(z) for the gravitational bispectrum

and (αRn )NG ∝ D(z)0 for primordial bispectra, assuming tree level perturbation

theory where Pδ ∝ D2(z). In practice we must use the nonlinear power in (4.38)

and (4.42) implying slightly different time dependences for αRn in the nonlinear

regime (see e.g. the middle panel of Fig. 4.14a, which will be discussed in more

detail later).

4.4.5 Fast modal bispectrum correlations

To analyse the reconstructed bispectrum and to control the accuracy of the sepa-

rable method, the following shape correlations are computed using (4.33):

Cα,th ≡C

(∑

n

αRnB
R
n , B

th
δ

)
=

√∑
n(αRn )2

〈Bth
δ , B

th
δ 〉
, (4.53)

Cβ,α ≡C

(
〈B̂δ〉sim,

∑

n

αRnB
R
n

)
=

∑
n α

R
n 〈βRn 〉sim√∑

m(αRm)2
∑

p〈βRp 〉2sim
, (4.54)

Cβ,th ≡C
(
〈B̂δ〉sim, Bth

δ

)
= Cβ,αCα,th. (4.55)

Here 〈B̂δ〉sim denotes the average of (4.51) over independent simulations and we

truncate all sums appearing in the above expressions and in (4.51) after nmax

modes. The first shape correlation measures how well the separable expansion

(4.38) of the theoretical bispectrum approximates the theoretical bispectrum. The

second shape correlation quantifies how well the estimated bispectrum 〈B̂δ〉sim
agrees with the separable expansion of the theoretical bispectrum. The product of

these two shape correlations gives the shape correlation between the reconstructed
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bispectrum and the theoretical bispectrum.

4.4.6 Cumulative measures of non-Gaussianity

Additionally to these shape correlations we will also compare the projections (4.47)

of the measured bispectrum on theory bispectra, as well as the cumulative signal

to noise of the average reconstructed bispectrum, which can be expressed in terms

of the measured average 〈βRn 〉sim as1

‖〈B̂δ〉sim‖ =

√∑
n〈βRn 〉2sim
6(2π)3

, F̄ sim
NL =

√∑
n〈βRn 〉2sim
NBprim,loc

δ

. (4.56)

The norm was defined in (4.34) using the cumulative signal to noise squared

of the bispectrum. As a consistency check we check if (4.56) also measures the

cumulative signal to noise squared of the βRn coefficients. The theoretical covariance

of βRn involves the 6-point function of the density perturbation. Taking only the

Gaussian contribution into account and assuming that different Fourier modes are

uncorrelated we find

〈βRn βRm〉 = 6 (2π)3 δnm. (4.57)

This predicts σβRn =
√

6(2π)3 for Gaussian simulations and therefore confirms that

(4.56) measures the cumulative signal to noise of the reconstructed bispectrum.

We confirmed the prediction for σβRn quantitatively in Gaussian simulations, but we

have not assessed non-Gaussian corrections to the predicted noise (see e.g. [186]).

Note that our plots show 1σ sample standard deviations obtained by running

realisations with different random number seeds.

4.4.7 Towards experimental setups

For the bispectrum measurements presented below we will drop the second term

in the square brackets in (4.48), i.e. we assume that different modes of the density

perturbation are uncorrelated, 〈δkδk′〉 ∝ δD(k+k′), which is true for a statistically

1Alternatively using 〈∑n(βRn )2〉sim would add undesirable contributions from the variances
of the βRn , which become relevant if the measurements are not signal-dominated.
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homogeneous field. In experimental setups, which are not considered here, off-

diagonal mode couplings from inhomogeneous noise can be incorporated in (4.48)

with the linear term 〈MM〉M , without affecting the efficiency of the bispectrum

estimator (4.51). Ref. [186] explores how modifications to the denominator of the

estimator (4.28) in presence of off-diagonal mode couplings can be incorporated

efficiently with modal expansions and an implementation for CMB experiments

has been developed successfully (see also [187]).

4.4.8 Comparison to other bispectrum estimators

An alternative way to reconstruct the bispectrum is to estimate the three-point

correlation function directly by averaging over orientations of triangles. This is

computationally feasible if the analysis is restricted to the largest simulated scales

or to 1D slices through the bispectrum (e.g. [161, 169, 188]). Alternatively, one can

take a subset of all possible triangle orientations that yields the desired accuracy

of the bispectrum, but is still noisier than estimators incorporating all triangle

orientations (e.g. [171, 189]). Both approaches are typically combined with bin-

ning in k-space and reduce the available data (i.e. the number of used triangle

configurations and/or orientations) to achieve efficiency.

In contrast to these methods, our estimator takes all possible triangle configu-

rations and orientations down to the smallest simulated scales into account but is

nevertheless extremely efficient. For example, with our method the extraction of

the bispectrum of a 10243 grid takes about one hour on 6 cores, which is only a

small fraction of the time required to run an N -body simulation of this size. This

is achieved by reducing the allowed space of theory bispectra using a truncated

separable basis. This leads to a further advantage of our estimator: It compresses

the shape information of the bispectrum, which is a function of the whole three-

dimensional tetrahedral domain allowed by the triangle condition, to nmax numbers

βRn , where nmax is the number of basis functions used in the expansion (4.38). This

simplifies further processing of the bispectrum, e.g. for comparisons with theoret-

ical models, generation and testing of fitting formulae, or modeling bispectrum

covariances in presence of experimental realism. The important issue is that the

basis functions provide a convergent expansion for the model under investigation.
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Once βRn is measured from the data, we can not only obtain the full bispectrum

with (4.51), but we can also calculate full three-dimensional shape correlations, the

cumulative signal to noise and the nonlinearity parameter f th
NL associated to any

theoretical bispectrum Bth
δ without additional computational cost, using (4.54),

(4.56) and (4.47), respectively. In presence of inhomogeneous noise we can in

principle include off-diagonal covariance elements 〈δkδk′〉 in a straightforward way.

Finally our approach allows us to estimate the trispectrum efficiently [50], which

has been shown for a class of trispectrum shapes in [4] (see also [54, 162]), but we

leave the application to N -body simulations for future work. Note that we provide

a critical discussion of our bispectrum estimation methodology in light of previous

analyses in Sec. 4.5.5 below, where we also mention some potential disadvantages.

4.4.9 Bispectrum visualisation

Often in the literature the bispectrum is visualised by plotting one- or two-dimensional

slices through the tetrapyd shown in Fig. 4.1. E.g. the plots in [58] correspond to

two-dimensional slices through the tetrapyd obtained by varying k2 and k3 at fixed

k1 and removing the k3 > k2 part of the slice by symmetry. Some plots in [49] and

in this chapter show two-dimensional tetrapyd slices with k1 + k2 + k3 = const.

While such slices are sufficient for scale-invariant primordial bispectra, late time

bispectra typically have different triangle dependences at different overall scales

k1 + k2 + k3. This motivates plotting late time bispectra on the full three-

dimensional tetrapyd instead of plotting particular slices through the tetrapyd.

Instead of the unweighted bispectrum the so-called reduced bispectrum

Q(k1, k2, k3) ≡ Bδ(k1, k2, k3)

Pδ(k1)Pδ(k2) + 2perms
(4.58)

is often shown, because it reduces the dynamical range of the bispectrum and for

the tree level gravitational contribution it is independent of time, overall scale and

power spectrum normalisation and almost independent of cosmology [41]. Instead

we will plot the signal to noise weighted bispectrum

√
k1k2k3

Pδ(k1)Pδ(k2)Pδ(k3)
Bδ(k1, k2, k3) (4.59)
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Figure 4.4: Bispectrum weights [Pδ(k1)Pδ(k2) + 2 perms]−1 (left) and√
k1k2k3/[Pδ(k1)Pδ(k2)Pδ(k3)] (right) evaluated with CAMB [64] at redshift z = 30

on slices with k1 + k2 + k3 = 1h/Mpc.

because then the product of the shown functions gives the scalar product defined

in (4.32) [58], visual similarity indicates a high shape correlation (4.33) and the

dynamical range of the unweighted bispectrum is also greatly reduced, which is of

advantage for plotting purposes. For linearly evolved primordial bispectra (4.22),

the signal to noise weighted bispectrum is time-independent in the linear regime.

Qualitatively the two weights are quite similar in the regime relevant for most

plots of this chapter, see Fig. 4.4. However they differ in the squeezed limit,

because for decreasing k1, Pδ(k1)Pδ(k2) turns over at k1 = keq, whereas

√
Pδ(k1)Pδ(k2)Pδ(k3)

k1k2k3

(4.60)

turns constant where P (k1)/k1 turns constant, which is on somewhat larger scales

than keq. While it is not straightforward to deduce the squeezed limit of an un-

weighted bispectrum from a plot of its weighted form, one can compare plots of

different bispectra if they are weighted in the same way to deduce the relative

behavior in the squeezed limit.
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4.5 Simulation setup, initial conditions and val-

idation

4.5.1 N-body simulations setup

We use the separable mode expansion method described in [4, 50] and Chapter 3 to

generate realisations of the initial primordial potential Φ = −3R/5 during matter

domination with the desired primordial power spectrum and bispectrum. For 5123

particles this takes about 10 minutes per seed on one core and works for separable

as well as non-separable bispectra, therefore being more general than other pro-

posed methods [159, 161]. From Φ we calculate the linear density perturbation

δ at the initial redshift of the simulation with the Poisson equation (4.2). We

then use this initial density perturbation to displace the initial particles from an

unperturbed distribution with the 2LPT method [129, 130], which also determines

the initial particle velocities. Then the N -body code Gadget-3 [132, 190] simulates

the time evolution until today and we use a cloud in cell scheme to calculate the

density perturbation δ of the particle distribution on a grid at different redshifts.

After deconvolving δ with the cloud in cell kernel we compute the power spec-

trum Pδ and the coefficients βRn from (4.48) using nmax = 50 modes. Finally we

reconstruct the full bispectrum with (4.51) and calculate its norm ˆ̄FNL (4.56) as

well as its shape correlation Cβ,α (4.54) with theoretical bispectra and its nonlinear

amplitude (4.47).

Table 4.2 lists the parameters of the N -body simulations that were performed

in this work. All simulations assume a flat ΛCDM model with the WMAP-7 [163]

parameters Ωbh
2 = 0.0226,Ωch

2 = 0.11,ΩΛ = 0.734, h = 0.71, τ = 0.088,∆2
R(k0) =

2.43×10−9 and ns(k0) = 0.963, where k0 = 0.002Mpc−1. Note that the primordial

power spectrum is given by

PΦ(k) =
9

25

2π2

k3
∆2

R(k0)

(
k

k0

)ns−1

. (4.61)
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Name NG
shape

fNL L[Mpc
h

] Np zi Ls[
kpc
h

] Nr glass

G512g – – 1600 512 49 156 3 yes

G512 – – 1600 512 49 156 3 no

G512
L – – {400, 100} 512 49 {39, 9.8} 3 no

G768 – – 2400 768 19 90 3 no

G1024 – – 1875 1024 19 40 2 no

Loc10g local 10 1600 512 49 156 3 yes

Loc10 local 10 1600 512 49 156 3 no

Loc10512
L local 10 {400, 100} 512 49 {39, 9.8} 3 no

Loc10− local −10 1600 512 49 156 3 no

Loc20 local 20 1600 512 49 156 3 no

Loc50 local 50 1600 512 49 156 3 no

Eq100g equil 100 1600 512 49 156 3 yes

Eq100 equil 100 1600 512 49 156 3 no

Eq100512
L equil 100 {400, 100} 512 49 {39, 9.8} 3 no

Eq100− equil −100 1600 512 49 156 3 no

Orth100g orth 100 1600 512 49 156 3 yes

Orth100 orth 100 1600 512 49 156 3 no

Orth100512
400 orth 100 400 512 49 39 3 no

Orth100− orth −100 1600 512 49 156 3 no

Flat10 flat 10 1600 512 49 156 3 no

Flat10512
400 flat 100 400 512 49 39 3 no

Table 4.2: Parameters of N -body simulations: Non-linearity parameter fNL, box
size L, number of particles per dimension Np, initial redshift of the simulations
zi, softening length Ls and number of realisations (i.e. random seeds) Nr for each
parameter set. ‘glass’ indicates if the initial particles were displaced from a regular
grid or from a glass configuration. Initial conditions for non-local non-Gaussian
simulations were generated with the separable method described in [4, 50]. All
simulations use 2LPT [129, 130] to get the initial particle distribution, which is
then evolved with Gadget-3 [132, 190].
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Figure 4.5: Impact of glass initial conditions on measured non-Gaussian bispectra in simu-
lations Loc10, Eq100 and Orth100. We plot the ratio to simulations with regular grid initial
conditions. The top panel contains error bars obtained by calculating the sample standard de-
viation of the ratio for each seed. We do not show error bars in the other panels because they
depend on

∑
n〈βRn 〉2sim and are therefore more difficult to estimate. However they should be

similar to the errors in the top panel because of (4.37). The large deviations in the bottom panel
are mainly due to the different gravitational bispectra for glass and regular grid initial conditions
as shown in Fig. 4.14c.
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4.5.2 Regular grid vs glass initial conditions

For the unperturbed particle distribution, from which initial particles are displaced

using the 2LPT method, we either use a regular grid or a glass configuration, which

is obtained by placing particles randomly in the box and then evolving them with

the sign of gravity flipped in Gadget-3 [131, 132]. A disadvantage of glass initial

conditions is that they require generating a glass and specifying when the glass

configuration has converged (see e.g. [191] for a discussion). In contrast, regular

grid initial conditions are easier to set up but break statistical isotropy, which may

have implications for structure formation. We will compare the different initial

condition setups first for Gaussian and then non-Gaussian initial conditions.

Measured bispectra for Gaussian N -body simulations will be shown in Figures

4.14 and 4.15 in Sec. 4.6. Simulations started from glass and regular grid initial

conditions are shown in Fig. 4.14a and Fig. 4.14b, respectively. At early times

regular grid initial conditions produce a bispectrum which is more than three

times as large as the tree level prediction. This significant spurious bispectrum

is not present for glass initial conditions and must therefore be caused by the

breaking of isotropy induced by the regular grid. Fig. 4.14b shows that the spurious

bispectrum decays with time as the regular grid structure is washed out by the

growing gravitational perturbations. At late times, z ≤ 3, the bispectra from

regular grid and glass initial conditions differ by at most 10% in their cumulative

signal to noise and by less than 0.5% in their shape correlation to the tree level

prediction, see Fig. 4.14c.

We conclude that at the 10% accuracy level (for Gaussian simulations with

L = 1600Mpc/h, 5123 particles and kmax = 0.5h/Mpc), both glass and regular

grid initial conditions can be used to extract the gravitational bispectrum from

Gaussian simulations as long as the bispectrum is measured at low redshifts when

the regular grid is washed out. The difference between regular grid and glass

initial conditions decreases when reducing the cutoff kmax used for the bispectrum

estimation because then structures of the size of the grid separation are smoothed

out.

For non-Gaussian simulations, Fig. 4.5 shows how glass initial conditions change

the non-Gaussian excess bispectrum B̂NG (4.52) compared to regular grid initial
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conditions. At z ≤ 10 the shape of B̂NG is consistent between glass and regu-

lar grid initial conditions at the 1.5% level for the simulations Loc10, Eq100 and

Orth100. However, the total integrated bispectrum F̄NL differs by up to 7% for

z ≤ 10. At earlier times the deviations are somewhat larger. Compared to the full

gravitational bispectrum for Gaussian initial conditions shown in Fig. 4.14a, the

impact of glass initial conditions on B̂NG is quite small, possibly because the spu-

rious bispectrum due to the regular grid is partly subtracted out when calculating

B̂NG = B̂ − B̂Gauss.

Whether regular grid or glass initial conditions are representing the statistics

of the non-Gaussian density perturbation more successfully is not unambiguous.

Regular grid initial conditions introduce a spurious contribution to the full bispec-

trum B̂ at early times, which can be avoided using glass initial conditions. However

glass initial conditions represent the primordial contribution B̂NG slightly less accu-

rately than regular grid initial conditions at the starting redshift of the simulation.

However these effects impact B̂NG only at the O(5%) level at z ≤ 10, so that both

glass or regular grid initial conditions can be used at this level of precision. As for

Gaussian simulations the two initial condition methods agree better when kmax is

reduced (see Fig. 4.5) and grid discretization effects are minimised.

4.5.3 Validation and convergence tests

First we test the setup of the initial conditions and the N -body simulations by

comparing the measured matter power spectrum with the power spectrum pre-

dicted by linear theory and by CAMB [64, 81] in Fig. 4.6. Next we perform a

simple test of the bispectrum estimator by distributing particles randomly in a

box and comparing the measured bispectrum with the pure shot noise bispectrum

Bshot
δ = L6/N6

p [112], see Fig. 4.7. These two tests show that the basic setup of

the simulations is correct and that the separable bispectrum estimator works well.

To check convergence of the N -body simulations and the bispectrum measure-

ments we compare results for box sizes L = {1600, 400, 100}Mpc/h with N3
p = 5123

particles. For each simulation we measure the bispectrum from kmin = 2π/L to

kmax = {1, 0.5, 0.25} × (Np
4

2π
L

) by imposing a sharp k filter on the density pertur-

bation δk.
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Figure 4.6: Measured matter power spectra in simulations G512
100 (red), G512

400 (green),
G512 (blue) and G512g (cyan) in comparison with power from linear perturbation
theory (grey dashed) and CAMB (grey solid, [64, 81]). See Table 4.2 for parame-
ters. Curves from bottom to top correspond to redshifts z = 49, 20, 6, 2, 0.

The measured late time bispectra are shown in Fig. 4.8 as functions of kmax.

Data points with the same kmax measured in a low and high resolution simulation

can differ in the plots because, for these data, kmin differs by a factor of 4 and,

therefore, the number of modes for the bispectrum estimation differs by a factor

of 43 = 64, which affects particularly the cumulative signal to noise ‖B̂‖. In

contrast the quantity F̄B
NL is normalised with respect to the linearly evolved local

shape over the given range of scales and therefore takes differences in the number

of modes into account. Thus the agreement of F̄B
NL (and Cβ,α) for the different

simulations seen in Fig. 4.8 shows that the N -body simulations have converged

and the bispectrum estimator gives consistent results.

It should be noted that the shown cumulative signal to noise takes only Gaus-

sian noise into account, c.f. (4.35). This simplification is not expected to be valid

in the strongly nonlinear regime so that the correct signal to noise may differ sig-

nificantly. However to assess this issue in a robust manner we need to run more

realisations of the N -body simulations or use larger boxes with more particles.
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Figure 4.7: Shot noise validation test for the separable bispectrum estimator:
Measured bispectrum coefficients βRn (4.48) (blue, averaged over 3 seeds) for 5123

particles placed randomly in a L = 1600Mpc/h box, compared with the expansion
coefficients αRn (4.38) (green) for the expected pure shot noise bispectrum. The
shape correlation is Cβ,α = 0.9998. For better visibility the region under the αRn
curve is colored green.

4.5.4 Error bars

To obtain error bars for quantities based on the primordial contribution to the

bispectrum, we use seed by seed subtracted coefficients 〈βRm − (βRm)Gauss〉sim and

calculate their sample standard deviations, which are then used for standard er-

ror propagation assuming uncorrelated βRm. The error bars therefore measure how

much the primordial contribution to the matter bispectrum scatters for different

seeds of the initial Gaussian field ΦG in the simulations. Compared to calculating

the difference between the average bispectra, 〈βRm〉sim− 〈(βRm)Gauss〉sim, the seed by

seed subtraction reduces the error bars, because the late time bispectra for Gaus-

sian and non-Gaussian initial conditions are very correlated due to the presence

of the large gravitational bispectrum in both cases.

In real observations we do not know the realisation of our universe with per-

fectly Gaussian initial conditions and therefore error bars will be larger if we mea-

sure βRm − 〈(βRm)Gauss〉sim. We do not discuss the interesting issue of observability

of primordial non-Gaussianity here, because instead of dark matter bispectra this

requires halo bispectra, which we leave for future work (but see [118] for the local

shape).

122



4.5 Simulation setup, initial conditions and validation

10
0

10
1

10
2

blue: L = 1600Mpc/h
green:L = 400Mpc/h
red: L = 100Mpc/h

f
g
r
a
v

N
L

10
4

10
5

10
6

10
7

F̄
B̂ N
L

10
2

10
3

10
4

10
5

||
B̂

||

10
−1

10
0

0.4

0.5

0.6

0.7

0.8

0.9

1

Cα, th≥ 0 .9347

C β
,α

kmax [h/Mpc]

(a) Gaussian

10
1

10
2

10
3

10
4

f
lo

c
N

L

 

 

L = 1600Mpc/h
L = 400Mpc/h
L = 100Mpc/h

10
1

10
2

10
3

10
4

10
5

F̄
B̂

N
G

N
L

10
−1

10
0

10
1

10
2

||
B̂

N
G
||

10
−1

10
0

0

0.5

1

Cα,th≥ 0 .9182

C β
,α

kmax [h/Mpc]

(b) Local

10
2

10
3

10
4

10
5

f
e
q

N
L

 

 

L = 1600Mpc/h
L = 400Mpc/h
L = 100Mpc/h

10
1

10
2

10
3

10
4

10
5

F̄
B̂

N
G

N
L

10
−1

10
0

10
1

10
2

10
3

||
B̂

N
G
||

10
−1

10
0

0

0.5

1

Cα, th≥ 0 .9073

C β
,α

kmax [h/Mpc]

(c) Equilateral

Figure 4.8: Convergence tests: Dependence of measured bispectra on kmax at
z = 0 for simulations with 5123 particles and box sizes L = {1600, 400, 100}Mpc/h
(G512, G512

{400,100}, Loc10, Loc10{400,100}, Eq100 and Eq100{400,100}). (a) Top panel:

Projection of measured bispectrum on the tree level prediction (4.4) (squares) and
on the fitting formula from [171] (circles). Middle panels: Cumulative signal to
noise of measured bispectrum (squares/circles), tree level prediction (4.4) (dashed
lines) and fitting formula from [171] (solid lines). Bottom panel: Shape correlation
of measured bispectrum with tree level prediction (squares) and fitting formula
from [171] (circles). (b-c) Measured non-Gaussian bispectra B̂NG (4.52) in simula-
tions with local and equilateral initial conditions compared to the linearly evolved
primordial bispectrum (4.22) (dashed lines). Note comments on the cumulative
signal to noise on small scales in the main text.
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4.5.5 Discussion in light of previous analyses

To our knowledge, we analysed for the first time the entire dark matter bispec-

trum in N3 = 5123-grid N -body simulations in the strongly non-linear regime and

provided a quantitative comparison of simulations and theory using full 3D shape

correlations without restricting the comparison to 1D slices through the bispec-

trum or relying on binning in k-space, which unnecessarily reduces the number

of grid points, i.e. the resolution of the bispectrum.1 Such simplifications were

required in previous analyses because of the high computational cost associated

with bispectrum estimation. Overcoming the simplification of 1D slices is desirable

because the fraction of bispectrum data points probed by a (manually chosen) 1D

slice is only about one millionth of the amount of information in the full bispectrum

(assuming no correlations); the fraction is roughly ∼ N/N3 = 1/N2 = O(10−6) for

N = 512 (corresponding to a line through the 3D tetrapyd plots). While compar-

ing theory and simulations on such a small subset of the data points can indicate

whether the theory is crudely wrong, it does in general not allow for quantita-

tive conclusions about the full bispectrum to be made because it does not use all

the statistical information available. Additionally, in light of observations and to

improve upon the information already contained in the power spectrum, it is de-

sirable to use and model the whole bispectrum data instead of restricting to small

subsets of triangle configurations.

The main advantage of the modal bispectrum estimator is that it overcomes

these restrictions by accessing all triangle configurations and orientations in an

efficient way, being O(N3/nmax) = O(107) times faster than a full brute force

bispectrum estimation (for N = 103 and nmax = 102). This speed-up allows for

efficient comparisons of theoretical models, simulations and observations of the

bispectrum without throwing away any bispectrum data. Additional advantages

are the compression of the shape information to O(100) βRn coefficients and the

applicability of the same method to estimate the trispectrum efficiently.

1In fact, binning in k-space corresponds to the modal expansion estimator if the basis func-
tions are chosen to be top-hat functions. While we have shown that the monomial basis used
in this chapter represents gravitational and many primordial bispectra accurately in the sense
that it achieves high shape correlations and therefore can be regarded as an almost loss-less
compression of the full bispectrum information, this has not yet been tested for top-hat bases.
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4.6 Gravitational bispectrum results

A potential disadvantage of the modal estimator method used here is that it

requires a choice of a truncated set of basis functions, which reduces the dimension-

ality of the space of allowed bispectrum shapes (e.g. the monomial basis functions

are not very sensitive to highly oscillatory bispectrum shapes; see e.g. [192]). How-

ever, it is straightforward to change the set of basis functions by including any type

of functions expected to describe the problem at hand best (e.g. in [20] both Fourier

and polynomial basis functions are used for the CMB bispectrum). The amount

of information lost for a particular choice of basis functions can be quantified by

fast-to-evaluate shape correlations. Although we obtained high shape correlations

between theory and simulations for gravitational and primordial bispectra with the

monomial basis used in this chapter, it would be interesting to extend or modify

this basis (e.g. to improve the expansion in the squeezed limit which contributes

only little to the 3D shape correlation but is crucial for halo bias).

4.6 Gravitational bispectrum results

4.6.1 Gravitational collapse and bispectrum evolution

The cosmic web simulated by N -body simulations has a complex filamentary struc-

ture, which is illustrated in Fig. 4.9a. The bispectrum of this dark matter distri-

bution is shown in Fig. 4.9b. In the following we will discuss how the bispectrum

can be used as a quantitative tool to characterise the structures formed by grav-

itational collapse and to study modifications due to primordial non-Gaussianity.

We will demonstrate the unbiasedness of our bispectrum estimator by comparison

with perturbation theory for large scales at early times.

We can develop a qualitative and visual understanding of the bispectrum by

comparing it to the form of large-scale structures. Fig. 4.10 shows snapshots

of the dark matter distribution at redshifts z = 4, 2 and 0 on the left and the

corresponding measured bispectrum signal on the right. It is apparent that the

shape of the bispectrum characterises the three-dimensional structures that have

formed. The diffuse blob- and pancake-like structures at early times, z = 4,

correspond to a flattened bispectrum, which peaks at the edges of the tetrapyd

and is predicted by leading order perturbation theory. At later times we find
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(a) (b)

Figure 4.9: (a) Dark matter distribution in one of the G512
400 simulations of 5123

particles in a box with L = 400Mpc/h at redshift z = 0. (b) Measured (signal
to noise weighted) bispectrum in the range 0.016h/Mpc ≤ k ≤ 2h/Mpc, averaged
over the simulation on the left and two additional seeds. The opaqueness of the
plotted points reflects the absolute value of the bispectrum.
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that filaments and clusters induce a bispectrum with a relatively enhanced signal

for equilateral triangle configurations, as expected from Sections 4.2 and 4.3. As

illustrated in Fig. 4.11, the bispectrum signal shows a similar transition for varying

overall scale k1 +k2 +k3 at fixed time z = 0, which indicates self-similar behaviour.

4.6.1.1 Comparison with leading order PT

On large scales and at early times we expect the gravitational bispectrum to agree

with leading order perturbation theory (4.4). To test this, Fig. 4.12a shows the

βRn coefficients (4.48) measured in the Gaussian N -body simulations G512 with

L = 1600Mpc/h in comparison with the expansion coefficients αRn (4.38) of the

tree level gravity bispectrum (4.4). The corresponding theoretical and estimated

bispectra (4.51) are plotted over the full tetrapyd in Fig. 4.3 for z = 30 and

Fig. 4.13 for z = 2 and z = 0. At early times, z = 30, the bispectrum agrees with

tree level perturbation theory (4.4), which predicts that the signal to noise weighted

bispectrum is large for folded and elongated configurations but is suppressed in the

squeezed limit. However at z = 0 for k & 0.25h/Mpc the N -body bispectrum has

an enhanced amplitude for elongated configurations and an additional equilateral

contribution not captured by tree level perturbation theory, which breaks down

on these scales as expected.

To analyse the measured bispectrum more quantitatively and to illustrate its

time and scale dependence we show in Figures 4.14 and 4.15 the measured am-

plitude f grav
NL of the gravitational bispectrum, its cumulative signal to noise ‖B̂‖

(4.34) and the cumulative signal to noise normalised to the local shape ˆ̄FNL (4.36),

as well as the shape correlation C (4.33) of the measured bispectra with the the-

oretical expectation. The meaning of these quantities is illustrated in Fig. 4.15c.

We plot them as functions of redshift z and use different colors for different k

ranges used for the bispectrum measurements. Note that f grav
NL is the amplitude

of the gravitational bispectrum (4.4), i.e. tree level perturbation theory predicts

f grav
NL = 1 in this convention.

Fig. 4.14a and Fig. 4.14b show that for 0.0039h/Mpc ≤ k ≤ 0.5h/Mpc at z = 0

the tree level bispectrum under-predicts the total integrated bispectrum F̄NL by

a factor of 2.8 and its shape correlation with the measured bispectrum drops to
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(a) Dark matter, z = 4 (b) Bispectrum signal, z = 4

(c) Dark matter, z = 2 (d) Bispectrum signal, z = 2

(e) Dark matter, z = 0 (f) Bispectrum signal, z = 0

Figure 4.10: Left: Dark matter distribution in a (40Mpc/h)3 subbox of one of the G512
400

simulations at redshifts z = 4, 2 and 0, from top to bottom. Right: Measured (signal to noise
weighted) bispectrum in the range 0.016h/Mpc ≤ k ≤ 2h/Mpc, averaged over the simulation on
the left and two additional seeds.
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(a) Bispectrum signal in G512g, z = 0 (b) Bispectrum signal in G512
400, z = 0

Figure 4.11: Bispectrum slices at fixed redshift z = 0 for different overall wavenum-
bers ksum = k1 + k2 + k3. For ksum ≤ 1h/Mpc [panel (a)] the bispectrum signal
dominates for flattened configurations, while an enhanced equilateral contribution
clearly emerges for ksum = 2h/Mpc [left plot in panel (b)]. For ksum = 4h/Mpc
[right plot in panel (b)] the signal is large for all triangle configurations away from
the squeezed limit, that is, it is nearly constant. The slices show signal to noise
weighted bispectra measured in Gaussian simulations (a) G512g and (b) G512

400.

0.84, implying that the projection of the measured bispectrum on the tree level

bispectrum is f grav
NL = 2.3. At larger scales the tree level bispectrum describes the

measured bispectra much more accurately until late times, as expected. Similar

plots for Gaussian N -body simulations with 7683 and 10243 particles are shown in

Fig. 4.15a and Fig. 4.15b, demonstrating again the expected break down of tree

level perturbation theory on small scales at late times.

4.6.2 Fitting formulae for Gaussian simulations

4.6.2.1 Separable polynomial expansion

The separable mode expansion allowed us to compress the measured N -body dark

matter bispectra to nmax = 50 numbers βRn at each redshift. The first ten of these

coefficients are listed in Table 4.3 and can be used as a polynomial fitting formula

of the matter bispectrum by evaluating (4.51). The orthogonal contributions BR
n

appearing in (4.51) were defined in (4.46) and contain the nonlinear power spec-

trum Pδ as well as the orthogonal polynomials Rn, which can be obtained from
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Figure 4.12: (a) βRn coefficients measured with (4.48) for the Gaussian simulations
G512 compared to expansion coefficients αRn of the tree level gravitational bispec-
trum (4.4). (b) βRn − (βRn )Gauss measured in Loc10 simulations with f loc

NL = 10 com-
pared to αRn coefficients of the linearly evolved local shape (see (4.22) and (2.38)).
β’s were calculated using all modes δk with 0.0039h/Mpc ≤ k ≤ 0.5h/Mpc. For
better visibility the region under the αRn curves is colored green.
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Figure 4.13: Comparison of measured N -body bispectra (4.51) (on the right in
each black cell) with separable expansion of tree level theory (4.38) (on the left
in each black cell) for simulations G512b, Loc10, Eq100, Orth100 and Flat10 at
redshifts z = 2 and z = 0. The plot axes are k1, k2, k3 ≤ 0.5h/Mpc and we plot
signal to noise weighted bispectra

√
k1k2k3/(Pδ(k1)Pδ(k2)Pδ(k3))Bδ (see Fig. 4.3

for comparisons at z = 30 and further descriptions of the plots).
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Figure 4.14: (a)-(c): Measured bispectra in Gaussian N -body simulations (see
Table 4.2) as a function of redshift. Upper panels: Amplitude f grav

NL of the tree
level gravitational bispectrum (4.4) (squares), normalised to unity if the tree level
prediction is correct, and amplitude of the fitting formula from [171] (circles). Mid-
dle panels: Total integrated bispectrum (4.56) of measured bispectrum (symbols),
tree level prediction (dashed lines) and fitting formula by [171] (solid lines). Lower
panels: Shape correlation (4.54) of reconstructed bispectrum with separable expan-
sions of tree level theory (squares) and fitting formula from [171] (circles). Colors
indicate different k ranges for the bispectrum estimation. The plotted quantities
are visualised in Fig. 4.15c.
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Figure 4.15: (a)-(b): Like Fig. 4.14 but for 7683 and 10243 grids (see Table 4.2).
(c): Visualisation of the quantities plotted in (a)-(b) and in Fig. 4.14.
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Qn, defined in (4.43), by the basis change1 Rn =
∑

m λnmQm. The polynomials

Qn were sorted with the slice ordering defined in Eq. (58) of [28].

n (βRn )G512

1000

(βRn )
G1024

1875

10000

0 283.8 167

1 94.16 63.06

2 0.6725 9.427

3 17.04 0.2799

4 18.89 5.774

5 -21.82 -7.911

6 9.395 1.329

7 1.624 -0.4791

8 15.04 5.825

9 -10.25 -3.548

Table 4.3: First 10 bispectrum expansion coefficients βRn from Gaussian N -body
simulations specified in Table 4.2 for z = 0. The shape correlation between the full
measured bispectrum (4.51) for 50 modes and the bispectrum corresponding to the
shown first 10 modes is 99.7% and 99.9% for the middle and right column, respec-
tively. We used kmax = 0.5h/Mpc for the middle column and kmax = 0.86h/Mpc
for the G1024

1875 simulation in the column on the right.

4.6.2.2 Time-shift model fit

We find a remarkably accurate fit to the matter bispectrum for Gaussian initial

conditions by combining the modified tree level gravity shape Bgrav
δ,NL, defined in

(4.6), with the ‘constant’ model Bgrav
δ,const, defined in (4.12), which approximates the

1-halo shape, that is,

Bfit
δ (k1, k2, k3) ≡ Bgrav

δ,NL +Bgrav
δ,const, (4.62)

with fitting parameters c1 and nh.

The combined shape (4.62) is dominated by the perturbative gravity bispec-

trum at early times and by the constant or (approximate) halo model prediction

at late times. We will demonstrate that this combination can achieve a good fit

1The transformation matrix λ can be obtained from the author of this thesis upon request.
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Simulation L[Mpc
h

] c1 nh min
z≤20

Cβ,α Cβ,α(z=0)

G512g 1600 4.1× 106 7 99.8% 99.8%

G512
400 400 1.0× 107 8 99.8% 99.8%

Table 4.4: Fitting parameters c1 and nh for the fit (4.62) of the matter bispec-
trum for Gaussian initial conditions (simulations G512g and G512

400). The two
columns on the right show the minimum shape correlation with the measured
(excess) bispectrum in N -body simulations, which was measured at redshifts
z = 49, 30, 20, 10, 9, 8, . . . , 0, and the shape correlation at z = 0.

of the matter bispectrum at all redshifts z ≤ 20, while both the perturbative and

the halo model prediction individually break down at intermediate redshifts, when

nonlinearities are important but not all dark matter particles can be treated as

residing in halos.

The fitting parameters c1 and nh in (4.12) are obtained as follows. At each

measured redshift the arbitrary weight w(z) in

Bopt
δ = Bgrav

δ,NL + w(z)(k1 + k2 + k3)ν (4.63)

is analytically determined such that the correlation with the measured bispectrum

C(B̂δ, B
opt
δ ) is maximal (see green lines in Fig. 4.16). Then c1 and nh are chosen

such that c1D̄
nh(z) approximates the optimal weight w(z) over all redshifts (see

black dashed lines in Fig. 4.16). Table 4.4 lists the fitting parameters obtained by

this procedure.

The shape correlation of the fitting formula (4.62) with the measured bis-

pectrum is 99.8% or better at redshifts z ≤ 20 for both kmax = 0.5h/Mpc and

kmax = 2h/Mpc as shown in the upper panels of Fig. 4.17. The model (4.62),

therefore, contains all the meaningful bispectrum shape information. All we re-

quire is the time dependence or growth rate of the bispectrum amplitude. As a

first step, the fitting formula (4.63) can be normalised to the measured bispectrum

size by multiplying it with the normalisation factor

Nfit ≡
‖B̂‖
‖Bfit

δ ‖
, (4.64)
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Figure 4.16: Motivation for using the growth function D̄ in the simple fitting
formula (4.62). The arbitrary weight w(z) in Bopt

δ = Bgrav
δ,NL +w(z)(k1 + k2 + k3)ν is

determined analytically such that C(B̂δ, B
opt
δ ) is maximal (for ν = −1.7). We plot

‖Bgrav
δ,NL‖ (black dotted), ‖w(z)(k1 + k2 + k3)ν‖ (green) and Bgrav

δ,const (black dashed)
as defined in (4.12) with fitting parameters given in Table 4.4, illustrating that
w(z) = c1D̄

nh(z) is a good approximation. The continuous black and red curves
show ‖Bfit

δ ‖ from (4.62) and the estimated bispectrum size ‖B̂δ‖, respectively. The
overall normalisation can be adjusted with Nfit as explained in the main text [see
Eq. (4.64)].
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Figure 4.17: Upper panels: Shape correlation of estimated bispectrum in (a) G512g
and (b) G512

400 simulations with the full fitting formula (4.62) (solid black), the
shape Bgrav

δ,NL as defined in (4.6) (dotted black) and the shape Bgrav
δ,const as defined in

(4.12) (dashed black). All correlations were calculated with 120 modes Qn for (a)
k ∈ [0.004, 0.5]h/Mpc and (b) k ∈ [0.016, 2]h/Mpc. Lower panels: Integrated size
of the measured bispectrum (red) and the contributions NfitB

grav
δ,NL (dotted black)

and NfitB
grav
δ,const (dashed black). All these bispectrum sizes are divided by the size

of Bgrav
δ,NL for convenience. The normalisation factor Nfit is defined in (4.64) and

equals the dotted black curve.
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which is shown by the dotted line in the lower panels of Fig. 4.17. While it varies

with redshift between 0.7 and 1.4 for kmax = 2h/Mpc, it deviates by at most

8% from unity for kmax = 0.5h/Mpc. The lower panels also show the measured

integrated bispectrum size ‖B̂‖ and the two individual contributions to (4.62)

when the normalisation factor Nfit is included. These quantities are divided by

‖Bgrav
δ,NL‖ for convenience. At high redshifts the total bispectrum size is essentially

given by the contribution from Bgrav
δ,NL, which equals the tree level prediction for the

gravitational bispectrum in this regime. The contribution from Bconst
δ dominates

at z ≤ 2 for kmax = 2h/Mpc when filamentary and spherical nonlinear structures

are apparent. A similar transition can be seen at later times on larger scales in

Fig. 4.17a, indicating self-similar behaviour.

It is worth noting that the high integrated correlation between the simple fit

(4.62) and measurements does not imply that all triangle configurations agree per-

fectly and sub-percent level differences between shape correlations can in principle

contain important information, e.g. about the observationally relevant squeezed

limit which only makes a small contribution to the total tetrapyd integral over

the signal-to-noise weighted dark matter bispectrum. However, if we observed the

dark matter bispectrum directly, these shapes would be hard to distinguish be-

cause the shape correlation contains the signal-to-noise weighting. Modified shape

correlation weights and additional basis functions have been used for better quan-

titative comparison of the squeezed limit of dark matter bispectra, but this is left

for a future publication.

4.6.2.3 Alternative phenomenological fit

An alternative fitting formula with 9 fitting parameters and calibrated on larger

scales was given in [171] and summarised in this chapter in Sec. 4.2.4.4. In the range

of validity given by [171], 0.03h/Mpc ≤ k ≤ 0.4h/Mpc at 0 ≤ z ≤ 1.5, we find

good agreement with our N -body measurements, see green circles in Fig. 4.15a and

Fig. 4.15b. Without having to run N -body simulations with higher resolutions,

we extended the bispectrum measurement to kmax = 0.86h/Mpc with the fast

separable estimator, see red symbols in Fig. 4.15a and Fig. 4.15b. In this extended

regime the fitting formula of [171] still has a shape correlation of 99.5% or more
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with the measured bispectrum at z ≤ 1.5, but underestimates the cumulative

signal to noise by up to 11%. Our measured βRn coefficients or our simple fit (4.62)

can be used as alternative fitting formulae for the gravitational bispectrum valid

to smaller scales, kmax ≤ 2h/Mpc, and for all redshifts z ≤ 20.

4.6.2.4 Halo model

The halo model prediction for the Gaussian dark matter bispectrum yields a re-

markably high shape correlation of more than 99.7% with the measured bispectrum

at z = 0 for kmax = 2h/Mpc. While the halo model bispectrum has been tested on

some one-dimensional slices in [182] and on larger scales in [183], the result pre-

sented here demonstrates that at z = 0 the halo model shape is a good represen-

tation of the shape measured in N -body simulations over the full tetrapyd allowed

by the triangle condition. At higher redshifts, when less dark matter resides in

halos, the halo model prediction becomes worse and alternative phenomenological

approaches like the ones discussed above yield higher shape correlations with the

measured bispectrum. A more thorough examination of the halo model is left for

future work.

139



Chapter 4

4.7 Primordial non-Gaussian bispectrum results

4.7.1 Primordial bispectrum measurements

We have set up and evolved non-Gaussian initial conditions for local models with

f loc
NL = −10, 10, 20, 50 using (2.37), for equilateral models with f eq

NL = ±100, for

orthogonal models with f orth
NL = ±100 and for the flattened model with fflat

NL = 10

using separable expansions as in [4, 50]. Detailed parameters for the N -body

simulations are given in Table 4.2.

4.7.1.1 Local shape

In Fig. 4.12b we show comparisons of the measured βRn −(βRn )Gauss coefficients with

the expansion coefficients αRn of the linearly evolved primordial bispectrum (4.22)

for f loc
NL = 10, finding good agreement at early times, but deviations at late times

which are scale-dependent. The most obvious feature as we consider increasingly

nonlinear wavenumbers is the emergence of a large constant or equilateral signal.

Indeed Fig. 4.13 shows this signal on small scales with the late time bispectrum

also exhibiting an enhanced signal in the squeezed limit.

In Fig. 4.18a we plot the projection f loc
NL of the measured non-Gaussian bispec-

trum B̂NG on the linearly evolved primordial bispectrum (see (4.22) and (2.38)),

their shape correlation Cβ,α, cumulative signal to noise ‖B̂NG‖ and total integrated

bispectrum normalised to the local shape, F̄ B̂NG
NL . We also show the shape corre-

lation CNG,G between B̂NG and the bispectrum measured in Gaussian simulations.

For z = 0 and k ∈ [0.0039, 0.5]h/Mpc the linearly evolved primordial bispectrum

under-predicts the measured cumulative signal to noise ‖B̂NG‖ by a factor of 8 and

has a shape correlation with the measured bispectrum of about 0.6, implying that

the projection f loc
NL is about 4.8 times the input value of f loc

NL = 10. The green and

blue symbols in Fig. 4.18a show that tree level perturbation theory improves if we

consider larger scales, as expected.

4.7.1.2 Other shapes

We also ran simulations with equilateral, orthogonal and flattened non-Gaussian

initial conditions using the separable expansion method [4, 50]. Bispectrum mea-

140



4.7 Primordial non-Gaussian bispectrum results

10

20

30

40

f
lo

c
N

L

 

 

k ∈ [ 0.0039, 0.5]h/Mpc
k ∈ [ 0.0039, 0.25]h/Mpc
k ∈ [ 0.0039, 0.13]h/Mpc

0

50

100

F̄
B̂

N
G

N
L

 1

10

||
B̂

N
G
||

0.6

0.8

1

Cα, th≥ 0 .9613

C β
,α

1 10

0.6

0.8

1

C N
G

,G

1 + z

(a) Local

200

400

600

800

1000

1200

f
e
q

N
L

 

 

k ∈ [ 0.0039, 0.5]h/Mpc
k ∈ [ 0.0039, 0.25]h/Mpc
k ∈ [ 0.0039, 0.13]h/Mpc

100

200

300

F̄
B̂

N
G

N
L

  1

 10

100

||
B̂

N
G
||

0.8

0.9

1

Cα, th≥ 0 .9995

C β
,α

1 10

0.4

0.6

0.8

1

C N
G

,G

1 + z

(b) Equilateral

Figure 4.18: Dark matter bispectrum quantities as in Figures 4.14 and 4.15 but for
the non-Gaussian simulations Loc10, Eq100 and Orth100 with local, equilateral
and orthogonal initial conditions, respectively. The non-Gaussian bispectrum is
computed with (4.52) and then compared to the tree level prediction (4.22) (dashed
lines). The lowest panel shows the shape correlation of the measured non-Gaussian
bispectrum with the measured bispectrum for Gaussian initial conditions.
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Figure 4.19: Like Fig. 4.18 but for simulations Orth100 and Flat10 with orthogonal
and flattened non-Gaussian initial conditions.
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surements are shown in Figures 4.3, 4.13, 4.18 and 4.19. As in the local case we

find agreement with tree level perturbation theory at all times on large scales.

However on small scales and at late times, Fig. 4.13 shows that the measured

bispectrum for equilateral initial conditions has additional equilateral and flat-

tened contributions compared to the linearly evolved input bispectrum (4.22). For

initial conditions with the f orth
NL = 100 orthogonal shape, which is positive for equi-

lateral configurations and negative for flattened and squeezed configurations, we

find that the late time small scale bispectrum turns slightly negative for equilat-

eral configurations and is more negative in flattened and squeezed configurations

than the linearly evolved input bispectrum. The bispectrum from flattened initial

conditions shows additional contributions for squeezed, equilateral and flattened

configurations compared to the tree level prediction. For orthogonal and flattened

initial conditions the late time bispectra have a large signal in the squeezed limit,

leading to possible confusion with local shape initial conditions (with negative f loc
NL

for positive input f orth
NL and positive f loc

NL for positive input fflat
NL ). However scale de-

pendent halo bias is sensitive to the scaling in the squeezed limit and can therefore

help to disentangle such shapes (see e.g. [39, 167]).

It is worth noting that the shape correlation Cβ,α between measured and input

bispectra drops as we reduce kmax already at the initial time of the simulations,

e.g. Cβ,α ≈ 0.95 for kmax = 0.13h/Mpc in the equilateral case. This indicates that

the initial conditions generated with a separable mode expansion - which are gen-

erated at kmax = 0.5h/Mpc - are not a perfect fit to the shape when restricted to

large scales. This is to be expected since the expansion is optimised to fit the total

cumulative signal to noise up to kmax = 0.5h/Mpc. There are however several pos-

sibilities of further improving the initial conditions on large scales. One could add

basis functions which are localised on large scales or one could introduce optimised

separable weighting functions in the mode expansions. This would be particularly

important for examining halo bias which is very sensitive to the squeezed limit

and therefore to large-scale modes. However for studying the global behaviour

of the dark matter bispectrum we find it acceptable that the shape of the initial

conditions is not perfect on very large scales and leave further improvements of

the initial conditions for future work.

It is worth noting that the flattened shape initial conditions do not perfectly
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represent the flattened template because the shape correlation between expansion

and theory is only Cα,th ≥ 0.87; see Figures 4.3 and 4.19b. However, the bispectrum

estimation is very accurate which is reflected by the fact that Cβ,α & 0.95 on all

scales at high redshifts (see fourth panel in Fig. 4.19b). The accuracy of the initial

conditions can be improved by employing more monomial basis functions or by

including basis functions which are better suited to cope with the divergence of

the flattened template used here.

4.7.1.3 Loop corrections for primordial non-Gaussianity

As is apparent from Figures 4.13, 4.18 and 4.19, the tree level prediction for the

non-Gaussian matter bispectrum breaks down for small scales and low redshift.

The inclusion of loop corrections described in [168] is expected to improve the fit at

such scales and redshifts. First results on the correlation between the observations

and theoretical prediction Cβ,α indicate that 1-loop corrections can significantly

improve the shape correlation in the nonlinear regime to O(0.8− 0.9), while shape

correlations of more than 0.9 at k = 0.5h/Mpc and z = 0 may require higher

order loop corrections. However we defer a detailed analysis of loop corrections

and more phenomenological halo model approaches to future work.

4.7.1.4 Linearity in input fNL

We test if O(f 2
NL) corrections are important by comparing simulations with f loc

NL =

−10, 20 and 50 to the f loc
NL = 10 simulation in Fig. 4.20a (with box size L =

1600Mpc/h). The curves in all three panels would be exactly unity in case of

perfect linearity in the input fNL. Deviations from linearity are at most 1%.

In case of equilateral and orthogonal initial conditions we compare simulations

with input fNL = ±100. The equilateral shape gives similar results to the local

shape, see Fig. 4.20b. For the orthogonal shape the shape correlation between

theory and measurements deviates from linearity in the input fNL by about 3%

at z = 0 for kmax = 0.5h/Mpc and the total integrated bispectrum differs by less

than 5%. These two effects cancel each other approximately so that the measured

projection f orth
NL only deviates by less than 1.5% from linearity.

We conclude that at the O(5%) level the bispectra measured in our large-scale
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Figure 4.20: Test if the bispectrum contributions (4.52) from non-Gaussian initial
conditions are linear in the input fNL. (a) Ratios of Loc20 (solid line), Loc50
(dash-dot line) and Loc10− (dotted line) to Loc10 simulation. The label ’loc’
stands for Loc20, Loc50 and Loc10−. We scale the curves by (f loc

NL)in/10 so that
in case of perfect linearity in fNL all curves were unity. (b) Ratio of Eq100− to
Eq100 simulation. (c) Ratio of Orth− to Orth100 simulation.
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simulations can be scaled to other values fnew
NL fulfilling |f loc

NL| ≤ 50, |fEq
NL| ≤ 100

and |fOrth
NL | ≤ 100 using the linear scaling

BNG(fnew
NL ) =

fnew
NL

fNL

B̂NG(fNL). (4.65)

4.7.2 Fitting formulae for non-Gaussian simulations

4.7.2.1 Separable polynomial fits

Matter bispectra for non-Gaussian initial conditions of the local, equilateral, or-

thogonal and flattened type are described by the βRn coefficients in Table 4.5. These

polynomial fitting formulae can serve as a starting point for future work that relies

on non-Gaussian dark matter bispectra in the nonlinear regime.

n Loc10 Eq100 Orth100 Flat10

0 846.8 3065 -793.5 3544

1 364.3 1390 -240.4 1484

2 94.22 453 28.49 362.2

3 18.58 -183.5 -238.7 128.1

4 21.7 -47.71 -173.6 163.5

5 8.64 35.7 85.29 -43.72

6 -63.53 -6.603 154.1 -232.5

7 -17.96 -2.818 53.24 -77.86

8 21.4 -57.18 -186 171.9

9 -21.61 39.26 108.1 -109.2

Table 4.5: First 10 bispectrum expansion coefficients βRn from non-Gaussian N -
body simulations specified in Table 4.2 for z = 0 and kmax = 0.5h/Mpc. The
shape correlation between the full measured bispectrum (4.51) for 50 modes and
the bispectrum corresponding to the shown first 10 modes is 99.2%, 99.95%, 95.8%
and 99.7% for the columns from the left to the right.

4.7.2.2 Time-shift model fits

Simple fitting formulae for the primordial contribution to the matter bispectrum

can be successfully obtained from the halo time-shift model described in Sec. 4.3.2.

Before discussing this fit in detail, we perform a simple consistency check of the
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Figure 4.21: (a) Relative growth of bispectrum size between z = 10 and z = 0
as a function of the absolute value of the shape correlation between the measured
non-Gaussian bispectrum B̂NG and the shape Bconst

δ defined in (4.12) at redshift
z = 10, testing relation (4.66). The plot contains all simulations shown in (b)
but data points which only differ in the input fNL are almost indistinguishable.
Regression lines through (0, 1) are shown for kmax = 0.5h/Mpc (continuous) and
kmax = 2h/Mpc (dashed). (b) Bispectrum size at redshift z = 0 as a function
of the bispectrum size at high redshift, z = 10, for different primordial shapes
(see legend). Continuous lines correspond to kmax = 0.5h/Mpc while dashed lines
correspond to kmax = 2h/Mpc simulations. Different points on one line show
results for different input fNL.
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basic idea of the model. The relatively fast growth of the constant bispectrum im-

plies that it constitutes the dominant contribution to the non-Gaussian bispectrum

BNG at sufficiently small scales and late time zlate. The amplitude of this constant

bispectrum is related to the projection of the non-Gaussian bispectrum BNG on

the constant shape at the time zearly when halos start to form (and thereafter).

Hence we expect that

‖BNG(zlate)‖ ∝ C(BNG(zearly), Bgrav
δ,const(zearly))‖BNG(zearly)‖. (4.66)

This simple expectation is approximately seen in Fig. 4.21a for the local, equilat-

eral and flattened shapes, confirming the basic idea of the time-shift model. The

fact that the orthogonal shape deviates somewhat could be related to the change

of sign of the orthogonal shape for different triangle configurations. Note that

relation (4.66) and Fig. 4.21a are interesting results on their own because they

show that the relative growth of the non-Gaussian bispectrum can be predicted

from its correlation with the constant shape at early times. Fig. 4.21b illustrates

the absolute values of the measured bispectrum sizes which were used to produce

Fig. 4.21a.

In detail, the simple fitting formulae for the non-Gaussian bispectra are ob-

tained by combining the partially loop-corrected tree level expression (4.23) with

the constant shape (4.26) as

Bfit
NG(k1, k2, k3) ≡ fNL

[
Bprim
δ,NL +Bprim

δ,const

]
. (4.67)

The fitting parameters c2 and nprim
h in (4.26) are listed in Table 4.6. Similar to

the Gaussian case they were obtained by analytically determining the optimal

weight w(z) for the ‘constant’ (k1 + k2 + k3)ν contribution and approximating

this with c2D̄(z)n
prim
h (see green and black dashed lines in Fig. 4.22). As expected

from Sec. 4.3.2 we find nprim
h = nh − 1 for local, equilateral and flattened initial

conditions.

Table 4.6 also shows the shape correlation with the measured excess bispectrum

(4.52). These shape correlations are remarkably good given the simplicity of (4.67),

especially for local, equilateral and flattened initial conditions. The impact of

148



4.7 Primordial non-Gaussian bispectrum results

10
0

10
1

10
−1

10
0

10
1

1 + z

‖B
‖

(a) local, kmax = 0.5h/Mpc

10
0

10
1

10
−1

10
0

10
1

10
2

1 + z

‖B
‖

(b) local, kmax = 2h/Mpc

10
0

10
1

10
−1

10
0

10
1

10
2

1 + z

‖B
‖

(c) equil., kmax = 0.5h/Mpc

10
0

10
1

10
−1

10
0

10
1

10
2

10
3

1 + z

‖B
‖

(d) equil., kmax = 2h/Mpc

10
0

10
1

10
0

10
1

10
2

1 + z

‖B
‖

(e) flattened, kmax = 0.5h/Mpc

10
0

10
1

10
1

10
2

10
3

1 + z

‖B
‖

(f) flattened, kmax = 2h/Mpc

10
0

10
1

10
0

10
1

1 + z

‖B
‖

(g) orth., kmax = 0.5h/Mpc

10
0

10
1

10
−1

10
0

10
1

10
2

10
3

1 + z

‖B
‖

(h) orth., kmax = 2h/Mpc

Figure 4.22: Contributions to simple non-Gaussian fits (4.67). The arbitrary weight w(z) in

Bopt
NG = Bprim

δ,NL +w(z)(k1 +k2 +k3)ν is determined analytically such that C(B̂NG, B
opt
NG) is maximal

(for ν = −1.7). We plot ‖Bprim
δ,NL‖ (black dotted), ‖w(z)(k1 +k2 +k3)ν‖ (green) and Bprim

δ,const (black
dashed) as defined in (4.26) with fitting parameters given in Table 4.6. The continuous black
and red curves show ‖Bfit

NG‖ from (4.67) and the estimated primordial bispectrum size ‖B̂NG‖,
respectively.
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Simulation L[Mpc
h

] c2 nprim
h min

z≤20
Cβ,α Cβ,α(z=0)

Loc10 1600 2× 103 6 99.7% 99.8%

Eq100 1600 8.6× 102 6 97.9% 99.4%

Flat10 1600 1.2× 104 6 98.8% 98.9%

Orth100 1600 −3.1× 102 5.5 91.0% 91.0%

Loc10512
400 400 2× 103dD/da 7 98.2% 99.0%

Eq100512
400 400 8.6× 102dD/da 7 94.4% 97.9%

Flat10512
400 400 1.2× 104dD/da 7 97.7% 99.1%

Orth100512
400 400 −2.6× 102 6.5 97.3% 98.9%

Table 4.6: Fitting parameters c2 and nprim
h for the fit (4.67) of the primordial

bispectrum (4.52). The two columns on the right show the minimum shape corre-
lation with the measured (excess) bispectrum in N -body simulations, which was
measured at redshifts z = 49, 30, 20, 10, 9, 8, . . . , 0, and the shape correlation at
z = 0. For the equilateral case the minimum shape correlation can be improved
to 99.4% if the term 4.6× 10−5fNLD̄(z)0.5

[
2Pδ(k1)Pδ(k2)F

(s)
2 (k1,k2) + 2 perms

]
is

added to (4.67).

the orthogonal shape on the matter bispectrum seems to be somewhat harder to

model, which is reflected in the fact that our simple model performs worse for

this shape. This is expected because the orthogonal shape contains almost no

constant component, the dominant evolution of which is the basis for the simple

time-shift model. While the integrated bispectrum size F̄NL of the fitting formulae

is consistent with the measured bispectrum size at high redshift and at z = 0, it

underestimates the measured size at the 10 − 20% level at intermediate redshifts

for kmax = 0.5h/Mpc. This could be improved by adding more shapes or by using

a redshift-dependent normalisation factor in (4.67) similar to the Nfit factor in

the Gaussian case. On smaller scales, kmax = 2h/Mpc, the non-Gaussian fitting

formulae provide a less accurate overall fit, but we also list them in Table 4.6 for

completeness and because the correlations at z = 0 are quite high.

It should be noted that simple fits like the ones presented here may be some-

what more important in the mildly nonlinear regime than in the strongly nonlin-

ear regime because the halo model (extended to non-Gaussian initial conditions)

should be able to describe the strongly nonlinear regime. We leave more accurate

extensions of the simple fits for non-Gaussian initial conditions and more quan-
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titative comparisons with loop corrections and halo model predictions for future

work.

4.7.2.3 Redshift at which 1-halo contribution becomes important

We determine the redshift z∗ at which the approximate 1-halo bispectrum Bconst
δ

in the simple fits of the bispectrum for non-Gaussian initial conditions becomes

important by matching

‖C(Bprim
δ,NL(z∗), B

prim
δ,const(z∗))B

prim
δ,NL(z∗)‖ = ‖Bprim

δ,const(z∗)‖. (4.68)

For kmax = 0.5h/Mpc we find z∗ = 3.5, 3.3, 4.3 for local, equilateral and flattened

initial conditions, respectively. For kmax = 2h/Mpc we find instead z∗ = 8.5, 8

and 9.6 for the same initial conditions. The orthogonal shape has almost no

constant part. We therefore get somewhat different values of z∗ = 5.5 and 11

for kmax = 0.5h/Mpc and kmax = 2h/Mpc, respectively. This demonstrates that

the time at which nonlinear structures contribute significantly to the perturbative

prediction for the primordial bispectrum is earlier on smaller scales.

4.8 Summary and conclusions

We have presented an implementation of a bispectrum estimator for N -body sim-

ulations using a separable modal expansion of the bispectrum as described in [50].

While a brute force estimation of the full bispectrum is computationally expen-

sive, requiring O(N6) operations for N particles per dimension, we find that the

gravitational and the most prominent primordial bispectra can be approximated

by only nmax = O(50) separable basis functions (for the range of scales relevant for

N -body simulations). The bispectrum projection on the corresponding subspace

of all possible bispectra is estimated with O(nmaxN
3) operations, which is faster

than brute force estimation by a factor of O(N3/nmax) ∼ O(107) for typical sim-

ulations. Thus the computational cost for accurate 3D bispectrum estimation is

almost negligible compared to the cost for running the N -body simulations (e.g. we

can estimate the full bispectrum of a 10243 grid up to kmax = N
4

2π
L

in one hour on

only 6 cores). This allows us to estimate the bispectrum as a standard simulation
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diagnostic whenever the power spectrum is measured. Expressing the bispectrum

using its nmax separable components yields a radical compression of data which

simplifies further analysis like comparisons between theory and simulations. The

separable bispectrum estimator therefore provides a very useful additional statistic

characterising the formation of structures in N -body simulations, with high sensi-

tivity to different shapes of primordial non-Gaussianity corresponding to different

models of inflation.

We have performed many N -body simulations with Gaussian initial conditions

as well as non-Gaussian initial conditions of the local, equilateral, orthogonal and

(non-separable) flattened shape, exploiting the separable bispectrum expansion

for efficient generation of initial conditions as described for primordial fields in

[4, 50]. On large scales the measured gravitational and primordial bispectra agree

with leading order perturbation theory and with measurements for Gaussian initial

conditions by [171] in the mildly nonlinear regime, demonstrating the unbiased-

ness of the estimator and the initial conditions. In the nonlinear regime, the

gravitational bispectrum becomes dominated by a large ‘constant’ signal receiving

elongated and equilateral contributions not captured by tree level perturbation

theory. However, it remains suppressed in the squeezed limit, where primordial

bispectrum signals can peak (see Fig. 4.13).

Our measured N -body bispectra for Gaussian and non-Gaussian simulations

can be expressed by 50 components βRn , which we provide in Tables 4.3 and 4.5

for the key models. They can be used as fitting formulae for the gravitational and

primordial bispectrum in the nonlinear regime.

Less accurate but simpler fitting formulae are obtained by modeling the bis-

pectrum as a combination of partially loop-corrected perturbative bispectra and

a simple ‘constant’ bispectrum, which is constant on slices
∑
ki = const. and

which is obtained as an approximation to the 1-halo bispectrum. While the for-

mer contribution dominates on large scales and early times, the latter constant

contribution dominates in the nonlinear regime. Interpreting the effect of primor-

dial non-Gaussianity on the constant bispectrum contribution as a time-shift with

respect to Gaussian simulations allows us to model the time dependence of the

constant bispectrum contribution for non-Gaussian initial conditions. For Gaus-

sian initial conditions, the simple fits achieve a shape correlation of at least 99.8%
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with the measured gravitational bispectrum for z ≤ 20 and kmax = {0.5, 2}h/Mpc.

For local, equilateral and flattened non-Gaussian initial conditions the primordial

bispectrum is fitted with a shape correlation of at least 97.9% at z = 0 and at least

94.4% for z ≤ 20 (with correlation typically & 98% for most shapes and redshifts,

see Table 4.6). The impact of the orthogonal shape seems to be somewhat harder

to model, because it does not have a constant component initially, but our simple

fit still achieves correlations of at least 91% for z ≤ 20.

Throughout this work we have visualised the measured bispectra in three-

dimensional tetrapyd plots [28], which show the bispectrum shape and ampli-

tude at different length scales and generalise commonly used plots of one- or two-

dimensional slices through the tetrapyd volume. For a more quantitative analysis,

particularly to test analytic predictions and fitting formulae, we have made exten-

sive use of full three-dimensional shape correlations, the cumulative signal-to-noise

of the bispectra and their projection fNL on theoretical shapes. These quantities

have been evaluated extremely efficiently using the bispectrum components ob-

tained from the separable estimator.

We find that regular grid initial conditions produce an initial spurious bispec-

trum due to the anisotropy of the regular grid, which can be avoided by using

glass initial conditions. However the difference between regular grid and glass ini-

tial conditions decreases with time as gravitational perturbations grow such that

both initial conditions yield similar results at late times. Effects of order f 2
NL were

shown to affect the bispectrum measurements by less than 5% in our large-scale

simulations.

Clearly, further work is required to study the effects of general primordial non-

Gaussianity on observable quantities like the bispectrum of galaxies, particularly

in the nonlinear regime. However the present work represents, we believe, an

important step forward in the understanding of structure formation in the presence

of primordial non-Gaussianity and the search for primordial non-Gaussianity in

large-scale structures.
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5
On the joint analysis of CMB temperature and

lensing-reconstruction power spectra

Based on [6]

Summary

Gravitational lensing provides significant cosmological information in modern CMB

analyses. It is estimated from both the 2- and 4-point functions of the lensed CMB

anisotropies (the latter corresponding to the lensing reconstruction power spec-

trum). These two observables are often treated as independent, although this is

impossible since they are derived from the same CMB map. In this chapter, we

analyse the covariance between the CMB temperature and lensing reconstruction

power spectra. We find two dominant contributions coming from: (i) correlations

between the disconnected noise bias in the trispectrum measurement and sample

variance in the temperature power spectrum; and (ii) sample variance of the lenses

themselves. The former is naturally removed when the dominant N (0) Gaussian

bias in the reconstructed deflection spectrum is dealt with via a data-dependent

correction, as advocated elsewhere for other reasons. The remaining lens-cosmic-

variance contribution is easily modeled but can safely be ignored for a Planck-like

experiment, justifying treating the two observable spectra as independent. We also

test simple likelihood approximations for the deflection power spectrum, finding

that a Gaussian with a parameter-independent covariance performs well.

155



Chapter 5

Overview

A general introduction to CMB lensing was given in Sec. 2.3, including a more

specific introduction to this chapter in Sec. 2.3.4. This chapter is organised as

follows. We review CMB lensing reconstruction on the full sky in Sec. 5.1 and

we describe our simulations of lensed CMB maps and the mechanics of our recon-

structions in Sec. 5.2. Section 5.3 surveys known results for the auto-correlations

of the lensed CMB temperature power spectrum and the reconstruction power

spectrum. In Sec. 5.4 we present results for the cross-correlation of these power

spectra and assess the importance of correlations for estimating cosmological pa-

rameters. We test likelihood approximations for the lensing reconstruction (in

isolation) in Sec. 5.5 and conclude in Sec. 5.6. In Appendix 5.A we provide intu-

itive arguments for the magnitude of the temperature-lensing power correlation.

A series of further appendices provide calculational details, and motivate some of

the approaches taken in the main text. Table 5.1 summarises the key quantities,

and their definitions and symbols, used in this chapter.

5.1 Full-sky CMB lensing reconstruction

We described lensing reconstruction from the CMB temperature anisotropies in

Sec. 2.3. For enhanced clarity, there we worked under the flat-sky approximation.

However, it is safer to work on the full sky for realistic studies of Planck-like

experiments which include very large scales. We therefore generalise the flat-sky

treatment from Sec. 2.3 to the full sky, which leads to a more involved notation

but does not change the mechanics of the quadratic lensing reconstruction (see

e.g. [59, 79, 88, 89]).

The lensed CMB temperature T̃ (n̂) along direction n̂ is related to the unlensed

temperature T (n̂) by the deflection field α(n̂)1

T̃ (n̂) = T [n̂ + α(n̂)]. (5.1)

1The notation here is rather symbolic on the spherical sky: the point n̂+α(n̂) is understood
to be obtained from n̂ by displacing through a distance |α(n̂)| along the geodesic that is tangent
to α at n̂ [194].
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5.1 Full-sky CMB lensing reconstruction

Symbol Description Definition

T Unlensed CMB temperature (5.1)

T̃ Lensed CMB temperature (5.1)

φin Input lensing potential field in simulations

φ̂ Lensing reconstruction (quadratic in T̃ ) (5.9)

AL, g̃ Normalisation and weights for φ̂ (5.10), (5.11)

CXXl Fiducial theoretical power spectrum of

X = T , T̃ or φ (without noise/beam)

C T̃ T̃l,expt Lensed temperature power spectrum
including beam-deconvolved noise

(2.101)

ĈXXl Empirical power spectrum of a realisation of

X = T , T̃ , φin or φ̂

(5.18)

N
(0)
l Gaussian, fully disconnected noise bias of Ĉφ̂φ̂l (5.16)

N
(1)
l , N

(2)
l Biases of Ĉφ̂φ̂l at O(Cφφ) and O[(Cφφ)2] [59]

N̂
(0)
l Data-dependent, empirical bias subtraction term (5.17), (5.31)

cov(Ĉφ̂φ̂L , Ĉ T̃ T̃L′,expt) Covariance of CMB temperature and lensing
reconstruction power spectra

(5.32)

cov(· · · )disconn. Noise contribution (from Gaussian, fully
disconnected CMB 6-point function)

(5.34), (5.35)

cov(· · · )conn.4pt.X
[(non-)primary] Trispectrum contributions of type X = A,B

[from (non-)primary coupling]
Appendix 5.D

cov(· · · )〈T̃1···T̃6〉(4)c,dom.
Matter cosmic variance contribution [from
O(φ4) connected CMB 6-point function]

(5.44), (5.106)

A Overall lensing amplitude of a fiducial
lensing power spectrum

Cφφl =ACφφl |fid

Â Estimator for A based on reconstruction
power spectrum, i.e. CMB trispectrum

(5.50)

Â′ Estimator for A based on CMB power spectrum (5.51)

n Tilt of a fiducial lensing power spectrum Cφφl |fid (5.63)

Table 5.1: Summary of the main quantities used throughout this chapter (roughly
ordered after first appearance).
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The deflection angle can be written in the Born approximation as the angular

gradient of the lensing potential, α(n̂) = ∇φ(n̂), which is given by an integral along

the (unperturbed) line of sight of the gravitational potentials (see Eq. (2.86)).

Analogously to Eqs. (2.92) and (2.93), on the full sky, the effect of lensing

on the CMB temperature can be expressed perturbatively by Taylor expanding

Eq. (5.1) in φ. Expanding in spherical harmonics, the multipoles of the lensed

CMB, T̃lm, are related to those of the unlensed CMB Tlm and the lensing potential

φlm via [82]

T̃lm = Tlm + δTlm + δ2Tlm + · · · , (5.2)

where changes due to lensing δnTlm are of order O(φn) and linear in the unlensed

temperature T :

δTlm =
∑

l1,l2

φl1Tl2I
mm1m2
ll1l2

, (5.3)

δ2Tlm =
∑

l1,l2,l3

φl1φl2Tl3J
mm1m2m3
ll1l2l3

, (5.4)

where we have introduced the notation l ≡ (lm) and I denotes an angular integral

over a product of (derivatives of) spherical harmonics given by [82]

Imm1m2
ll1l2

= (−1)m

(
l l1 l2

−m m1 m2

)
Fll1l2 . (5.5)

Expressions for Jmm1m2m3
ll1l2l3

can be found in [59]. The geometrical factor Fl1Ll2 ,

which is symmetric in the last two indices, is given by

Fl1Ll2 = [L(L+ 1)− l1(l1 + 1) + l2(l2 + 1)]

×
√

(2l1 + 1)(2L+ 1)(2l2 + 1)

16π

(
l1 L l2

0 0 0

)
, (5.6)

and describes the rotationally-invariant part of the coupling between the three

multipoles. Note that the factor in the second line of Eq. (5.6) is symmetric in all

three indices.

It is possible to reconstruct the lensing potential φ(n̂) from the lensed CMB
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exploiting the fact that fixed lenses introduce correlations between temperature

modes [195, 196]. Following the non-perturbative calculations in [87], we have

〈
∂

∂φLM
(T̃l1m1T̃l2m2)

〉
≈ (−1)M

(
L l1 l2

−M m1 m2

)
f̃l1Ll2 , (5.7)

where f̃l1Ll2 is symmetric in l1 and l2 and contains the lensed temperature power

spectrum, C T̃ T̃
l :

f̃l1Ll2 = C T̃ T̃
l2
Fl1Ll2 + C T̃ T̃

l1
Fl2Ll1 . (5.8)

The angle brackets in Eq. (5.7) denote the expectation value over φ and T (and

noise) and we have neglected the T–φ correlation which is generally a good ap-

proximation for CMB lensing since we are usually interested in small-scale modes

of the temperature where the correlation is small. More generally, we will neglect

the T–φ correlation throughout this thesis, except where explicitly stated oth-

erwise. Equation (5.7) motivates forming a quadratic estimator1 for the lensing

potential [89],

φ̂LM = AL
∑

l1l2

(−1)M

(
l1 l2 L

m1 m2 −M

)
g̃l1l2(L)T̃l1T̃l2 , (5.9)

which is the full-sky equivalent of (2.102). For any choice of weights g̃l1l2(L), we

determine the normalisation AL by demanding that 〈∂φ̂LM/∂φL′M ′〉 = δLL′δMM ′

which gives

AL = (2L+ 1)

(∑

l1l2

f̃l1Ll2 g̃l1l2(L)

)−1

. (5.10)

One can determine optimal weights by minimising the variance of the estimator

to find [analogously to Eq. (2.107)]

g̃l1l2(L) =
f̃l1Ll2

2C T̃ T̃
l1,exptC

T̃ T̃
l2,expt

, (5.11)

1Beyond the class of quadratic estimators, the lensing potential can potentially be estimated
more optimally by maximising the full likelihood (see e.g. [109, 197, 198]). Since current data
analyses employ the quadratic estimator we only consider this case throughout this thesis.
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where the numerator contains the lensed temperature power C T̃ T̃
l , while the de-

nominator involves the total power spectrum for the experiment C T̃ T̃
l,expt including

beam-deconvolved noise [see Eq. (2.101)].

The normalisation (5.10) and weight (5.11) differ slightly from the original

works of Hu and collaborators [88, 89] since f̃l1Ll2 involves the lensed instead of

the unlensed CMB power spectrum. The form here is particularly suited to power

spectrum estimation and incorporates the non-perturbative findings of [87]. The

expectation value of the estimated reconstruction power spectrum

Ĉ φ̂φ̂
L ≡

1

2L+ 1

L∑

M=−L
φ̂LM φ̂

∗
LM , (5.12)

involves the 4-point function of the lensed CMB. The connected part of the 4-point

function can be written in terms of the fully-reduced trispectrum Tl1l2l3l4
(L) as [199]

〈T̃l1m1T̃l2m2T̃l3m3T̃l4m4〉c

=
1

2

∑

LM

(−1)M

(
l1 l2 L

m1 m2 M

)(
l3 l4 L

m3 m4 −M

)
Tl1l2l3l4

(L) + perms .

(5.13)

By evaluating the trispectrum correct to O[(Cφφ
L )2], Ref. [59] show that the domi-

nant terms for lensing reconstruction can be approximated by

Tl1l2l3l4
(L) ≈ 1

4
Cφφ
L f̃l1Ll2 f̃l3Ll4 , (5.14)

which involves the lensed C T̃ T̃
l (via f̃l1Ll2 etc.). The normalisation of Eq. (5.10)

therefore correctly normalises the power spectrum Ĉ φ̂φ̂
l , avoiding a O(φ4) bias of

around −15% on large scales that results from using the unlensed spectra, i.e.

fl1Ll2 , in the normalisation AL (and weight g̃).

Taking the expectation value 〈Ĉ φ̂φ̂
L 〉, and using Eq. (5.13), gives [59, 200]

〈Ĉ φ̂φ̂
L 〉 = Cφφ

L +N
(0)
L +N

(1)
L + O((Cφφ)3), (5.15)

where N
(n)
L is of order (Cφφ)n if we do not count appearances of Cφφ in the lensed
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temperature power spectrum. The disconnected part of the lensed temperature

4-point function leads to the Gaussian bias

N
(0)
L =

2A2
L

2L+ 1

∑

l1,l2

g̃2
l1l2

(L)C T̃ T̃
l1,exptC

T̃ T̃
l2,expt = AL, (5.16)

where the last equality holds only if the weights g̃l1l2(L) are given by Eq. (5.11).

Since this bias is present even in the absence of lensing, it corresponds to the

power spectrum generated by the statistical noise of the lensing reconstruction

(see Appendix 5.C for a more detailed discussion of how this bias is generated).

The N (1) bias is due to those permutations in Eq. (5.13) that mix multipoles

between the primary (l1m1, l2m2) and (l3m3, l4m4) couplings, e.g. 1 ↔ 3. It has

been computed in [59, 200]; see also Fig. 5.1. An unbiased estimate for the lensing

potential power spectrum can be obtained by subtracting N (0) + N (1) from Ĉ φ̂φ̂.

Here, for N (1) we subtract the bias evaluated in the fiducial cosmology used for

our simulations. We also evaluate the normalisation AL for this fiducial model.1

The subtraction of the Gaussian N (0) bias can be done in various ways. The

simplest is to subtract a fiducial model. For temperature reconstructions, accurate

N (0) subtraction is critical because N (0) generally exceeds the signal power Cφφ on

all scales (by around two orders of magnitude at multipoles l ∼ 1000). For the ide-

alised isotropic surveys considered here, this is perhaps not too problematic since

only C T̃ T̃
l,expt is required to calculate N (0) and this can be estimated from a smoothed

version of the measured CMB power spectrum. However, in the presence of a mask

and other survey anisotropies, the Gaussian bias must generally be subtracted via

simulations which requires an accurate procedure for simulating maps including

all relevant real-world effects such as noise inhomogeneities and correlations, beam

asymmetries and unresolved foreground emission. A work-around to these issues is

1Note that the normalisation AL is dependent on the cosmological model through e.g. f̃l1Ll2 .
However, the lensed temperature power spectrum, and hence AL, generally varies much less
across models consistent with the measured CMB power spectrum than CφφL (and so N (1)).
In practical applications, if a fiducial model is assumed to normalise the 4-point function, the
parameter-dependent CφφL can easily be renormalised in the likelihood by the ratio of the fiducial
AL to that at the current location in parameter space. This is not possible for N (1) because it is
very slow to evaluate. Therefore, some modeling uncertainty for N (1) should be included in the

covariance of Ĉφ̂φ̂.
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to use alternative data-dependent forms of N (0) (see [201] and references therein)

whose expectation value either equals N (0) or closely approximates it. Here, we

use the form (for an isotropic survey) Ĉ φ̂φ̂
L − (2N̂

(0)
L −N

(0)
L ), advocated in [59, 201],

where

N̂
(0)
L =

2A2
L

2L+ 1

∑

l1,l2

g̃2
l1l2

(L)Ĉ T̃ T̃
l1,exptC

T̃ T̃
l2,expt, (5.17)

i.e. we replace one occurrence of C T̃ T̃
l,expt in N (0) with the empirical temperature

power spectrum of our given sky. Note that the expectation value 〈N̂ (0)
L 〉 = N

(0)
L .

As well as reducing the impact of modelling errors, this form of N (0) subtraction

has the benefit of greatly reducing correlations between the Ĉ φ̂φ̂
L estimates that

arise from the disconnected part of the CMB 8-point function; see Sec. 5.3.2 and

[59]. As we shall see in Sec. 5.4.1, it also eliminates the Gaussian contribution to

the covariance between Ĉ φ̂φ̂
L and the measured temperature power spectrum. Fur-

ther motivation for the 2N̂
(0)
L −N

(0)
L construction comes from considering optimal

trispectrum estimation for weakly non-Gaussian fields [54]; these arguments are

discussed further in the context of CMB lensing in Appendices 5.B and 5.C.

Throughout this chapter we assume that the instrumental beam has been de-

convolved from the T̃lm. The total power spectrum of the experiment is then of

the form (2.101). Following [59], we will use σN = 27µK arcmin and σFWHM =

7 arcmin, which is roughly appropriate for Planck.

5.2 Simulations

We use simulations to verify our analytic arguments. These are based on 1000

realisations of a flat ΛCDM cosmology with WMAP7+BAO+H0 parameters [202]

h = 0.704, Ωbh
2 = 0.0226, Ωch

2 = 0.1123, τ = 0.087, ns = 0.963, ∆2
R = 2.441 ×

10−9 at k0 = 0.002 Mpc−1 and three massless neutrino species. We start with

realisations of the unlensed temperature and lensing potential up to linmax = 3000

(including the CTφ correlation on large scales), which are then lensed using LensPix

[203]. The lensed temperature up to lTmax = 2750 is used to reconstruct the lensing

potential up to lφmax = 2650 with the full-sky simulation setup of Hanson et al. [59].

The convolution in harmonic space in Eq. (5.9) is evaluated as a product in pixel
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5.3 Auto-correlations of power spectra

space, where spin-1 spherical harmonic transforms are taken using HEALPix [204].

As a slight modification to [59] we use the reconstruction normalisation AL and

weights g̃ given in Eqs. (5.10) and (5.11) to avoid the N (2) bias.

Figures 5.1 and 5.2 confirm that the power spectrum of the lensing reconstruc-

tion agrees with the input lensing power spectrum if the N (0) and N (1) biases are

taken into account. Similar plots in [59] contain the N (2) bias because their sim-

ulations used reconstruction weights and normalisation with unlensed instead of

lensed temperature power spectra. The realisation-dependent N̂ (0) bias correction

does not change the expectation value of the reconstruction power spectrum but

reduces its covariance.

5.3 Auto-correlations of power spectra

We will argue later that parameter estimation with the lensing reconstruction

should be based on empirical power spectra defined by

ĈXX
l ≡ 1

2l + 1

l∑

m=−l
(−1)mX̂lmX̂l,−m, (5.18)

where X̂lm are the multipole coefficients of the realisation X̂(n̂) of a field on the

sphere. Here, X = T̃ or φ. To construct a likelihood for the empirical power

spectra we will model auto- and cross-correlations of the empirical power spectra

of the observed lensed temperature and the reconstructed lensing potential. If X

is a statistically-isotropic, Gaussian field, then the power covariance is diagonal

with

cov(ĈXX
l , ĈXX

l′ ) = δll′
2

2l + 1
〈ĈXX

l 〉2. (5.19)

In the following we will abbreviate the Gaussian variance with

varG(CXX
l ) ≡ 2

2l + 1

(
CXX
l

)2
. (5.20)

We demonstrate in Appendix 5.F that for most applications we can neglect the

effect of CTφ on the covariance between the power spectra of the lensed tempera-

ture and the lens reconstruction. Because the Taylor expansion of Eq. (5.2) is linear

163



Chapter 5

10
1

10
2

10
!9

10
!8

10
!7

10
!6

[L
(L

+
1
)]

2
C

L
/
(2

!
)

1000 1500 2000 2500
 

 

L

C !̂!̂
L ! N

( 0 )
L

C !̂!̂
L ! 2N̂

( 0 )
L + N

( 0 )
L

N
( 0 )
L

C !!
L

C !!
L + N

( 1 )
L

circles±!C !!
L |n d i ag

crosses±!C !!
L |d i ag

Figure 5.1: Reconstructed lensing potential power spectrum Ĉ φ̂φ̂
L averaged over

1000 simulations, after subtracting the analytically-calculated N (0) bias (cyan cir-
cles). The magenta line is the input lensing potential power. Blue symbols include
the empirical reconstruction bias correction of Eq. (5.17). The error bars show the
estimated standard deviation of the binned power spectrum for a single realisation
of the lensed CMB. Cyan error bars are only visible when they disagree from the
blue error bars. Cyan dash-dotted lines show theoretical error bars obtained by
binning Eqs. (5.27) and (5.28) below. Blue dash-dotted lines are theoretical error
bars from Eq. (5.28) only. The biases N (0) (red) and N (1) (black, which also in-
cludes Cφφ

L ) are calculated analytically. Note that the left-hand panel uses a log
scale for multipole L, whereas the right-hand panel uses a linear scale.

164



5.3 Auto-correlations of power spectra

10
1

10
2

!5

!4

!3

!2

!1

0

1

2

3

4

5
x 10

!8

[L
(L

+
1
)]

2
C

L
/
(2

!
)

1000 1500 2000 2500
 

 

L

C !̂!̂
L ! N

( 0 )
L ! C !!

L

C !̂!̂
L ! 2N̂

( 0 )
L + N

( 0 )
L ! C !!

L

N
( 1 )
L

circles±!C !!
L |n d i ag

crosses±!C !!
L |d i ag

Figure 5.2: Same as Fig. 5.1 after subtracting the theoretical lensing power spec-
trum Cφφ

L .
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in the unlensed temperature all odd n-point functions of the lensed temperature

vanish.

5.3.1 Lensed temperature

The auto-correlation of the lensed temperature power spectrum has been computed

at first order in Cφφ in [98] under the flat-sky approximation and in [205] on the

full sky. A contribution at second order in Cφφ was recently identified in [206].

The power covariance is given by

cov(Ĉ T̃ T̃
l,expt, Ĉ

T̃ T̃
l′,expt)

= δll′varG(C T̃ T̃
l,expt) +

1

(2l + 1)(2l′ + 1)

∑

m,m′

(−1)m+m′〈T̃lmT̃l,−mT̃l′m′T̃l′,−m′〉c,

(5.21)

where 〈 〉c denotes the connected part of the 4-point function, which is at O(Cφφ)

[199]

〈T̃l1T̃l2T̃l3T̃l4〉c

=
1

2
CTT
l2
CTT
l4

∑

LM

(−1)MCφφ
L

(
l1 l2 L

m1 m2 −M

)(
l3 l4 L

m3 m4 M

)
Fl1Ll2Fl3Ll4

+ all perms. (5.22)

Here and in the following ‘all perms’ denotes permutations in all non-contracted

multipole indices, i.e. permutations of 1, 2, 3, and 4 in Eq. (5.22). If we also
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5.3 Auto-correlations of power spectra

include the contribution at second order in Cφφ from [206] we get [205, 206]1

cov(Ĉ T̃ T̃
l,expt, Ĉ

T̃ T̃
l′,expt) = δll′varG(C T̃ T̃

l,expt) +
2

(2l + 1)(2l′ + 1)

∑

L

Cφφ
L f 2

lLl′

+
∑

L

∂C T̃ T̃
l

∂Cφφ
L

2

2L+ 1

(
Cφφ
L

)2 ∂C T̃ T̃
l′

∂Cφφ
L

+ O[(Cφφ)3], (5.23)

where fl1Ll2 is from the unlensed version of Eq. (5.8): fl1Ll2 = CTT
l2
Fl1Ll2 +

CTT
l1
Fl2Ll1 . The third term on the right of Eq. (5.23) arises from cosmic vari-

ance of the lenses. Fluctuations at lens multipole L produce fluctuations in the

empirical lensed temperature power spectrum over a range of multipoles. The

fluctuations in the lens power, ∆Cφφ
L , propagate to the empirical temperature

power spectrum approximately as ∂C T̃ T̃
l /∂Cφφ

L . The power derivative here can be

calculated perturbatively by noting that at O(Cφφ) [82]

C T̃ T̃
l = CTT

l [1− l(l + 1)R] +
∑

l1,l2

Cφφ
l1
CTT
l2

F 2
ll1l2

2l + 1
, (5.24)

where

R =
1

8π

∑

l

(2l + 1)l(l + 1)Cφφ
l (5.25)

is half the mean-squared deflection. Therefore

∂C T̃ T̃
l

∂Cφφ
L

=
∑

l′

CTT
l′

F 2
lLl′

2l + 1
− L(L+ 1)(2L+ 1)

8π
l(l + 1)CTT

l . (5.26)

While Ref. [206] included higher-order corrections to this expression by taking

numerical derivatives of lensed power spectra computed non-perturbatively with

the CAMB code [64, 84], these corrections are not expected to be important for

our purposes here.

The off-diagonal contributions to the correlation between the empirical Ĉ T̃ T̃
l,expt

1The O(φ4) part of Eq. (5.23) was not derived in a rigorous perturbative analysis, which
would imply additional corrections. For example, the unlensed flLl′ in the second term on the
right could be replaced by its lensed counterparts, as in Eq. (5.14). We do not investigate such
corrections to the temperature power auto-covariance further because corrections to the leading
Gaussian term are negligible for all applications in this chapter.
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Figure 5.3: (a) Theoretical off-diagonal part of the correlation correl(Ĉ T̃ T̃
LT
, Ĉ T̃ T̃

L′T
)

to first order in Cφφ, given by the second term on the right of Eq. (5.23)
(see [205]). The covariance is converted to a correlation by dividing by

[varG(C T̃ T̃
LT ,expt)varG(C T̃ T̃

L′T ,expt)]
1/2. (b) O[(Cφφ)2] contribution to the correlation

identified in [206].

are shown in Fig. 5.3 (see [205] and [206] for similar plots). The checkerboard

structure of the O[(Cφφ)2] contribution arises because fluctuations in the lensing

power produce changes in the lensed temperature spectra of opposite signs at the

acoustic peaks and troughs. Both of the corrections in Eq. (5.23) give correlations

that are at most of order 10−4 and are rather localised in the (l, l′) plane. (Note

that the correlations are suppressed on small scales where noise dominates the

diagonal variance.) The impact of these non-diagonal contributions is found to

be negligible for all calculations in this chapter, i.e. we can assume a Gaussian

diagonal auto-covariance of the temperature power spectrum.

5.3.2 Lensing reconstruction

The auto-correlation of the lensing reconstruction power spectrum involves the

8-point function of the lensed temperature. Hanson et al. [59] found that the

dominant off-diagonal contributions on the full sky are given by disconnected terms

168



5.3 Auto-correlations of power spectra

that contribute as (see [200] for a similar calculation on the flat sky)

cov(Ĉ φ̂φ̂
L , Ĉ φ̂φ̂

L′ )
dom
non-diag =

32A2
LA

2
L′

(2L+ 1)(2L′ + 1)

×
∑

l1

1

2l1 + 1
(C T̃ T̃

l1,expt)
2

[∑

l2

g̃2
l1l2

(L)C T̃ T̃
l2,expt

][∑

l3

g̃2
l1l3

(L′)C T̃ T̃
l3,expt

]
. (5.27)

This dominates over more tightly-coupled terms that involve products of four

weights g̃ that do not factor in the form g̃2g̃2 and therefore enforce a reduced

summation volume (because the 3j-symbols appearing in the weights g̃ impose

more triangle conditions). The variance (L = L′) on the full sky is predominantly

var(Ĉ φ̂φ̂
L ) =

2

2L+ 1
〈C φ̂φ̂

L 〉2, (5.28)

with small corrections from Eq. (5.27) (for L = L′).

As shown in [59] the off-diagonal reconstruction power correlation can reach a

level of 0.5% and is rather broad-band. If the reconstructed power is binned this

can induce correlations of O(10%) between different bins. Physically, these broad-

band correlations arise because cosmic-variance fluctuations in the CMB at a given

scale produce fluctuations in Ĉ φ̂φ̂ that are coherent over a broad range of scales due

to the mode-coupling nature of lens reconstruction (small-scale CMB fluctuations

are used to reconstruct large-scale lenses). To make this physical interpretation

more explicit we note that the dominant non-diagonal covariance contribution of

Eq. (5.27) can be written as

cov(Ĉ φ̂φ̂
L , Ĉ φ̂φ̂

L′ )
dom
non-diag =

∑

l1

∂(2N̂
(0)
L )

∂Ĉ T̃ T̃
l1,expt

2

2l1 + 1
(C T̃ T̃

l1,expt)
2 ∂(2N̂

(0)
L′ )

∂Ĉ T̃ T̃
l1,expt

, (5.29)

where the (realisation-independent) derivative is given by

∂(2N̂
(0)
L )

∂Ĉ T̃ T̃
l1,expt

=
4A2

L

2L+ 1

∑

l2

g̃2
l1l2

(L)C T̃ T̃
l2,expt, (5.30)

which is non-zero even in the absence of lensing. Equation (5.30) describes the
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change of the Gaussian reconstruction noise1 resulting from fluctuations of the

observed temperature realisation. In propagating these changes through to the

covariance of Ĉ φ̂φ̂, one picks up the sample variance of the total lensed temperature

power spectrum, varG(C T̃ T̃
l,expt).

As noted in Sec. 5.1, using the realisation-dependent N̂ (0) bias correction of

Eq. (5.17) significantly reduces the off-diagonal covariance of the reconstruction

power spectrum. To help interpret the N̂ (0) correction, we write it in the form

Ĉ φ̂φ̂
L − 2N̂

(0)
L +N

(0)
L = Ĉ φ̂φ̂

L −
∑

l

∂(2N̂
(0)
L )

∂Ĉ T̃ T̃
l,expt

Ĉ T̃ T̃
l,expt +N

(0)
L . (5.31)

Therefore, for a given realisation of the lensed temperature, the empirical N̂ (0)

bias correction partly removes the response of the Gaussian reconstruction noise

to changes in the lensed temperature realisation. To see that this removes the non-

diagonal power covariance of the lensing reconstruction caused by cosmic variance

of the lensed temperature, note that both cov(Ĉ φ̂φ̂
L , 2N̂

(0)
L′ ) and cov(2N̂

(0)
L , 2N̂

(0)
L′ )

equal the right hand side of Eq. (5.29) at O(φ0). The empirical N̂ (0) correction leads

to a small reduction in the variance of the binned reconstructed power spectrum, as

shown in Figs. 5.1 and 5.2. Any residual covariance after empirical N̂ (0) subtraction

is too small to be detected in our simulations.

5.4 Temperature-lensing cross-correlation

For a joint analysis involving the empirical power spectra of the lens reconstruction

and the lensed temperature anisotropies, the likelihood should model their cross-

correlation to avoid potential double-counting of lensing effects. In this section we

calculate the cross-correlation. We recover the two main physical effects introduced

in Sec. 2.3.4, i.e. a “noise contribution” from the cosmic variance of the lensed

temperature affecting the noise in the reconstruction over a wide range of scales,

and a “matter cosmic variance contribution” from cosmic variance of the lenses

1When squaring the reconstruction φ̂LM to form the reconstruction power spectrum, we pick
up not only the signal power CφφL but also the noise of the reconstruction. Further details on

the correspondence between noise terms in the reconstruction power and the 2N̂ (0) expression
are provided in Appendix 5.C.
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5.4 Temperature-lensing cross-correlation

altering the smoothing of the acoustic peaks in the temperature power spectrum.

We will show in Sec. 5.4.1 that the noise contribution is due to the disconnected

part of the lensed temperature 6-point function, while in Sec. 5.4.2 we show that

the matter cosmic variance contribution is due to the connected part of the 6-point

function. Corrections from the lensed temperature trispectrum generally have a

sub-dominant effect on parameter estimation and are discussed in Appendix 5.D

(see also Fig. 5.9 below).

5.4.1 Noise contribution

5.4.1.1 Perturbative derivation: Disconnected part of lensed temper-

ature 4- and 6-point functions

Since the reconstructed lensing potential is quadratic in the lensed temperature

the covariance cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt) involves the 4- and 6-point functions of the lensed

temperature. Using the definition of φ̂ in (5.9) we find

cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt)

=
A2
L

(2L+ 1)(2L′ + 1)

∑

l1,··· ,l4,M,M ′

(−1)M+M ′

(
l1 l2 L

m1 m2 −M

)(
l3 l4 L

m3 m4 M

)

× g̃l1l2(L)g̃l3l4(L)
[
〈T̃l1T̃l2T̃l3T̃l4T̃L′M ′T̃L′,−M ′〉 − 〈T̃l1T̃l2T̃l3T̃l4〉〈T̃L′M ′T̃L′,−M ′〉

]
.

(5.32)

Since all connected terms vanish in the absence of lensing we expect the noise

contribution to come from the fully disconnected part. If we only keep disconnected

terms, the second line of Eq. (5.32) can be replaced by

[
〈T̃l1T̃l2T̃l3T̃l4T̃L′M ′T̃L′,−M ′〉 − 〈T̃l1T̃l2T̃l3T̃l4〉〈T̃L′M ′T̃L′,−M ′〉

]

→ 4
[
〈T̃l1T̃l3〉〈T̃l2T̃L′M ′〉〈T̃l4T̃L′,−M ′〉+ (M ′ ↔ −M ′)

]
, (5.33)

where we exploited symmetry under relabelling (l1 ↔ l2) and/or (l3 ↔ l4). We

also used that the contractions 〈T̃l1T̃l2〉 and 〈T̃l3T̃l4〉 do not contribute because
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〈φ̂LM〉 = 0. The fully disconnected part of Eq. (5.32) is therefore

cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt)disconn. =
8A2

L

(2L+ 1)(2L′ + 1)

(
C T̃ T̃
L′,expt

)2∑

l1

g̃2
l1L′(L)C T̃ T̃

l1,expt,

(5.34)

where the weight g̃l1L′(L) enforces l1 + L+ L′ to be even.

To interpret this result note that it can be expressed in terms of the derivative

in Eq. (5.30) as

cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt)disconn. =
∂(2N̂

(0)
L )

∂Ĉ T̃ T̃
L′,expt

2

2L′ + 1

(
C T̃ T̃
L′,expt

)2

. (5.35)

This part of the covariance is therefore due to the response of the Gaussian recon-

struction noise to changes in the observed temperature realisation and the resulting

covariance with the observed temperature power. Based on this intuition, we an-

ticipate that the covariance can be mitigated by the realisation-dependent N̂ (0)

correction of the reconstruction power bias (see Sec. 5.4.1.4 for confirmation).

5.4.1.2 Magnitude and structure of the correlation matrix

In Fig. 5.4a we plot the power correlation resulting from the power covariance in

Eq. (5.34) (denoting Lφ = L and LT = L′ for convenience),

correl(Ĉ φ̂φ̂
Lφ
, Ĉ T̃ T̃

LT ,expt) =
cov(Ĉ φ̂φ̂

Lφ
, Ĉ T̃ T̃

LT ,expt)√
varG(Cφφ

Lφ
+N

(0)
Lφ

+N
(1)
Lφ

) varG(C T̃ T̃
LT ,expt)

. (5.36)

We plot the correlation of the unbinned spectra. Note that if the covariance is

broad-band (i.e. roughly constant over the bin width) the correlation of (sufficiently

finely) binned power spectra will increase roughly proportionally to the square root

of the product of the two bin widths. The Gaussian variance of C T̃ T̃
LT ,expt in the

denominator of Eq. (5.36) contains the beam-deconvolved noisy temperature power

spectrum (2.101), so that high temperature multipoles are suppressed.

The unbinned power correlation shown in Fig. 5.4a is mostly constrained to

a cone-like region in the Lφ vs LT plane, with the maximum correlation of 0.5%
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5.4 Temperature-lensing cross-correlation

(a) Theoretical noise contribution (b) Simulations

(c) Simulations with empirical N̂ (0) subtraction

Figure 5.4: (a) Theoretical noise contribution from Eq. (5.34) to the correlation
of unbinned power spectra of the lensed temperature and the reconstructed lens-

ing potential, correl(Ĉ φ̂φ̂
Lφ
, Ĉ T̃ T̃

LT ,expt). The acoustic peaks of the temperature power

spectrum are visible in the vertical direction. (b) Estimate of the correlation of
unbinned power spectra from 1000 simulations. (c) Same as (b) after subtracting

the empirical N̂ (0) bias of Eq. (5.17) from Ĉ φ̂φ̂.
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located at the first acoustic peak LT ∼ 200 and lensing reconstruction multipoles

1600 . Lφ . 1900. To understand the basic structure of the correlation in Fig. 5.4a

we compute approximations to Eq. (5.34) in the limits LT � Lφ and Lφ � LT .

For LT � Lφ, the weights in Eq. (5.34) restrict the summation from l1 =

Lφ − LT to l1 = Lφ + LT . If we Taylor expand in l1 around Lφ we get

correl(Ĉ φ̂φ̂
Lφ
, Ĉ T̃ T̃

LT ,expt)
LT�Lφ
disconn.

≈ [Lφ(Lφ + 1)]2ALφ
8π

√
(2LT + 1)(2Lφ + 1)

LT (LT + 1)C T̃ T̃
LT

Lφ(Lφ + 1)C T̃ T̃
Lφ,expt

. (5.37)

Recalling that ALφ = N
(0)
Lφ

for optimal weights, we see from Fig. 5.1 that the first

term slightly increases with Lφ. The last term is maximised at the first acoustic

peak LT ∼ 200 and at the reconstruction multipole 1600 . Lφ . 1900 where

the observed temperature power C T̃ T̃
Lφ,expt is minimal (for the Planck-like noise and

beam considered here). In this region Eq. (5.37) gives a correlation of around 0.4–

0.5%, which agrees with Fig. 5.4a. Equation (5.37) also implies that lower noise in

the temperature power spectrum would move the region where the correlation is

maximal to higher reconstruction multipoles Lφ. The cone structure in Fig. 5.4a,

with apex at (Lφ, LT ) ∼ (1600–1900, 200) and edges Lφ − LT . (1600–1900) .
Lφ + LT , encloses the region for which the sum over l1 includes the maximum of

1/C T̃ T̃
l1,expt [which is contained in the summand in Eq. (5.34)] around l1 = 1600–

1900. A similar argument can be applied for the cone patterns in the Lφ . 200

region.

For high temperature and low reconstruction multipoles, Lφ � LT , we can

Taylor expand Eq. (5.34) in l1 around LT (see [59] for a similar calculation):

correl(Ĉ φ̂φ̂
Lφ
, Ĉ T̃ T̃

LT ,expt)
Lφ�LT
disconn. ≈

[Lφ(Lφ + 1)]2A2
Lφ

2π(ALφ + Cφφ
Lφ

)

(C T̃ T̃
LT

)2

(C T̃ T̃
LT ,expt)

2

√
(2Lφ + 1)(2LT + 1)

4

× 1

4



(

d ln(L2
TC

T̃ T̃
LT

)

d lnLT

)2

+
1

2

(
d lnC T̃ T̃

LT

d lnLT

)2

 , (5.38)

where we have neglected N
(1)
Lφ

and used ALφ = N
(0)
Lφ

. The quadrature sum of
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5.4 Temperature-lensing cross-correlation

derivatives in the last term is maximal between acoustic peaks and troughs at

LT ∼ 350, 625, 925, 1225, 1550, 1850 etc., which agrees with the temperature

multipoles where the full correlation shown in Fig. 5.4a is maximal (for Lφ . 200).1

The maximum value of the second line of Eq. (5.38) is around 36 (for LT . 2700).

If we neglect Cφφ
Lφ

compared to ALφ , which is roughly acceptable for Lφ . 10, then

the first term in Eq. (5.38) is around 2× 10−7 (see Fig. 5.1), i.e. for Lφ . 10,

correl(Ĉ φ̂φ̂
Lφ
, Ĉ T̃ T̃

LT ,expt)
Lφ�LT
disconn. . 2× 10−7 × 1

2

√
(2Lφ + 1)(2LT + 1)× 36. (5.39)

For example, for Lφ = 10, LT = 1500 the bound is 9 × 10−4 which is consistent

with the full result shown in Fig. 5.4a.

5.4.1.3 Comparison with simulations

Before assessing the relevance of the noise contribution to the covariance for pa-

rameter estimation we compare the analytic result in Eq. (5.34) with the full

covariance estimated from our simulations. For the latter, we use

ĉov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt) =
1

Nsims − 1

Nsims∑

s=1

(Ĉ φ̂φ̂
L,s − 〈Ĉ φ̂φ̂

L 〉sims)(Ĉ
T̃ T̃
L′,expt,s − 〈Ĉ T̃ T̃

L′,expt〉sims),

(5.40)

where s labels different realisations and 〈·〉sims denotes the average over Nsims reali-

sations. To reduce the noise of the estimates from the finite number of simulations,

1The correlation at high LT is suppressed by the noise in C T̃ T̃LT ,expt which is used to normalise
the covariance in Eq. (5.36).
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we average the measured covariance over a range of L and L′ values,1

ĉov(Ĉ φ̂φ̂

Li
, Ĉ T̃ T̃

L
′
j ,expt

) =
1

∆Li∆L′j

1

[Li(Li + 1)]2 L
′
j(L
′
j + 1)

×
Li+1−1∑

L=Li

L′j+1−1∑

L′=L′j

[L(L+ 1)]2L′(L′ + 1)ĉov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′ ), (5.41)

where Li and L′j are bin boundaries for lensing and temperature powers, respec-

tively, and Li and L
′
j denote the corresponding bin centres. The bin widths are

∆Li = Li+1 − Li and ∆L′j = L′j+1 − L′j. We divide out L(L + 1) prefactors to

average over relatively slowly varying quantities. In Fig. 5.4b we plot the estimate

of the correlation that unbinned power spectra would have. This is obtained by

dividing the covariance estimate of Eq. (5.41) by the theoretical Gaussian variance

of unbinned power spectra as in Eq. (5.36) [evaluated at (Li, L′j)]. Within the

random scatter from the finite Nsims, the estimated correlation agrees with the

theoretical noise contribution of Eq. (5.34). We can also conclude that the noise

contribution is the dominant part of the temperature-lensing power correlation.

5.4.1.4 Mitigating the noise contribution with the empirical N̂ (0) bias

correction

In practice, it is desirable that the temperature and reconstruction power spectra

are uncorrelated so that their respective likelihoods may be simply combined.

Indeed, this is the assumption that has been made in all joint analyses to date [3,

94, 99].

Fortunately, the empirical N̂ (0) subtraction, which was originally proposed

in [59] to eliminate the non-diagonal reconstruction power auto-covariance (5.27),

also removes the noise contribution [Eq. (5.34)] to the temperature-lensing power

cross-covariance. To see this note that if the empirical bias correction of Eq. (5.17)

1Note that for broad-band covariances this binning procedure does not bias the covariance
estimate, i.e., the binned covariance agrees with the unbinned covariance in the limit of averaging
over infinitely many simulations. However, for a finite number of simulations, the binned covari-
ance is less noisy than the covariance estimate at a single (L,L′) pair. Note also that binning
the estimated covariance is equivalent to estimating the covariance of the binned spectra.
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is used, the cross-covariance changes by

−cov(2N̂
(0)
L , Ĉ T̃ T̃

L′,expt) = −
∑

l

∂(2N̂
(0)
L )

∂Ĉ T̃ T̃
l,expt

cov(Ĉ T̃ T̃
l,expt, Ĉ

T̃ T̃
L′,expt)

= −cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt)disconn. + O(φ2). (5.42)

We establish a more general version of this result in [6], where we show that

the generalisation of the N̂ (0) correction for anisotropic surveys removes the noise

contribution to the covariance with any quadratic estimate (including e.g. cross-

spectra) of the temperature power spectrum. We confirm the reduction in the

cross-covariance with simulations in Fig. 5.4c. Corrections to Eq. (5.42) from

the non-Gaussian terms in the covariance of the temperature power spectra [see

Eq. (5.23)] at O(φ2) and O(φ4) reach at most 3× 10−5 in the correlation, which is

roughly one order of magnitude smaller than the matter cosmic variance contribu-

tion discussed below (see Fig. 5.5a). These corrections are too small to be visible

in Fig. 5.4c and we neglect them in the following.

5.4.2 Matter cosmic variance contribution

5.4.2.1 Warm-up: Power covariance of input lensing potential and

lensed temperature

We expect the cosmic variance of the lenses to induce a power-correlation of the

lensed temperature with the lensing reconstruction since greater lensing power

in a given realisation leads to additional smoothing of the empirical temperature

power spectrum. As a warm-up, we calculate how the same effect gives rise to a

covariance between the power spectrum of the temperature and the (unobservable)

power spectrum of the lensing potential, as if we were able to measure φ directly

with no noise (i.e. assuming that we knew the input lensing potential). This cor-

relation can be extracted from simulations simply by measuring the correlation

of the power spectra of the lensed temperature and the input lensing potential

without performing any lensing reconstruction. To calculate the covariance per-

turbatively, note that for a fixed realisation of the input lensing potential φin the

lensed temperature power spectrum obtained by averaging only over the unlensed

177



Chapter 5

CMB is given by (L′ 6= 0)

1

2L′ + 1

∑

M ′

〈|T̃L′M ′|2〉CMB

= CTT
L′ +

1

2L′ + 1

∑

l1l2

Ĉφinφin

l1
CTT
l2
F 2
L′l1l2 − R̂L′(L′ + 1)CTT

L′

= CTT
L′ +

∑

L′′

∂C T̃ T̃
L′

∂Cφφ
L′′
Ĉφinφin

L′′ . (5.43)

Here Ĉφinφin denotes the empirical power spectrum of the input lensing potential

realisation φin
1 and R̂ is defined by replacing Cφφ in Eq. (5.25) by Ĉφinφin . The first

line of Eq. (5.43) can be derived from the expansion in Eq. (5.2) at second order

in φin. The term linear in φin vanishes because it is proportional to the monopole

of φin. In Eq. (5.43) we neglected noise in the temperature measurement since this

does not contribute to the covariance that we aim to calculate. The derivative in

the second line of Eq. (5.43) is given by Eq. (5.26). Neglecting the T -φ correlation,

we then have

cov(Ĉφinφin

L , Ĉ T̃ T̃
L′,expt) = 〈Ĉφinφin

L 〈Ĉ T̃ T̃
L′,expt〉CMB〉LSS − 〈Ĉφinφin

L 〉〈Ĉ T̃ T̃
L′,expt〉,

=
2

2L+ 1
(Cφφ

L )2 ∂C
T̃ T̃
L′

∂Cφφ
L

, (5.44)

where 〈·〉LSS denotes an average over realisations of φ (i.e., over large-scale struc-

ture).

5.4.2.2 Power covariance of reconstructed lenses and lensed tempera-

ture from the connected 6-point function

The power covariance [Eq. (5.32)] of the reconstructed lensing potential and the

lensed temperature receives contributions from the connected 4- and 6-point func-

tions, as well as the Gaussian (disconnected) part. The leading-order trispectrum

is linear in Cφφ and so cannot give rise to the expected matter cosmic variance

1We denote this as φin, while the reconstructed lensing potential is φ̂. Recall that C denotes
theoretical and Ĉ empirical power spectra.
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contribution calculated above. The trispectrum contributions are discussed in de-

tail in Appendix 5.D, and are shown to have a sub-dominant effect on parameter

estimation (see Fig. 5.9 below). We therefore focus here on the contribution from

the connected 6-point function. Terms independent of φ do not contribute to the

connected part and terms linear in φ vanish when averaging over large-scale struc-

ture. Since the φ2 contribution can be shown to vanish [207] as well as φ3 terms

which vanish for Gaussian φ, the leading-order contribution is of order φ4. The

O(φ4) contribution from the connected 6-point function to the temperature-lensing

power covariance is calculated in detail in Appendix 5.E. The dominant contribu-

tion there [Eq. (5.106)] is exactly of the form calculated above [Eq. (5.44)] for the

power covariance of the input lensing potential and the lensed temperature.

5.4.2.3 Magnitude and structure of the covariance matrix

The correlation of unbinned temperature and lensing power spectra due to (5.106)

is at most ∼ 0.04% (see Fig. 5.5a). Since higher lensing power lowers the peaks

and increases the troughs of the temperature power, the correlation is negative

at multipoles LT where the temperature power peaks and positive where it has a

trough. The correlation is small for Lφ & 150 because the acoustic peak smearing

is mainly caused by large-scale lenses [98].

The structure of the correlation in Fig. 5.5a suggests that it can be approxi-

mated by a low-rank matrix. Indeed, if we perform a singular-value-decomposition

of the covariance of [Lφ(Lφ + 1)]2Ĉ φ̂φ̂
Lφ
/(2π) and LT (LT + 1)Ĉ T̃ T̃

LT
/(2π) induced by

(5.106), the first singular value is 34 times larger than the second (see Fig. 5.6).

Truncating after the first singular value, the rank-one approximation of the covari-

ance is

cov

(
[Lφ(Lφ + 1)]2Ĉ φ̂φ̂

Lφ

2π
,
LT (LT + 1)Ĉ T̃ T̃

LT

2π

)

(5.106)

≈ λ1uLφvLT , (5.45)

where the maximum singular value is λ1 = 8.3× 10−8 µK2 and the associated left

and right singular vectors uLφ and vLT are shown in Fig. 5.7. The approximation

in (5.45) is so accurate that differences between the l.h.s. and r.h.s. are not visible

1More accurately, we estimate the covariance and normalise it as in Eq. (5.36).
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(a) Matter cosmic variance theory (b) Simulations

Figure 5.5: (a) Theoretical matter cosmic variance contribution (5.106) to the
correlation of the unbinned power spectra of reconstructed lensing potential and
lensed temperature. The covariance (5.106) is converted to a correlation using the

same conversion factor as in (5.36). (b) Measured covariance ˆcov(Ĉφinφin

Lφ
, Ĉ T̃ T̃

LT
−

ĈTT
LT

) of the input lensing potential power spectrum and the difference of noise-free
lensed and unlensed temperature in 1000 simulations, normalised as in Eq. (5.36).

if both sides are plotted (see Fig. 5.8). Therefore, the power covariance (5.106) due

to matter cosmic variance is caused by the fact that cosmic variance fluctuations

of the lensing power spectrum that have the shape of the mode uLφ induce corre-

lated changes of the temperature power spectrum that have the form of vLT . The

accuracy of the rank-one approximation can be understood analytically by Taylor-

expanding the temperature power spectrum appearing in the derivative (5.26) in

the limit Lφ � LT and noting that the result has a rank-one structure (see [6]

for details). This result is consistent with [98] who found that the lensed CMB

temperature power spectrum is mostly sensitive to a single mode of the lensing

power spectrum Cφφ.

5.4.2.4 Comparison with simulations

Before assessing the importance for parameter estimation of the matter cosmic

variance contribution to the cross-covariance, we validate it against simulations.

The measurements of the temperature-lensing power correlation in Fig. 5.4b are
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Figure 5.6: Twenty largest singular values of the covariance between [Lφ(Lφ +

1)]2Ĉ φ̂φ̂
Lφ
/(2π) and LT (LT + 1)Ĉ T̃ T̃

LT
/(2π) induced by the matter cosmic variance

contribution (5.106), for lφmax = 500 and lTmax = 2500.

too noisy to resolve clearly the matter cosmic variance contribution. However,

we can test Eq. (5.44) by correlating the lensed temperature with the empirical

power spectrum Ĉφinφin of the realisation of the input lensing potential without

performing any reconstruction. To reduce the noise of the covariance estimate we

work with the empirical power of the lensed temperature without including beam

effects or noise, which do not affect the matter cosmic variance effect we are look-

ing for. Since we have so far neglected T -φ correlations in all calculations, we try

to eliminate correlations between the lensing potential and the unlensed temper-

ature in the simulations by calculating ĉov(Ĉφinφin

L , Ĉ T̃ T̃
L′ − ĈTT

L′ ). Here, Ĉφinφin is

the empirical power of the input lensing potential and ĈTT is the empirical power

of the unlensed temperature. Additionally, subtracting the unlensed from the

lensed empirical temperature power reduces the noise of the covariance estimate

because it eliminates the scatter due to cosmic variance of the unlensed temper-

ature. Otherwise, our estimate of the covariance follows the procedure described

in Sec. 5.4.1.3. As shown in Fig. 5.5b, these broad-band estimates are consistent

with the theoretical expectation from Eq. (5.44).

181



Chapter 5

0 100 200 300 400 500
0

0.05

0.1

0.15

Lφ

u
L

φ

0 500 1000 1500 2000 2500

−0.05

0

0.05

LT

v
L

T
Figure 5.7: Left and right singular vectors associated with the largest singular
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Figure 5.8: Left : The approximate contribution to the covariance between

[Lφ(Lφ+1)]2Ĉ φ̂φ̂
Lφ
/(2π) and LT (LT +1)Ĉ T̃ T̃

LT
/(2π) from cosmic variance of the lenses,

derived from Eq. (5.106). Right : The rank-one approximation to the matrix on
the left from retaining only the largest singular value.
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5.4.2.5 Mitigating the matter cosmic variance contribution

As we shall show in Sec. 5.4.4, the impact on parameter errors of ignoring the

covariance between the lensed temperature and reconstruction power due to cos-

mic variance of the lenses is small for an experiment like Planck. Indeed, this

is why the covariance is not accounted for in the current Planck likelihood [3].

However, the covariance is simple to model using Eq. (5.106) and could easily be

included in a joint analysis. Equivalently, the covariance could be diagonalised by

appropriate modifications of the empirical temperature or lensing power spectra.

A symmetric way to do this, mirroring the empirical N (0) correction that we ad-

vocate applying to the empirical lensing reconstruction power, is to modify the

measured temperature power spectrum by

Ĉ T̃ T̃
l,expt → Ĉ T̃ T̃

l,expt −
∑

l′

All′(Ĉ
φ̂φ̂
l′ − 2N̂

(0)
l′ ) +

〈∑

l′

All′(Ĉ
φ̂φ̂
l′ − 2N̂

(0)
l′ )

〉
, (5.46)

where

All′ =
∂C T̃ T̃

l

∂Cφφ
l′

(
Cφφ
l′

〈Ĉ φ̂φ̂
l′ 〉

)2

. (5.47)

The expectation value is introduced in Eq. (5.46) to preserve the mean value of

Ĉ T̃ T̃
l,expt. The construct (Cφφ

l′ /〈Ĉ φ̂φ̂
l′ 〉)2 acts like a Wiener filter on the empirical spec-

trum Ĉ φ̂φ̂
l′ −2N̂

(0)
l′ . The effect is to ‘delens’ the lensed temperature power spectrum

with the (CMB-averaged) lensing effect from any scales in the reconstructed po-

tential power spectrum where the signal-to-noise on the reconstruction is high. In

practice, high signal-to-noise lens reconstructions are never achieved with recon-

structions based only on the temperature.

An alternative procedure is suggested by Eq. (5.45): project out from Ĉ φ̂φ̂
L the

dominant singular vector uL. Although this is lossy, it does have the virtue that

the T̃ T̃ part of the likelihood is left unchanged. We discuss the effect of such a

lossy projection on the errors of amplitude estimates in Sec. 5.4.4.1.
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XY , ZW UU V V Equation here Reference

Any combination of T̃ T̃ , T̃ Ẽ, ẼẼ φφ – – (5.23) [206]

B̃B̃, B̃B̃ φφ EE [206]

φ̂φ̂, φ̂φ̂ – – T̃ T̃ (5.28), (5.29) [59, 200], this work

φ̂φ̂− 2N̂ (0) +N (0), φ̂φ̂− 2N̂ (0) +N (0) – – – – (5.28) [59]

φ̂φ̂, T̃ T̃ φφ T̃ T̃ (5.106), (5.35) this work

φ̂φ̂− 2N̂ (0) +N (0), T̃ T̃ φφ – – (5.106) this work

Table 5.2: Covariance types UU and V V that are picked up by power covariances
cov(ĈXY

L , ĈZW
L′ ) according to Eq. (5.48). Lensed power spectra are denoted with

tildes and for T̃ T̃ the V V covariance should be understood to correspond to C T̃ T̃
l,expt

including noise. The notation φ̂φ̂− 2N̂ (0) +N (0) stands for ĈXY
L = Ĉ φ̂φ̂

L − 2N̂
(0)
L +

N
(0)
L , and in this case the Gaussian variance in the first term of Eq. (5.48) involves

〈Ĉ φ̂φ̂
L 〉2, while the Gaussian covariance with Ĉ T̃ T̃

L′ involves (CTφ
L )2. The symbol – –

means that the corresponding contribution is cancelled or can be neglected. For the
temperature-lensing covariances in the bottom two rows the leading trispectrum
contribution of Eq. (5.97) should be added to Eq. (5.48).

5.4.3 Towards a complete model for power covariances

The power covariances of Eqs. (5.29), (5.35) and (5.106) can be regarded as a

natural extension of the model for temperature and polarization power covariances

found in [206]. We can summarise the covariances in the unified form

cov(ĈXY
L , ĈZW

L′ ) = δLL′covG(ĈXY
L , ĈZW

L′ ) +
∑

ll′

∂CXY
L

∂CUU
l

cov(ĈUU
l , ĈUU

l′ )
∂CZW

L′

∂CUU
l′

+
∑

ll′

∂CXY
L

∂CV V
l

cov(ĈV V
l , ĈV V

l′ )
∂CZW

L′

∂CV V
l′

, (5.48)

where U and V are listed in Table 5.2 for different combinations of XY and ZW .

In this context we make the identifications

∂C φ̂φ̂
L

∂Cφφ
l

≡ δLl,
∂C φ̂φ̂

L

∂C T̃ T̃
l

≡ ∂(2N̂
(0)
L )

∂Ĉ T̃ T̃
l,expt

. (5.49)

The first term on the right of Eq. (5.48) is the Gaussian covariance that would

arise for Gaussian fields X, Y , Z and W .

The general formula of Eq. (5.48) does not include trispectrum contributions to
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the temperature-lensing covariance, but the dominant correction has a simple form

[Eq. (5.97)], which can be added straightforwardly to the covariance. Generally,

terms involving CTφ in Eq. (5.48) can be neglected. While we evaluated derivatives

perturbatively in φ, non-perturbative corrections can be included from numerical

derivatives of accurate lensed power spectra [64, 206]. However we do not expect

these corrections to be significant here. All combinations listed in Table 5.2 have

been verified with simulations in [59, 206] or in this work. Extending the covariance

model to polarization-based lensing reconstructions would be interesting but is

beyond the scope of this chapter.

5.4.4 Impact of correlations on parameter estimation

5.4.4.1 Lensing amplitude estimates

As a first step in assessing the impact of covariances between the temperature

and lens-reconstruction power spectra on parameter estimation, we consider con-

straining an overall amplitude parameter A of a fiducial lensing power spectrum,

Cφφ
l = ACφφ

l |fid [75] with all other parameters fixed. The value of A = 1 corre-

sponds to lensing at the level expected in the fiducial model, while A = 0 corre-

sponds to no lensing.

The lensing amplitude can be estimated from the reconstructed lensing poten-

tial with

Â =

∑
l,l′ C

φφ
l

(
cov−1

φ̂φ̂

)
ll′

(
Ĉ φ̂φ̂
l′ −N

(0)
l′ −N

(1)
l′

)

∑
L,L′ C

φφ
L

(
cov−1

φ̂φ̂

)
LL′

Cφφ
L′

, (5.50)

where covφ̂φ̂ denotes the auto-covariance of the reconstructed lensing power given

by Eqs. (5.27) and (5.28), evaluated for A = 1. Equation (5.50) is the maximum-

likelihood estimator for the lensing amplitude if the likelihood is modeled as a

multi-variate Gaussian in the empirical power spectrum of the lensing reconstruc-

tion. This form of the likelihood will be motivated later. Alternatively, the lensing

amplitude can be extracted directly from the lensed temperature power spectrum
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without invoking lensing reconstruction by

Â′ =

∑
l

(
Ĉ T̃ T̃
l,expt − CTT

l,expt

)(
cov−1

T̃ T̃ ,expt

)
ll

(
C T̃ T̃
l − CTT

l

)

∑
l′

(
C T̃ T̃
l′ − CTT

l′

)2 (
cov−1

T̃ T̃ ,expt

)
l′l′

, (5.51)

where the auto-covariance of the temperature power is approximated by its leading-

order diagonal piece [see Eq. (5.23)].

Since the reconstruction-based amplitude Â is linear in the empirical recon-

struction power and the temperature-based amplitude Â′ is linear in the empirical

lensed temperature power, the covariance of Â and Â′ involves the temperature-

lensing power covariance that we computed earlier,

cov(Â, Â′)

= σ2
Aσ

2
A′

∑

l,l′,l′′

Cφφ
l

(
cov−1

φ̂φ̂

)
ll′

cov(Ĉ φ̂φ̂
l′ , Ĉ

T̃ T̃
l′′,expt)

(
cov−1

T̃ T̃ ,expt

)
l′′l′′

(
C T̃ T̃
l′′ − CTT

l′′

)
,

(5.52)

where the standard deviations are1

σA =

[∑

l,l′

Cφφ
l

(
cov−1

φ̂φ̂

)
ll′
Cφφ
l′

]−1/2

, (5.53)

σA′ =

[∑

l

(
C T̃ T̃
l − CTT

l

)2 (
cov−1

T̃ T̃ ,expt

)
ll

]−1/2

. (5.54)

1If no empirical N̂ (0) subtraction is used we evaluate σA with non-diagonal reconstruction
power auto-covariance, which gives σA ≈ 2.7% if lφmax ≥ 500 for our noise and beam specifications.
The estimated sample standard deviation of Â from simulations is larger by a factor of up to
1.07 compared to the theoretical expectation. If the N̂ (0) subtraction is used we evaluate σA
with diagonal reconstruction power auto-covariance, which yields σA ≈ 2.5–2.6% for lφmax ≥ 500.
The estimated sample standard deviation from simulations is larger by a factor of at most 1.05.
The modest reduction in σA with empirical N̂ (0) subtraction is expected given the origin of this
estimator as the approximate maximum-likelihood estimator for the trispectrum (see Appendix
5.B). For the lensing amplitude A′ estimated from the temperature power spectrum, we find
σA′ ≈ 3.9% for lTmax = 2002 and our Planck-like noise model. The estimated sample standard
deviation from simulations is larger by a factor of 1.01.
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The covariance of Â and Â′ can be measured in Nsims simulations with

ĉov(Â, Â′) =
1

Nsims − 1

Nsims∑

s=1

(Âs − 〈Â〉sims)(Â
′
s − 〈Â′〉sims), (5.55)

where s labels different realisations. We get the correlation by dividing by the the-

oretical standard deviations of Eqs. (5.53) and (5.54). Approximating the spec-

tra as Gaussian variables, the variance of the estimated covariance is σ2
Aσ

2
A′ +

[cov(Â, Â′)]2, i.e. the variance of (Â − 1)(Â′ − 1), divided by Nsims − 1.1 If we

ignore the (small) correlation between Â and Â′, the theoretical standard error of

the measured covariance is therefore σAσA′/
√
Nsims − 1, i.e. the theoretical error

of the estimated correlation is roughly 1/
√
Nsims − 1 ≈ 3.2% for 1000 simulations.

Figure 5.9 shows that the lensing amplitude correlation measured in our simu-

lations agrees well with the theoretical correlation of Eq. (5.52) if all contributions

to the temperature-lensing power covariance are taken into account. As one of

the main results of this chapter we find that the correlation is at most 7% if

the realisation-dependent N̂ (0) subtraction [Eq. (5.17)] is used. Without this N̂ (0)

subtraction the correlation can reach up to 10% because the disconnected noise

contribution of Eq. (5.34) is not cancelled. A plausibility argument for the rela-

tively small level of amplitude correlations is presented in Appendix 5.A. Briefly,

the disconnected noise contribution is small since the temperature modes that

bring most information to the reconstruction are in between acoustic peaks and

troughs, but the temperature modes that influence Â′ most strongly are at the

peaks and troughs. Since these disjoint modes vary independently, the amplitude

correlation is suppressed. The matter cosmic variance contribution to the ampli-

tude correlation is small since the errors in the measurements of Â and Â′ are

dominated by cosmic variance of the temperature, not the lenses.

Figure 5.9 also illustrates the relative importance of the individual covariance

contributions derived above. The dominant effect comes from the matter cos-

mic variance contribution [Eq. (5.106)] which induces an amplitude correlation of

around 4–5% for any lφmax & 100. The disconnected noise contribution [Eq. (5.34)]

1As a product of two approximately normally distributed variables the random variable
(Âs−〈Â〉sims)(Â

′
s−〈Â′〉sims) is not normally distributed. However, the average over Nsims = 1000

realisations is approximately normally distributed due to the central limit theorem.
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Figure 5.9: (a) Correlation ĉorrel(Â, Â′) = ĉov(Â, Â′)/(σAσA′) of the lensing amplitude esti-
mates of Eqs. (5.50) and (5.51) measured in 1000 simulations (blue crosses), if no empirical N̂ (0)

subtraction is applied. The theoretical correlation from Eq. (5.52) (black) includes the noise con-
tribution of Eq. (5.34), the matter cosmic variance contribution of Eq. (5.106) and the dominant
connected 4-point contributions from Eqs. (5.96) and (5.97). In the simulations the lensing po-
tential is reconstructed from the lensed temperature power spectrum up to lrec

max = 2750. Then,

Â is estimated from Ĉφ̂φ̂l from lφmin = 2 up to the multipole lφmax, which is varied along the

horizontal axis. The amplitude Â′ is estimated using Ĉ T̃ T̃l,expt up to lTmax = 2002. Theoretical
expressions are evaluated with the same cut-offs (non-diagonal covariance matrices are cut off
before inverting them). Error bars show standard errors on the measured correlation. The errors
are very correlated because they all involve overlapping low-l reconstruction modes. (b) Same as
(a) but with empirical N̂ (0) subtraction. Since this removes some covariance contributions, the
theoretical covariance is given by Eqs. (5.97) and (5.106) only.
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5.4 Temperature-lensing cross-correlation

implies a slightly smaller amplitude correlation of 3–4% for lφmax & 300.1 An ad-

ditional contribution to the temperature-lensing power covariance comes from the

lensed temperature trispectrum discussed in Appendix 5.D. The dominant term

[Eq. (5.97)] gives rise to a 2% lensing amplitude correlation. The agreement be-

tween simulations and theory in Fig. 5.9 gives us confidence that the power correla-

tions modeled here include all relevant contributions for amplitude measurements.

Instead of fixing lφmin = 2 and varying lφmax it is worthwhile to consider the

disjoint reconstruction bins [lφmin, l
φ
max] = [40, 84], [85, 129], [130, 174], . . . , [355, 400]

used for the Planck analyses in [2, 3]. If the realisation-dependent N̂ (0) is used,

the theoretical correlation of the lensing amplitude estimated from one of these

bins alone with the lensing amplitude estimated from the temperature power (for

lTmax = 2002) is 5%, 3.6% and 2% for the first three reconstruction bins, and

decreases further for the remaining higher-l bins. This is consistent with the

correlations estimated from our 1000 simulations. In particular, this result shows

that the lensing amplitude estimated from the temperature power spectrum and

the reconstruction amplitudes used in the Planck lensing likelihood [3] are nearly

uncorrelated, which justifies neglecting this correlation in the likelihood.

For experiments with superior noise and beam characteristics the matter cos-

mic variance contribution to the temperature-lensing power covariance does not

change, but the lensing amplitude errors decrease. We therefore expect the cor-

responding amplitude correlation to increase. For example, for a full-sky ex-

periment with SPT-like noise and beam specifications, σN = 18µK arcmin and

σFWHM = 1 arcmin, the amplitude correlation from the matter cosmic variance

contribution alone is around 10–11% for lTmax = 2002 and lφmax = 500–1000.

Combined lensing amplitude estimate

We have presented two estimators of the lensing amplitude: Â is linear in the

reconstruction power and Â′ is linear in the CMB power. These two estimates can

1Although for the power spectrum cross-correlation the maximal noise contribution is about
an order of magnitude larger than the maximal matter cosmic variance contribution, the latter
can be more relevant for the correlation of amplitude estimates because of the phase argument
given in the text.
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be combined with inverse variance weighting,

ÂC =
1

σ−2
A + σ−2

A′

(
Â

σ2
A

+
Â′

σ2
A′

)
. (5.56)

This combined estimator is the maximum-likelihood estimator for the lensing am-

plitude if Â and Â′ are assumed to be uncorrelated. If there is a correlation between

Â and Â′ this does not change the expectation value of ÂC , but it does change its

variance, which is then given by1

var(ÂC) = σAσA′

(
σA
σA′

+
σA′

σA

)−2 [(
σA
σA′

+
σA′

σA

)
+ 2 correl(Â, Â′)

]
. (5.57)

A correlation between Â and Â′ therefore increases the 1σ error of the combined

estimator (5.56) by a factor of

σAC |cov(A,A′)6=0

σAC |cov(A,A′)=0

=

√
1 +

2(σA/σA′)

1 + (σA/σA′)2
correl(Â, Â′) ≤

√
1 + correl(Â, Â′) (5.58)

compared to the error if Â and Â′ were uncorrelated. Since correlations between

Â and Â′ were found to be at most 7% if the empirical N̂ (0) subtraction is used,

the 1σ error of the combined lensing estimate changes by at most 3.5% for Planck

(5.5% for the full-sky SPT-like experiment mentioned above). Noting that this is

the error on the error bar, the correlations between Â and Â′ found above can be

safely neglected when combining these two estimates of the lensing amplitude.

We briefly introduced a projection technique in Sec. 5.4.2.5 to remove the

covariance between the reconstructed lensing power and the lensed temperature

power spectrum due to the cosmic variance of the lenses. A simple way to perform

the projection is to modify the covariance matrix (covφ̂φ̂)ll′ in Eq. (5.50) by adding

λ′ulul′ , where ul is the dominant singular vector in Eq. (5.45), and taking λ′ to

infinity. To the extent that the covariance between the lensing and temperature

power spectra is really rank-one, this procedure removes the correlation between

Â and Â′ exactly. However, the variance of Â is increased by projection: it is

1To first order in the correlation, this sampling variance of the combined ÂC is the same as
the sampling variance of the optimal combined estimate that takes account of the correlations.
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5.4 Temperature-lensing cross-correlation

still given by Eq. (5.53) but with the modified (covφ̂φ̂)ll′ . For lφmax = 500, we find

that σA is increased from 0.025 to 0.042, i.e. a 70% increase. This falls to 60%

for lφmax = 1000. The reason for the large increase is that ul is rather similar in

shape to the signal whose amplitude we are trying to reconstruct. Given the large

increase in the error on Â, and that ignoring the effect of the covariance between

the lensing reconstruction and temperature power spectra is relatively harmless,

we do not advocate the use of projection to remove the correlations.

5.4.4.2 Cosmological parameters

We naively expect the impact of power correlations on cosmological parameters

to be smaller than for the lensing amplitude, because the latter is directly related

to the lensing potential on all scales and can therefore accumulate contributions

from the full power covariances. We confirm this with a simple Fisher analysis.

The covariance matrix for the joint data vector Ĉ = (Ĉ T̃ T̃
expt, Ĉ

φ̂φ̂− 2N̂ (0) +N (0)) is

covLL′, joint ≡ cov(ĈL, ĈL′)

=

(
δLL′varG(C T̃ T̃

L,expt) cov(Ĉ T̃ T̃
L,expt, Ĉ

φ̂φ̂
L′ − 2N̂

(0)
L′ )

cov(Ĉ φ̂φ̂
L − 2N̂

(0)
L , Ĉ T̃ T̃

L′,expt) δLL′varG(〈Ĉ φ̂φ̂
L 〉)

)
. (5.59)

Fisher errors are obtained by taking the square root of the diagonal entries of the

inverse of the Fisher matrix

Fij =
∑

LL′

∂CL

∂pi
(cov−1

joint)LL′
∂CL′

∂pj
(5.60)

for cosmological parameters p = (Ωbh
2,Ωch

2, h, τ, As, ns,Ωνh
2,ΩK) and theoreti-

cal power spectra C = (C T̃ T̃ , Cφφ) (assuming cosmology-independent N (0) for sim-

plicity). Including the off-diagonal temperature-lensing covariances of Eqs. (5.97)

and (5.106) in Eq. (5.59) increases the Fisher errors for these parameters by at

most 0.7% (0.5% if only Eq. (5.106) is used) compared to a completely diagonal

covariance matrix.1 The off-diagonal part of the joint covariance matrix can there-

1To obtain accurate derivatives for the Fisher matrix we assumed a fiducial cosmology with
massive neutrinos, pfid = (0.0226, 0.1123, 0.704, 0.087, 2.167× 10−9, 0.963, 0.005, 0), which differs
slightly from the cosmology used throughout the rest of the chapter. The Fisher errors were
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fore safely be neglected for cosmological parameter estimation with a Planck-like

experiment.

5.5 Towards a lensing likelihood

As argued in Sec. 2.3.4, dealing with the exact likelihood for the lensed CMB

temperature is generally computationally prohibitive. For this reason, we have

focussed on a form of data compression whereby the non-Gaussian lensed CMB is

represented by its 2- and 4-point functions (the latter via the lensing reconstruction

power spectrum). In computing the correlations between these spectra, we have

implicitly been assuming that the likelihood takes the form of a multi-variate

Gaussian in the spectra. In this section, we test the accuracy of this assumption

in simple parameter-estimation exercises.

5.5.1 Lensing amplitude from lensing reconstruction

As a toy model, we first aim to constrain the lensing amplitude A from the lensing

reconstruction alone. Considering an isotropic CMB survey, with Planck-like noise

as described earlier, we consider two simple models for the likelihood, both of which

depend only on the empirical power spectrum of the reconstruction. The first is

the usual isotropic likelihood for a Gaussian field:

−2 lnL1(φ̂|A) =
∑

l

(2l + 1)

(
Ĉ φ̂φ̂
l

ACφφ
l +Nl

+ ln
∣∣ACφφ

l +Nl|
)

+ (const.) . (5.61)

This would be correct if φ̂ were a Gaussian field. However, since the reconstruction

is manifestly non-Gaussian, we do not expect this likelihood to perform well. The

computed for lTmax = 2002 and lφmax = 1002.
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5.5 Towards a lensing likelihood

second is Gaussian in the empirical power spectrum Ĉ φ̂φ̂:

−2 lnL2(Ĉ φ̂φ̂|A)

=
∑

l,l′

[
Ĉ φ̂φ̂
l − (ACφφ

l +Nl)
]

(cov−1

φ̂φ̂
)ll′
[
Ĉ φ̂φ̂
l′ − (ACφφ

l′ +Nl′)
]

+ (const.) .

(5.62)

The theoretical reconstruction power auto-covariance covφ̂φ̂, given by Eqs. (5.27)

and (5.28), and the bias of the reconstructed lensing power, N = N (0) + N (1),

are evaluated for the fiducial amplitude A = 1. The empirical N̂ (0) subtraction is

obtained by replacing N with N̂ = 2N̂ (0) − N (0) + N (1). For L1, the maximum-

likelihood estimate for A (given a realisation of the lensing reconstruction) is found

numerically by direct evaluation of L1 for various A. The maximum likelihood

estimator for A based on the second likelihood L2 is given by Eq. (5.50).

We compute estimates Â of the lensing amplitude for 1000 realisations of the

lensed CMB. The sample mean of Â should be unity and the sample variance

of Â, i.e. the scatter of the best-fit amplitude over different realisations, should

agree with the typical width of the likelihood evaluated for a single realisation.

Checking these two properties provides a non-trivial test of the likelihood L1. In

contrast, for L2, rather than testing the accuracy of L2, the sample mean and

sample variance of Â just test our understanding of the mean and covariance of

Ĉ φ̂φ̂.1 This test is still useful to check for residual biases and the accuracy of our

model for the reconstruction power covariance.

Figure 5.10 compares the likelihood evaluated for several individual realisations

(coloured) with a Gaussian (black) with mean and standard deviation given by

sample mean and standard deviation of Â averaged over all 1000 realisations (for

lφmax = 2650 and our Planck-like noise model). Including the N (1) bias is important

at high multipoles for both likelihoods: e.g. without it, L1 overestimates the lensing

amplitude by 9%; see Fig. 5.10a. Including the N (1) bias in L1 yields the correct

lensing amplitude A = 1 in the mean, but the scatter of Â over realisations is more

1This is because the estimated lensing amplitude [Eq. (5.50)] is linear in Ĉφ̂φ̂. For example,

if the true likelihood depends on the third power of Ĉφ̂φ̂, it would be possible that this only
shows up in the skewness of Â. This issue will be addressed later by considering the tilt of the
lensing power spectrum, which depends non-linearly on the reconstruction power.
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Figure 5.10: Likelihoods for the lensing amplitude for 15 different realisations
(thin, coloured lines), using the lensing reconstruction up to lφmax = 2650, compared
with the scatter in the best-fit amplitude obtained over 1000 simulations. Each
likelihood peaks at some best-fit parameter Â, and the mean and scatter of these
best-fitting amplitudes over all 1000 simulations correspond to the Gaussian curves
(thick black). The upper panels show L1 from Eq. (5.61), while the lower panels
show L2 given by Eq. (5.62). All curves are normalised such that their integral
over A is unity.
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than 30% larger than the typical width of L1 in a single realisation; see Fig. 5.10b.

The likelihood L1 underpredicts the error of A because of the non-Gaussianity of

φ̂. This is demonstrated in Fig. 5.10c, for which we replace the reconstructions

with Gaussian simulations of a field with power spectrum Cφφ
l + N

(0)
l + N

(1)
l . In

this case, L1 should be exact and the scatter does indeed match the widths of

individual realisations.

In contrast, L2 can partly model the non-Gaussianity of φ̂ through the non-

diagonal reconstruction power auto-covariance. We compute Â based on L2 for

different forms of the lensing covariance. Neglecting off-diagonal contributions to

covφ̂φ̂ gives likelihood-based errors for A less than 80% of the scatter of Â across the

simulations; see Fig. 5.10d. If we include non-Gaussian, off-diagonal contributions

given by Eq. (5.27), we find that L2 predicts the scatter in A to better than 5%;

see Fig. 5.10e. Similar results are achieved with the empirical N̂ (0) correction of

Eq. (5.17) and diagonal (Gaussian) reconstruction power covariance; see Fig. 5.5.1.

5.5.2 Two-parameter likelihood tests with lensing ampli-

tude and lensing tilt

To test the likelihood approximation L2 we use the lensing reconstruction addi-

tionally to constrain the lensing tilt n defined by

Cφφ
l = A

(
l

l∗

)n
Cφφ
l |fid. (5.63)

The pivot multipole l∗ = 124 is chosen such that the Fisher matrix associated

with L2 is diagonal [for lφmax = O(103)], implying that the parameters A and n are

approximately uncorrelated. The likelihoods for nine realisations are compared

with the scatter of the best-fit parameters over 1000 realisations in Fig. 5.11. If

the non-diagonal lensing power covariance of Eq. (5.27) is included we find good

agreement (without empirical N̂ (0) subtraction). Note that we have binned the

reconstruction power in bins with boundaries at

l = 2, 13, 35, 75, 115, 155, 195, . . . (increasing by 40 above l = 35). (5.64)
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Figure 5.11: Likelihood test if lensing amplitude A (horizontal axis) and tilt n
(vertical axis) are varied. Thick lines: Contours enclosing 68%, 95% and 99.7% of
the probability for the likelihood L2 (5.62) evaluated for nine realisations. Gray
filled ellipses: Contours of a Gaussian with central point and covariance matrix
estimated from the scatter of the best-fit parameters over 1000 realisations. The
lensing power auto-covariance covφ̂φ̂ is assumed to be diagonal in (a), while (b) also
includes the non-diagonal contribution in Eq. (5.27). The reconstruction power is
used up to lφmax = 1002 and is binned as described in the text.
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Similar results for the unbinned case will be summarised in Fig. 5.12 below.

To quantify the agreement between the likelihoods for individual realisations

and the scatter of their best-fit parameters, we compare the areas of the confidence

contours shown in Fig. 5.11. We show in Fig. 5.12 the fractional deviation of

the areas of the Gaussian, with sample mean and sample covariance matched

to the scatter of the best-fit parameters over realisations, from the average area

of the likelihoods for individual realisations (i.e. the fractional deviation of gray

background areas from average areas enclosed by the solid lines in Fig. 5.11).

Neglecting the off-diagonal contribution to the lensing power covariance, which

is largest at high reconstruction multipoles [59], gives narrow misshapen likeli-

hoods that underestimate the scatter across simulations. This is particularly so

for lφmax & 1000 where the confidence areas disagree by around 40–65%. Binning

does not help because it does not reduce the broad-band correlations of the recon-

struction power. The agreement is better when the non-diagonal reconstruction

power covariance is used (the disagreement of confidence areas is at most 14%).

Alternatively, if the empirical N̂ (0) bias correction and the diagonal covariance is

used, the confidence areas deviate by at most 22%. If we assume circular contours

the fractional deviation of the contour radius is
√

1 + d− 1 < d/2 if d is the frac-

tional deviation of the contour areas. Taking this as the approximate fractional

error of the marginalised error bars of A or n shows that the error on the error

bars is smaller than 11% if the non-diagonal reconstruction covariance or empirical

N̂ (0) subtraction are used in L2. Therefore these two cases provide a reasonably

accurate model for the lensing likelihood in this test. If diagonal reconstruction

power covariance is assumed, and no empirical N̂ (0) subtraction performed, the

error on the error bars can reach 30% even if binning is used. It is also worth

noting that in this last case only the confidence areas increase with lφmax, i.e. the

analysis is clearly non-optimal.

Note that in the above, ideally, we should use a histogram of the best-fit pa-

rameters instead of fitting a Gaussian to their scatter. This would test the tails of

the distribution better because it would include possible skewness etc. However,

histograms from our 1000 simulations are too noisy to be useful for this purpose,

giving results that scatter significantly with changes in histogram binning widths

∆A and ∆n.
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(b) L2, non-diagonal covariance
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(c) L2, empirical N̂ (0) correction, diagonal covari-
ance

Figure 5.12: Quantitative comparison of areas in the A vs. n plane enclosed by
contours of the L2 likelihood. We show the fractional deviation of the areas of
Gaussians (with sample mean and sample covariance derived from the scatter of
the best fit-parameters over 1000 realisations) from the average area in a single
realisation. Positive values mean that the width of the likelihood typically underes-
timates the scatter of its peak across realisations. Results are shown for unbinned
power spectra (dashed lines) and power spectra binned according to the scheme
of Eq. (5.64) (solid lines); and for 68% (black), 95% (blue) and 99.7% (cyan)
confidence levels. The maximum multipole of the reconstruction power is varied
along the horizontal axis (only for three values which are connected by straight
lines to guide the eye). The lensing power auto-covariance covφ̂φ̂ in L2 is assumed
to be diagonal in (a), while (b) also includes the non-diagonal contribution of
Eq. (5.27). Panel (c) is for empirical N̂ (0) bias correction and diagonal covariance.
The contours in Fig. 5.11 correspond to the crosses at lφmax = 1002 in (a) and (b).
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5.6 Conclusions

To include the CMB lensing reconstruction power spectrum in a joint likelihood

analysis with the power spectrum of the temperature anisotropies requires knowl-

edge of the cross-covariance of the two spectra. We computed this cross-covariance

between the CMB 4-point and 2-point functions perturbatively, identifying two

physical contributions. The disconnected part of the 6-point function of the lensed

temperature leads to a noise contribution which can be interpreted as the response

of the statistical noise in the lens reconstruction to fluctuations in the underlying

CMB temperature field. The connected O(φ4) piece of the 6-point function gives

rise to a second contribution attributable to the cosmic variance of the lenses,

which causes the power spectrum of the lens reconstruction and the smoothing

effect in the anisotropy power spectrum to covary. The temperature-lensing power

covariance can therefore be written as

cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt)

=
∂(2N̂

(0)
L )

∂Ĉ T̃ T̃
L′,expt

2

2L′ + 1
(C T̃ T̃

L′,expt)
2

[
1 + 2

Cφφ
L

AL

]
+

2

2L+ 1
(Cφφ

L )2 ∂C
T̃ T̃
L′

∂Cφφ
L

, (5.65)

where perturbative expressions for the derivatives are given in Eqs. (5.26) and

(5.30). Both contributions were confirmed with simulations. The second term in

the square brackets represents the leading correction from the connected 4-point

function; see Eq. (5.97). The CTφ correlation gives a diagonal contribution to

the temperature-lensing power correlation, which is less than 5% for Planck-like

specifications and falls rapidly with L. This generally has a negligible impact on

parameter constraints derived jointly from the CMB 2- and 4-point functions.

We showed that correcting for the Gaussian N (0) bias in the reconstruction

power with the data-dependent N̂ (0), advocated by [59] to remove auto-covariances

of the lensing reconstruction power spectrum, also removes the noise contribution

to the temperature-lensing power correlation and we provided an intuitive inter-

pretation of this result.

For Planck-like specifications, estimates of the lensing amplitude A based on

the lensing reconstruction or the peak smearing of the lensed temperature power
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spectrum can be correlated at around the 10% level due to the power correlations.

If the correlations are ignored, this gives a mis-estimate of the error on a joint

amplitude estimate of only 5%, which should be negligible. The data-dependent

N̂ (0) bias correction reduces the amplitude correlation further to 7% and the error

of the error to 3.5%. Intuitively, we can understand the smallness of the corre-

lation (found perturbatively and with simulations) by noting that: (i) covariance

of the amplitude estimates due to cosmic variance of the lenses is limited by the

small number of modes of Cφφ that influence the acoustic region of the temper-

ature power spectrum, and is diluted significantly by CMB cosmic variance (and

noise); and (ii) roughly disjoint scales in the CMB contribute to the amplitude

determination from peak smearing and to the lens reconstruction limiting the cor-

relation due to CMB cosmic variance. (See Appendix 5.A for further details of

these arguments.) For a joint analysis of the power spectrum of a temperature-

based CMB lensing reconstruction and the power spectrum of the temperature

anisotropies themselves, the likelihoods for these two observables can therefore be

simply combined for a Planck-like experiment (as was the case for the 2013 Planck

analysis [3]).

Non-Gaussianity of the lensing reconstruction complicates the construction of

a likelihood. We showed that the usual likelihood for isotropic Gaussian fields

does not perform well for lens reconstruction in simple parameter tests, signifi-

cantly underestimating the scatter seen in the best-fitting parameters across sim-

ulations. We obtained better results with simple likelihoods that are Gaussian

in the measured spectra (with fiducial covariance matrix) provided that power

spectrum covariances were properly modeled or data-dependent N (0) subtraction

included. In two-parameter tests based on the amplitude and tilt of a fiducial

lensing power spectrum, the widths of these Gaussian likelihoods reproduce the

scatter in parameters across simulations at the 10% level.

With polarization-based reconstructions becoming feasible with current obser-

vations, it will be important to extend the analysis presented here to polarization

(see [208] for work in this direction). While we expect that many of our results can

be simply applied to reconstructions based on the temperature and polarization,

the correlations are likely to be much more significant and particularly so for the

most powerful EB-based reconstructions. We leave this to future work.
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Appendices of Chapter 5

5.A Why are the lensing amplitude cross-cor-

relations so small?

The calculations in this chapter give a rigorous derivation of the cross-correlation of

the power spectra of the lensing reconstruction and the temperature anisotropies.

In this appendix we present simple physical arguments for why the correlation of

the lensing amplitudes estimated from the reconstruction power and the anisotropy

power are so small. We present these arguments first for the correlation due to

CMB cosmic variance and then for the correlation due to cosmic variance of the

lenses.

5.A.1 Cosmic variance of the CMB

Due to the smoothing effect of lensing, most of the constraint on the lensing

amplitude Â′ estimated from the CMB power spectrum comes from the CMB

on scales of the acoustic peaks and troughs. This can be seen directly from the

contribution sT̃ T̃l to the total signal-to-noise squared [(S/N)2] associated with the

CMB cosmic variance at multipole l (see the blue curve in Fig. 5.13):

(
S

N

)2

A′
=

1

σ2
A′

=

lTmax∑

l=lTmin

(C T̃ T̃
l − CTT

l )2

varG(C T̃ T̃
l,expt)︸ ︷︷ ︸

sT̃ T̃l

. (5.66)

In contrast, in the limit of very large-scale lenses, and as argued in more detail

below, the reconstruction combines local convergence and shear measurements, for

which scales in the CMB where the power spectrum changes rapidly are most infor-

mative. For large-scale lenses, the (S/N)2 on the reconstruction-based amplitude

estimate Â is thus expected to be dominated by CMB modes between acoustic

peaks and troughs. Therefore, the lensing amplitude estimates Â and Â′ are de-

termined by rather disjoint CMB modes with independent CMB cosmic-variance

fluctuations. We therefore expect the amplitude correlation due to CMB cosmic
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Figure 5.13: Contribution of different CMB multipoles l to the (S/N)2 of the lens-
ing amplitude for estimators based on the CMB power spectrum [blue; Eq. (5.66)]
and on the lensing reconstruction [red; Eq. (5.67)] for lφmax = 10 (left) and
lφmax = 500 (right). The approximation in Eq. (5.68) for large-scale lenses is shown
in black dashed in the left plot. Since we are not interested in the total S/N but
only in its distribution over different CMB scales, all curves are normalised such
their integral over l is unity.
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variance to be suppressed (in case this correlation is not mitigated by the empirical

N̂ (0) subtraction anyway).

To make this point more quantitative, note that the reconstruction power Ĉ φ̂φ̂

is affected by CMB cosmic variance through the disconnected CMB 4-point con-

tribution N (0). Keeping the estimator normalisation AL and weights g̃ fixed in

Eq. (5.16), the contribution from the CMB at multipole l to the (S/N)2 of the

reconstruction-based amplitude estimate Â is monitored by

sφ̂φ̂l =

∣∣∣∣∣
δσ−2

A

δ lnC T̃ T̃
l,expt

∣∣∣∣∣
fixAL,g̃

=

lφmax∑

L=lφmin

∣∣∣∣∣
−2(Cφφ

L )2

2
2L+1

(
N

(0)
L + Cφφ

L +N
(1)
L

)3

4A2
L

2L+ 1

∑

l1

g̃2
l1l

(L)C T̃ T̃
l1,expt

∣∣∣∣∣C
T̃ T̃
l,expt , (5.67)

where we used σA from Eq. (5.53) and kept only the dominant diagonal part of

the reconstruction power auto-covariance. As shown in Fig. 5.13, sφ̂φ̂l (red) is out

of phase compared to sT̃ T̃l (blue). To understand this structure, we separate the

sums over L and l1 in Eq. (5.67) by restricting ourselves to very large-scale lenses,

lφmax � l, and using the large scale approximation for N (0) derived in [59] [see their

Eq. (19)], to find, for [lφmax . O(10)],

sφ̂φ̂l ≈ sφ̂φ̂l,approx =
f(lφmin, l

φ
max)

varG(C T̃ T̃
l,expt)



(
C T̃ T̃
l

d ln(l2C T̃ T̃
l )

d ln l

)2

+
1

2

(
C T̃ T̃
l

d lnC T̃ T̃
l

d ln l

)2

 .

(5.68)

Here, the prefactor f depends on the minimum and maximum reconstruction mul-

tipole but not on the CMB multipole l. The terms in square brackets have the

form of the quadrature sum of the information in convergence and shear. Con-

vergence changes locally the angular scale of the CMB anisotropies and so would

contribute nothing to the (S/N)2 for a scale-invariant spectrum, l2Cl = const.,

while shear contributes nothing for a white-noise spectrum, Cl = const.1 Thus,

1The relation between large-scale lenses and the induced local convergence and shear is dis-
cussed in detail by [209], who also find agreement between the (S/N)2 of a combined convergence
and shear estimate with the large-scale limit of the (S/N)2 of the trispectrum reconstruction.
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for large-scale lenses, the (S/N)2 for the reconstruction-based amplitude gets most

contributions from CMB scales where the gradient of the CMB power spectrum

is maximal, i.e. between acoustic peaks and troughs (see red and black curves in

Fig. 5.13a).

In reality, temperature multipoles that are not precisely at peaks or troughs

and not precisely in between them will affect both amplitude estimates, which

implies a small amplitude correlation. Intermediate- and small-scale lenses can mix

CMB modes over multipole ranges comparable to the acoustic peak separation so

that they are affected by wider ranges of CMB multipoles than argued above (see

red curve in Fig. 5.13b), which implies a somewhat larger amplitude correlation.

However, since the CMB scales that are most important for the reconstruction still

have negligible impact on the amplitude estimated from the temperature power,

we expect the correlation of the amplitudes to stay rather small.

5.A.2 Cosmic variance of the lenses

We now consider the contribution of cosmic variance of the lenses to the covari-

ance of the lensing amplitude estimates given in Eq. (5.52). It is instructive to

consider a toy-model where the reconstruction “noise” power is proportional to

Cφφ, i.e. N
(0)
l + N

(1)
l = λCφφ

l . Taking the limit λ → 0 is equivalent to being able

to observe φ directly with no measurement error, while λ → ∞ corresponds to

there being no information in the reconstruction. With N
(0)
l + N

(1)
l = λCφφ

l , the

weighting of the reconstruction power spectrum in Â is the same as for an ideal

reconstruction (i.e. one with no N (0) and N (1) noise). Provided we then determine

Â from all those φ modes that influence the temperature power spectrum, the con-

tribution to the amplitude covariance from cosmic variance of the lenses simplifies

significantly to give1

cov(Â, Â′) = σ2
A,ideal. (5.69)

Here, σ2
A,ideal = [

∑
l(l + 1/2)]−1 ≈ 2/(lφmax)2 is the variance of the reconstruction-

based amplitude in the ideal limit λ → 0 using all modes up to lφmax. Since only

This correspondence has also been used to approximate the squeezed limit of the ISW-lensing
bispectrum [87].

1Note that
∑lφmax

l=1 (∂C T̃ T̃l′ /∂Cφφl )Cφφl = C T̃ T̃l′ − CTTl′ for sufficiently large lφmax.
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a few (large-scale) lensing modes affect Â′, including more lensing modes in the

reconstruction dilutes the covariation of Â and Â′ over different realisations of

the lenses, because there are increasingly more lensing modes in Â whose fluctu-

ations do not enter Â′. The amplitude covariance falls inversely as the number

of modes in the reconstruction since the weight in Â given to those (few) modes

of Cφφ that influence the temperature power spectrum falls as the total number

of modes. Note that the covariance is independent of the weighting of the mea-

sured temperature power spectrum in Â′, provided Â′ is appropriately normalised,

and it is also independent of additional contributions to the reconstruction noise

(e.g. from CMB cosmic variance, for fixed lφmax). The variance of Â does depend

on the reconstruction noise level, with

σ−2
A ≈

∑

l

2l + 1

2

(
Cφφ
l

Cφφ
l +N

(0)
l +N

(1)
l

)2

=
1

(1 + λ)2

∑

l

2l + 1

2
=

1

(1 + λ)2
σ−2
A,ideal. (5.70)

The result cov(Â, Â′) = σ2
A,ideal for ideal weighting is necessary to ensure that

the lensed CMB spectrum adds no further information on the lensing amplitude

when combined with an ideal measurement of φ itself on all scales that are relevant

for peak smearing of the temperature power spectrum. To see this, note that we can

combine the amplitude estimates Â and Â′ optimally into a single estimate Âopt.,

properly taking account of their correlation. If we do this, the inverse variance of

the optimal estimate is given by contracting the inverse covariance matrix of the

estimates:

σ−2
A,opt. = cov−1(Â, Â) + 2 cov−1(Â, Â′) + cov−1(Â′, Â′). (5.71)

This evaluates to

σ−2
A,opt. =

σ2
A + σ2

A′ − 2σ2
A,ideal

σ2
Aσ

2
A′ − σ4

A,ideal

, (5.72)

on using Eq. (5.69) for the covariance. In the ideal case, taking the limit λ → 0,

we have σA = σA,ideal so that σA,opt. = σA,ideal. This as it must be – the observation

of the peak smearing in the power spectrum adds no new information to that
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obtained from the ideal measurement of φ. In the opposite limit, λ→∞, we have

σA → ∞ and σA,opt. = σA′ and all information is coming from the temperature

power spectrum.

The correlation induced by matter cosmic variance,

correl(Â, Â′) =
σ2
A,ideal

σAσA′
=

σA
(1 + λ)2σA′

, (5.73)

reaches its maximal value of σA,ideal/σA′ if the variance of the reconstruction power

spectrum is only due to matter cosmic variance, λ = (N
(0)
L +N

(1)
L )/Cφφ

L → 0; and

it falls monotonically with increasing λ, tending to zero as λ → ∞ (when CMB

cosmic variance dominates the reconstruction uncertainty). This is expected since

we assume matter and CMB fluctuations to be independent. More generally, σA

is determined by the number of high S/N modes in the reconstruction, but σA′

depends not only on the number of CMB modes but also the fractional size of

the power spectrum corrections from lensing relative to the total spectrum, C T̃ T̃
l,expt.

The result is that both factors σA,ideal/σA and σA,ideal/σA′ in Eq. (5.73) are less

than 1, diluting the amplitude correlation.

For our Planck-like parameters, the power spectrum corrections from lensing

are only ever a few percent of the total spectrum and so cosmic variance of the

CMB limits σA′ ≈ 0.04. Statistical noise in the lens reconstruction limits σA ≈
0.025. It is clear from Fig. 5.1 that a constant λ is not a good approximation for

lens reconstruction, but we can crudely limit λ & 2 in which case we expect the

amplitude correlation to be less than (0.025/0.04)/32 ∼ 0.06 which is close to the

value plotted in Fig. 5.9.

To summarise, the correlation of the lensing amplitudes due to the cosmic vari-

ance of the lenses is generally small since there are a limited number of modes of

Cφφ that influence the acoustic part of the temperature power spectrum (so the

covariance for an ideal reconstruction scales inversely as the number of reconstruc-

tion modes), and the small covariance [less than O(10−4)] is diluted by cosmic

variance of the CMB (and noise), which dominates the error on Â′ and contributes

significantly to the error on Â. We emphasise that these conclusions assume that

the temperature power spectrum at multipoles l & 3000, where the lensing-induced

power from small-scale lenses dominates the unlensed power, does not influence
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the amplitude estimate (i.e. the spectrum is limited by noise or foregrounds there).

5.B Optimal trispectrum estimation and N (0) sub-

traction

We show here that the data-dependent N̂ (0) subtraction introduced in (5.17) to re-

move the Gaussian reconstruction bias follows naturally from optimal trispectrum

estimation in the limit of weak non-Gaussianity. For simplicity we assume an ide-

alised isotropic survey but the calculations can straightforwardly be generalised to

include anisotropies from e.g. the mask by using a non-diagonal covariance 〈T̃l1T̃l2〉
(see [6], which also treats the more general case where the CMB temperature power

is obtained by cross-correlating maps with uncorrelated noise, and shows moreover

that the correlation cancellation properties are retained).

In the limit of weak non-Gaussianity, the Edgeworth expansion of the PDF

for the zero-mean temperature fluctuation T̃lm for zero bispectrum and non-zero

trispectrum is (e.g. [54])

Pr(T̃ ) =
e−T̃

2
l /(2Cll)

√
det(2πC)

{
1 +

1

24

〈T̃l1T̃l2T̃l3T̃l4〉c
C T̃ T̃
l1,exptC

T̃ T̃
l2,exptC

T̃ T̃
l3,exptC

T̃ T̃
l4,expt

[
T̃l1T̃l2T̃l3T̃l4

− (Cl1l2T̃l3T̃l4 + 5 perms) + (Cl1l2Cl3l4 + 2 perms)
]}

, (5.74)

where summation over l and li is implicitly assumed and we defined

Clilj ≡ 〈T̃liT̃lj〉 = δliljδmi,−mj(−1)m1C T̃ T̃
li,expt. (5.75)

To obtain an estimator for the lensing power spectrum Cφφ we maximise (5.74)

with respect to Cφφ. A practical approximate solution is to take only the first

step of a Newton-Raphson scheme starting from Cφφ = 0, so that the estimator is

proportional to ∂Pr(T̃ )/∂Cφφ
L evaluated at Cφφ = 0. Since we are only interested

in the trispectrum reconstruction (and not in the effect of lensing on the CMB

2-point statistics), we consider only the impact of Cφφ on the connected 4-point

function and neglect its effect on the covariance C. Then, the trispectrum-based
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estimator for the lensing power involves the derivative of the connected CMB

4-point function (5.13) with respect to Cφφ, which follows directly from (5.14).

Since the data combination in the square brackets in (5.74) is symmetric under

permutations, we only need to retain the primary coupling [i.e. the first term in

(5.13)]. We therefore have (with the square brackets in the first line abbreviating

the terms in square brackets in (5.74); L > 0)

Ĉφφ
L ∼

∂〈T̃l1T̃l2T̃l3T̃l4〉primary
c

∂Cφφ
L

[
· · ·
]

∝
∑

li,M

(−1)M

(
l1 l2 L

m1 m2 M

)(
l3 l4 L

m3 m4 −M

)
g̃l1l2(L)g̃l3l4(L)

×
[
T̃l1T̃l2T̃l3T̃l4

− (Cl1l3T̃l2T̃l4 + Cl1l4T̃l2T̃l3 + Cl2l3T̃l1T̃l4 + Cl2l4T̃l1T̃l3)

+ (Cl1l3Cl2l4 + Cl1l4Cl2l3)
]

(5.76)

∝ Ĉ φ̂φ̂
L − 2N̂

(0)
L +N

(0)
L , (5.77)

where Ĉ φ̂φ̂ is the empirical power spectrum of the reconstruction φ̂LM in (5.9).

Note that couplings where l1 = l2 and m1 = −m2, or l3 = l4 and m3 = −m4,

do not contribute because the sum over m1 or m3 implies L = 0. From (5.77)

we see that the data-dependent N̂ (0) bias subtraction indeed follows from optimal

trispectrum estimation.

Conceptually, the N̂ (0) subtraction is similar to the linear term required for

optimal bispectrum estimation [see Eq. (2.42)]; neither are necessary to obtain

unbiased estimators but they both reduce the variance of the estimators, making

them more optimal. While the linear term in the context of optimal bispectrum

estimation is only required in presence of inhomogeneities (e.g. due to noise), the

quadratic N̂ (0) term for optimal trispectrum estimation is required even in the case

of an ideal isotropic survey.
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5.C N̂ (0) subtraction as efficient mitigation of chance

alignments

In this appendix we provide further details to understand why the empirical N̂ (0)

bias subtraction cancels not only the non-diagonal reconstruction power auto-

covariance, but also the noise contribution to the temperature-lensing power cross-

covariance. After identifying chance-aligned terms in the empirical reconstruction

power spectrum in Eq. (5.79) below (see also [210]), we will show that avoid-

ing these terms naturally cancels the noise contribution to the auto- and cross-

covariance. We then show that empirical N̂ (0) subtraction achieves the same but

in a faster way (due to the specific multipole couplings that are relevant for the

covariances).

Given a CMB realisation T̃lm, we split the empirical reconstruction power spec-

trum into two contributions,

Ĉ φ̂φ̂
L =

A2
L

2L+ 1

∑

l1···l4M
(−1)M

(
l1 l2 L

m1 m2 −M

)(
l3 l4 L

m3 m4 M

)

× g̃l1l2(L)g̃l3l4(L)T̃l1T̃l2T̃l3T̃l4 (5.78)

= Ĉ φ̂φ̂
L,noise + Ĉ φ̂φ̂

L,rest,

where the noise term contains the part of the sum over li where CMB multipoles

are chance-aligned,1

Ĉ φ̂φ̂
L,noise =

2A2
L

2L+ 1

∑

l1l2m3m4M

(−1)M

(
l1 l2 L

m1 m2 −M

)(
l1 l2 L

m3 m4 M

)

× g̃2
l1l2

(L)sl1l2T̃l1m1T̃l2m2T̃l1m3T̃l2m4 , (5.79)

taking only half of the terms for l1 = l2 by defining sl1l2 = 1 − δl1l2/2. The

1It may be possible to modify the specific splitting of Eq. (5.78) chosen here without signifi-
cantly changing the conclusions below (e.g. by coupling m3 and m4 to m1 and m2). Our choice
allows for a relatively simple analytical assessment of the mean and covariance properties, and
is sufficiently accurate for the discussion here.
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expectation values are as desired, at sub-percent level accuracy1,

〈Ĉ φ̂φ̂
L,noise〉 ≈ N

(0)
L , 〈Ĉ φ̂φ̂

L,rest〉 ≈ Cφφ
L +N

(1)
L , (5.85)

To assess the covariance properties of the noise-corrected reconstruction power

spectrum Ĉ φ̂φ̂−Ĉ φ̂φ̂
noise, note that the O(φ0) noise contribution (5.34) to the temperature-

lensing power cross-covariance is sourced by contractions

T̃l1T̃l3T̃l2T̃l4 | T̃L′M ′T̃L′,−M ′ , (5.86)

which imply l1 = l3 and l2 = l4. Since all terms with coinciding multipoles of

this form are contained in the noise term (5.79), this covariance is cancelled if

Ĉ φ̂φ̂ − Ĉ φ̂φ̂
noise is used instead of Ĉ φ̂φ̂. To see this explicitly note that

cov(Ĉ φ̂φ̂
L,noise, Ĉ

T̃ T̃
L′,expt)disconn. = cov(Ĉ φ̂φ̂

L , Ĉ T̃ T̃
L′,expt)disconn.. (5.87)

1The disconnected part is 〈Ĉφ̂φ̂L,noise〉disconn. = N
(0)
L . Using Eq. (5.14) and simplifying the

product of a 3j- and a 6j-symbol [211], we have

〈Ĉφ̂φ̂L,noise〉conn. =
2A2

L

(2L+ 1)2

∑

l1l2

sl1l2 g̃
2
l1l2(L)f̃2

l1Ll2C
φφ
L +

A2
L

16(2L+ 1)

∑

m′l1l2L′

(−1)m
′
CφφL′ sl1l2

(C T̃ T̃l1,exptC
T̃ T̃
l2,expt)

2

×
[
(f̃

(u)
l1Ll2

)2f̃
(u)
l1L′l2

f̃no3j
l1L′l2

Gl1Ll20−m′m′G
l1Ll2
−m′m′0G

l1L
′l2

m′0−m′

+ f̃no3j
l1Ll2

f̃
(u)
l1Ll2

f̃
(u)
l1L′l1

f̃
(u)
l2L′l2

Gl1Ll2−m′0m′G
l1L

′l1
0−m′m′G

l2L
′l2

−m′m′0

]
, (5.80)

where we defined the Gaunt coefficients, f̃ (u) with unsymmetric terms and f̃no3j with no 3j-
symbols by

Gl1l2l3m1m2m3
≡

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)(
l1 l2 l3
m1 m2 m3

)
, (5.81)

f̃
(u)
l1Ll2

≡ [L(L+ 1)− l1(l1 + 1) + l2(l2 + 1)]C T̃ T̃l2 + (l1 ↔ l2), (5.82)

f̃no3j
l1Ll2

≡
√

(2l1 + 1)(2L+ 1)(2l2 + 1)

16π
f̃

(u)
l1Ll2

. (5.83)

We find that (5.80) is smaller than CφφL +N
(1)
L by a factor of more than 400 for any L, so that

[with Eq. (5.15); qL . 0.002]

〈Ĉφ̂φ̂L,noise〉 = N
(0)
L + qL(CφφL +N

(1)
L ), 〈Ĉφ̂φ̂L,rest〉 = (1− qL)(CφφL +N

(1)
L ). (5.84)
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The dominant non-diagonal contribution of Eq. (5.27) to the auto-covariance of

the uncorrected reconstruction power Ĉ φ̂φ̂ is due to couplings [see Eq. (46c) in

Ref. [59]]

T̃l1T̃l3T̃l2T̃l4 | T̃l7T̃l5T̃l6T̃l8 , (5.88)

which implies l1 = l3 and l6 = l8. Writing out the contractions following [59] and

summing over m1 and M in Eq. (42) of [59] enforces l2 = l4, and therefore also

l5 = l7. Since all terms of the reconstruction power (5.78) with these coinciding

multipoles are in the noise term (5.79), the auto-covariance of Ĉ φ̂φ̂−Ĉ φ̂φ̂
noise does not

contain the non-diagonal contribution (5.27). In contrast, the covariance contribu-

tions that involve a product of two trispectra and lead to the dominant diagonal

variance (5.28) [59] are still present, so that

cov(Ĉ φ̂φ̂
L − Ĉ φ̂φ̂

L,noise, Ĉ
φ̂φ̂
L′ − Ĉ φ̂φ̂

L′,noise) ≈ δLL′
2

2L+ 1
〈C φ̂φ̂

L 〉2. (5.89)

Thus, the chance-aligned noise terms (5.79), which lead to the N (0) bias,

are responsible for both the dominant non-diagonal reconstruction power auto-

covariance (5.27) and the noise contribution (5.34) to the temperature-lensing

power cross-covariance. It is therefore desirable to avoid these noise terms. In

practice, a brute-force way to achieve this would be to subtract Ĉ φ̂φ̂
noise from Ĉ φ̂φ̂

directly, or, equivalently, to restrict the summation over the li in (5.78) appropri-

ately. A more efficient method is obtained from a “partial-averaging” procedure,

which will turn out to be equivalent to the empirical N̂ (0) subtraction.1 Guided

by the fact that both covariances (5.27) and (5.34) are due to disconnected terms

containing the contraction

T̃l1T̃l3 (5.90)

[see Eqs. (5.86) and (5.88)], we take the corresponding expectation value already

at the level of evaluating (5.79), before computing covariances, by defining the

1An alternative would be “phase randomisation” following [92]. Alternatively, one could split
T̃lm into in- and out-annuli [210], which however reduces the signal-to-noise [94]. Note that while
the goal of Ref. [210] was to avoid the Gaussian N (0) noise bias for any CMB realisation, our
goal is to simplify the reconstruction power auto- and cross-covariance.
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5.D N̂ (0) subtraction as efficient mitigation of chance alignments

partial averaging operation, R, by

R[T̃l1T̃l2T̃l3T̃l4 ] ≡ 〈T̃l1T̃l2〉T̃l3T̃l4 + 5 perms., (5.91)

i.e. we average out two of the four modes while keeping the unaveraged realisa-

tion of the other two modes. This leaves contractions of the form (5.86) in the

disconnected (4+2)-point function and contractions of the form (5.88) in the dis-

connected (4+4)-point function invariant in the sense that

〈R[T̃l1T̃l2T̃l3T̃l4 ]T̃L′M ′T̃L′,−M ′〉(5.86) terms
disconn. = 〈T̃l1T̃l2T̃l3T̃l4T̃L′M ′T̃L′,−M ′〉

(5.86) terms
disconn.

(5.92)

and

〈R[T̃l1 · · · T̃l4 ]R[T̃l5 · · · T̃l8 ]〉(5.88) terms
disconn. = 〈R[T̃l1 · · · T̃l4 ](T̃l5 · · · T̃l8)〉(5.88) terms

disconn.

= 〈T̃l1 · · · T̃l8〉
(5.88) terms
disconn. . (5.93)

Therefore both covariance contributions (5.27) and (5.34) are still eliminated if

instead of subtracting the full noise term (5.79) from the reconstruction power we

subtract the partial average of this noise term, i.e. if we consider (up to realisation-

independent bias mitigation terms) Ĉ φ̂φ̂
L − R[Ĉ φ̂φ̂

L,noise]. We find that this partially-

averaged noise mitigation reduces to the empirical N̂ (0) subtraction,

R[Ĉ φ̂φ̂
L,noise] = 2N̂

(0)
L . (5.94)

Thus, the empirical N̂ (0) subtraction can be interpreted as an efficient method

to mitigate disconnected (auto- and cross-) covariance contributions generated by

the chance-aligned noise terms (5.79) in the reconstruction power spectrum. In

contrast to the noise terms (5.79), the empirical N̂ (0) defined in Eq. (5.17) can

be evaluated very efficiently because the empirical temperature power spectrum is

isolated in the sum.
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5.D Temperature-lensing power covariance from

the CMB trispectrum

We will show here that contributions from the lensed CMB trispectrum to the

temperature-lensing power covariance have a sub-dominant effect on parameter

estimation compared to the fully disconnected O(φ0) contribution and the O(φ4)

contribution from the connected 6-point function. The connected 4-point function

contributes to Eq. (5.32) with couplings of the form 〈T̃1T̃3〉〈T̃2T̃4T̃L′M ′T̃L′,−M ′〉c
(‘type A’) and 〈T̃1T̃L′M ′〉〈T̃2T̃3T̃4T̃L′,−M ′〉c (‘type B’). Other couplings either cancel

in Eq. (5.32) or vanish because 〈φ̂LM〉 = 0. The contribution from type A can

be expressed non-perturbatively in terms of the derivative in Eq. (5.30) and the

connected 4-point contribution to the temperature power auto-covariance as

cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt)
conn.4pt.A =

∑

l2

∂(2N̂
(0)
L )

∂Ĉ T̃ T̃
l2,expt

cov(Ĉ T̃ T̃
l2,expt, Ĉ

T̃ T̃
L′,expt)

conn.4pt.. (5.95)

Perturbatively, up to O(φ4), we have

cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt)
conn.4pt.A

=
∑

l2

∂(2N̂
(0)
L )

∂Ĉ T̃ T̃
l2,expt

[
cov(Ĉ T̃ T̃

l2,expt, Ĉ
T̃ T̃
L′,expt)|O(φ2) + cov(Ĉ T̃ T̃

l2,expt, Ĉ
T̃ T̃
L′,expt)|O(φ4)

]
,

(5.96)

where the perturbative temperature covariances are given by Eq. (5.23). The

covariance (5.96) can be interpreted as the correction to the noise contribution of

Eq. (5.35) due to the non-diagonal O(φ2) and O(φ4) parts of the temperature power

auto-covariance (5.23). The correlation corresponding to (5.96) is at most 5×10−5,

which is two orders of magnitude smaller than the dominant noise contribution.

The induced correlation of the lensing amplitude estimates Â and Â′ is less than

0.15% (see Fig. 5.9), i.e. the effect of (5.96) is negligible.

The type-A contribution to the covariance is removed by the empirical N̂ (0)

correction introduced in Sec. 5.1. As for the disconnected contribution to the

covariance (see Appendix 5.B), this is actually a more general result that applies
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trispectrum

for anisotropic surveys and for an arbitrary quadratic estimate of the temperature

power spectrum [6].

Terms of coupling type B have contributions from the primary trispectrum

term, where sums over mi simplify due to orthogonality relations of 3j-symbols,

cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt)
conn.4pt.B
primary = 2

Cφφ
L

AL

∂(2N̂
(0)
L )

∂Ĉ T̃ T̃
L′,expt

2

2L′ + 1
(C T̃ T̃

L′,expt)
2

= 2
Cφφ
L

AL
cov(Ĉ φ̂φ̂

L , Ĉ T̃ T̃
L′,expt)disconn. , (5.97)

and from non-primary trispectrum terms, where sums over mi lead to a non-trivial

6j-symbol:

cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt)
conn.4pt.B
non-primary

=
∑

m′L′′
l2l3l4

A2
L(−1)m

′
Cφφ
L′′ f̃

no3j
L′Ll2 f̃

(u)
l3Ll4

f̃
(u)
L′L′′l3 f̃

(u)
l2L′′l4 G

l3Ll4
−m′0m′G

L′L′′l3
0−m′m′G

l2L′′l4
0m′−m′

4(2L+ 1)(2L′ + 1)C T̃ T̃
l2,exptC

T̃ T̃
l3,exptC

T̃ T̃
l4,expt

+ (l3 ↔ l4).

(5.98)

Here we used Eq. (5.14) and expressed the product of a 6j-symbol with a 3j-symbol

as a sum over a product of three 3j-symbols [211]. The f̃ factors are defined in

Appendix 5.C. Neither contributions in Eqs. (5.97) and (5.98) are cancelled by

empirical N̂ (0) subtraction.

The correlation of unbinned power spectra from the primary term of Eq. (5.97)

is shown in Fig. 5.14. It is at most 0.08%, which is almost a factor of two larger

than the maximum of the matter cosmic variance contribution [Eq. (5.106)] shown

in Fig. 5.5a. The structure is very similar to that of the disconnected (noise)

contribution [Eq. (5.34)] shown in Fig. 5.4a, but with the additional signal-to-

noise factor of Cφφ
L /AL that falls off rapidly for L > 200. (Recall, AL = N

(0)
L for

our choice of optimal weights.) Therefore the contribution of the primary type-B

covariance to correlations between the lensing amplitudes Â and Â′ is suppressed

compared to that of the disconnected noise contribution, reaching at most 2% (see

Fig. 5.9). It is also suppressed compared to the matter cosmic variance contribution

because Â′ gives most weight to CMB modes at the acoustic peaks and troughs
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Figure 5.14: Theoretical contribution from the primary type-B connected 4-point
function to the correlation of the unbinned power spectra of the lens reconstruction
and the (lensed) temperature power spectrum. The covariance (5.97) is converted
to a correlation using the same conversion factor as in Eq. (5.36). Correlations for
Lφ > 1000 are too small to be visible in this plot.

where the primary type-B power correlation is small.

While the measured correlation of Â and Â′ is consistent with our theoretical

expectations, the measurements are too noisy to test sub-dominant terms such as

that in Eq. (5.97). In Fig. 5.4c, the lowest Lφ pixels show hints of the structure

plotted in Fig. 5.14, but the measurements are, again, too noisy to provide a

conclusive test of Eq. (5.97). The simulations do however imply that there cannot

be significantly larger covariance contributions than the ones we model analytically.

Although the summation in the expression (5.98) for the non-primary type-

B terms is restricted by triangle inequalities, its evaluation is still numerically

challenging. We could only evaluate Eq. (5.98) for 30 (L,L′) pairs at L . 400,

which is relevant for the current Planck lensing likelihood [3]. At these points

the power correlation from Eq. (5.98) is at most around 4 × 10−5, which is an

order of magnitude smaller than the maximum correlation from the primary term

[Eq. (5.97)]. The structure of the correlation matrix seems similar to that of the

primary term in the LT direction, but seems to peak towards higher Lφ (but we

cannot assess the structure reliably from the small number of evaluation points).

Moreover, given that our simulations do not show any significant excess covariance

we expect the non-primary term of Eq. (5.98) to be negligible.
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6-point function

5.E Temperature-lensing power covariance from

the connected CMB 6-point function

The O(φ2) contribution to the connected part of the lensed temperature 6-point

function vanishes [207]. Here we will compute the O(φ4) terms. There are five

types of terms, which involve δ4T , δ3TδT , δ2Tδ2T , δ2TδTδT or δTδTδTδT with

the appropriate number of factors of the unlensed CMB. Only the last two types of

terms contribute to the connected 6-point function; the remaining terms contribute

to the full six-point function but are cancelled when the connected 4-point and fully

disconnected parts are removed.

Writing out only the two relevant types of terms, the full 6-point function at

O(φ4) is (T̃i ≡ T̃limi)

〈T̃1T̃2T̃3T̃4T̃5T̃6〉(4) =
1

12

[
〈δ2T1δT2δT3T4T5T6〉+ all perms

]

+
1

48
[〈δT1δT2δT3δT4T5T6〉+ all perms] . (5.99)

From this we must subtract the following terms involving the connected 4-point

function,

1

48

[
〈T̃1T̃2T̃3T̃4〉c〈T̃5T̃6〉+ all perms

]

=
1

48

[
6〈δT1δT2T3T4〉〈δT5δT6〉+ 12〈δT1δT2T3T4〉〈δ2T5T6〉

+ 12〈δ2T1δT2δT3T4〉〈T5T6〉+ 〈δT1δT2δT3δT4〉〈T5T6〉
−
(
9〈δT1δT2〉+ 24〈δ2T1T2〉

)
〈δT3δT4〉〈T5T6〉+ all perms

]
+ · · · , (5.100)

and the fully disconnected part,

〈T̃1T̃2T̃3T̃4T̃5T̃6〉(4)
disc = 1

2

[
〈δ2T1δT2〉〈δT3T4〉〈T5T6〉+ all perms

]

+ 1
4

[
〈δ2T1T2〉〈δT3δT4〉〈T5T6〉+ all perms

]

+ 1
2

[
〈δ2T1T2〉〈δT3T4〉〈δT5T6〉+ all perms

]

+ 1
16

[〈δT1δT2〉〈δT3δT4〉〈T5T6〉+ all perms]

+ 1
4

[〈δT1δT2〉〈δT3T4〉〈δT5T6〉+ all perms] + · · · . (5.101)
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To evaluate these expressions, we use, for example,

〈δT1δT2T3T4〉 = 〈δT1δT2〉〈T3T4〉+ 〈〈δT1T3〉CMB〈δT2T4〉CMB〉LSS

+ 〈〈δT1T4〉CMB〈δT2T3〉CMB〉LSS , (5.102)

where 〈〉CMB denotes averaging over unlensed CMB realisations and 〈〉LSS denotes

averaging over realisations of the lensing potential φ. Rewriting the other 4- and

6-point functions in a similar way gives the following final expression for the con-

nected 6-point function:

〈T̃1T̃2T̃3T̃4T̃5T̃6〉(4)
c

= 1
2
covLSS

(
〈δ2T1T2〉CMB, 〈δT3T4〉CMB〈δT5T6〉CMB

)
+ all perms

+ 1
4
covLSS (〈δT1δT2〉CMB, 〈δT3T4〉CMB〈δT5T6〉CMB) + all perms

= 1
16

covLSS

(
〈T̃1T̃2〉(2)

CMB, 〈T̃3T̃4〉(1)
CMB〈T̃5T̃6〉(1)

CMB

)
+ all perms. (5.103)

The result is written in terms of the covariance over different realisations of the

lensing potential, covLSS(X, Y ) ≡ 〈XY 〉LSS − 〈X〉LSS〈Y 〉LSS.

We expect only a few of the 720 permutations in Eq. (5.103) to be relevant for

the lensing-temperature power covariance [Eq. (5.32)]. The weights g̃ in Eq. (5.32)

impose triangle conditions on l1, l2, L and l3, l4, L, which constrain the summation

volume (especially at low L where the lensing power dominates). Terms that cou-

ple e.g. 〈T̃1T̃3〉CMB impose an additional triangle constraint on l1, l3 and a lensing

multipole L̃, which reduces the summation volume further. This is not the case

for couplings of the type 〈T̃1T̃2〉CMB and 〈T̃3T̃4〉CMB. For this reason we expect

the dominant terms to come from the couplings 12, 34 and (L′,M ′;L′,−M ′) in

(5.32), i.e. terms which factor most under the weights [59]. The dominant con-

tribution of the connected 6-point function at O(φ4) to the lensing-temperature

power covariance is therefore expected to come from

(−1)M
′〈T̃1T̃2T̃3T̃4T̃L′M ′T̃L′,−M ′〉(4)

c,dom.

= covLSS

(
〈T̃L′M ′T̃ ∗L′M ′〉(2)

CMB, 〈T̃1T̃2〉(1)
CMB〈T̃3T̃4〉(1)

CMB

)

+ 2 covLSS

(
〈T̃1T̃2〉(2)

CMB, 〈T̃L′M ′T̃ ∗L′M ′〉
(1)
CMB〈T̃3T̃4〉(1)

CMB

)
. (5.104)
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Here, we have used the result that permutations of the form 1↔ 2, 3↔ 4, (12)↔
(34) and (L′,M ′)↔ (L′,−M ′) all lead to the same contribution to Eq. (5.32).

The 〈T̃1T̃2〉(1)
CMB term on the right of Eq. (5.104) evaluates to

〈T̃1T̃2〉(1)
CMB =

∑

L1M1

(−1)M1

(
l1 l2 L1

m1 m2 −M1

)
fl1L1l2φL1M1 , (5.105)

which combines with the weights, normalisation and one of the 3j symbols in

Eq. (5.32) to give φLM + O(φ2). Similarly, the 〈T̃3T̃4〉(1)
CMB term returns φL,−M .

Equation (5.105) also shows that the second term on the right of Eq. (5.104) does

not contribute to the power covariance since 〈T̃L′M ′T̃ ∗L′M ′〉
(1)
CMB returns the monopole

of φ on summing over M ′.

Putting these pieces together, and using Eq. (5.43), finally gives

cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′ )〈T̃1···T̃6〉(4)
c,dom.

=
∑

L′′

∂C T̃ T̃
L′

∂Cφφ
L′′

covLSS(Ĉφφ
L′′ , Ĉ

φφ
L ) + O(φ5)

=
2

2L+ 1
(Cφφ

L )2∂C
T̃ T̃
L′

∂Cφφ
L

+ O(φ5). (5.106)

5.F Effect of CTφ

In this appendix we discuss the contribution of the ISW-induced large-scale CTφ

correlation on the temperature-lensing power covariance. We first compute cor-

rections due to the ISW-lensing bispectrum and then the ones due to corrections

of the lensed temperature power spectrum.

The lensed temperature 6-point function in the temperature-lensing power co-

variance of Eq. (5.32) involves the following 3-point terms:

〈T̃l1T̃l2T̃l3T̃l4T̃L′M ′T̃L′−M ′〉|3-pt,CTφ = 〈T̃l1T̃l2T̃l3〉ISW〈T̃l4T̃L′M ′T̃L′−M ′〉ISW + 9 perms,

(5.107)

where the non-perturbative ISW-lensing bispectrum is approximately given by
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Ĉ
φ̂

φ̂
L

,Ĉ
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Figure 5.15: ISW-lensing bispectrum contribution of Eq. (5.109) to the diagonal
unbinned temperature-lensing power correlation. The difference between the full
expression and the approximation in Eq. (5.109) is too small to be visible in this
plot.

[87, 212]

〈T̃l1T̃l2T̃l3〉ISW =

(
l1 l2 l3

m1 m2 m3

)
BISW
l1l2l3

=

(
l1 l2 l3

m1 m2 m3

)
CTφ
l1
f̃l2l1l3 + 2 perms.

(5.108)

While the contribution to Eq. (5.32) from the coupling (123)(4L′L′), which is

written out explicitly in Eq. (5.107), vanishes on summing over M ′, the couplings

of type (12L′)(34L′) yield the diagonal covariance contribution1

cov(Ĉ φ̂φ̂
L , Ĉ T̃ T̃

L′,expt)|(12L′),(34L′)
3-pt.,CTφ

= δLL′
2A2

L

(2L+ 1)3

[∑

l1l2

g̃l1l2(L)BISW
l1l2L

]2

≈ δLL′
2

2L+ 1
(CTφ

L )2. (5.109)

The approximation on the right is simply the covariance between the power spec-

tra of the input lensing potential and the lensed temperature, an intuitive result

1To obtain the approximate result in the last step we use Eq. (5.10) and neglect all terms

depending on CTφl1 or CTφl2 , because they enforce l1 or l2 to be small, which reduces the remaining
summation volume due to the triangle condition on l1, l2 and L. We find that using the approx-
imation instead of the full expression leads a temperature-lensing correlation which is wrong by
at most 3× 10−6 for L ≤ 300.
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that we might have anticipated. For our Planck-like parameters, the correspond-

ing power correlation is always less than 5% and rapidly decreases with increasing

multipoles, being less than 0.1% for L ≥ 60 (see Fig. 5.15). The induced correla-

tion of the lensing amplitudes A and A′ is less than 10−5 and therefore negligible.

This small correlation arises because most of the information on the lensing am-

plitude from the temperature power spectrum comes from small scales. The power

correlation due to the ISW-lensing effect is small on these scales, and, addition-

ally, there is limited information in the lensing reconstruction on such scales as the

signal-to-noise is very low there. We expect that couplings of the type (13L′)(24L′)

in Eq. (5.107), that do not factor under the weights, are further suppressed as they

limit the summation volume.

The ISW-induced change in the lensed temperature power spectrum,

∆C T̃ T̃
L = C T̃ T̃

L − C T̃ T̃
L |CTφ=0 =

1

2L+ 1

∑

L1,L2

F 2
LL1L2

CTφ
L1
CTφ
L2
, (5.110)

leads to a correction of the disconnected noise contribution [Eq. (5.34)] to the

temperature-lensing power covariance which is also second order in CTφ. The cor-

rection has a similar structure to the noise contribution itself (shown in Fig. 5.4a),

but it is around 106 times smaller and induces a lensing amplitude correlation of

O(10−9) that is totally negligible.
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Summary

Power spectra of CMB temperature anisotropies and of galaxy clustering have been

crucial for pinning down today’s standard ΛCDM model. Current observations set

the stage for analysing non-Gaussian statistics beyond the 2-point statistics like

the bispectrum and trispectrum. This provides a window into the physics of the

very early universe and allows us to disentangle effects that are degenerate at the

level of 2-point statistics. In this thesis we have studied several non-Gaussian

aspects of large-scale structure and the CMB.

In Chapter 3 we presented the implementation of a fast method to create gen-

eral non-Gaussian initial conditions for N -body simulations to study structure for-

mation for general models of inflation. The method works for arbitrary primordial

bispectra, and a generic class of primordial trispectra. Using an expansion of the

primordial bispectrum and trispectrum in a truncated set of separable basis func-

tions, the method is several orders-of-magnitude faster than previous approaches.

Even very large N -body simulations required for current and future analyses of

galaxy surveys can therefore be started from general non-Gaussian initial condi-

tions to study their impact on observables. This should prove useful in the near

future for constraining primordial non-Gaussianity (PNG) beyond the typically

considered linear-regime local template from large-scale structure.

In Chapter 4, we presented the implementation of a fast method to estimate

the full bispectrum of a three-dimensional distribution of objects. Again, compu-

tational efficiency is achieved by a separable mode expansion of the bispectrum,

which requires only O(100N3) instead of O(N6) operations, where N = O(103)

is the number of grid points per dimension. Essentially, the idea is to measure

around 100 independent projections fNL of separable basis bispectra and then sum

up these contributions to reconstruct the full bispectrum in the data. Instead of
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the (potentially very) lossy data compression associated with restricting bispec-

trum analyses to a subset of triangle configurations, our method automatically

takes all triangle configurations into account. This comes at the expense of a

restricted space of theoretical bispectra because our method is only sensitive to

bispectrum shapes that are covered by the truncated separable basis. However,

we find that typically only a few percent of the cumulative signal-to-noise is lost,

which should be acceptable given the computational speed-up by several orders-

of-magnitude compared to brute-force estimators. An additional advantage of our

method is that the information of the entire 3D functional form of the bispec-

trum is compressed to about 100 numbers, which should be useful for modeling

covariances and comparing observations against theory and simulations. Indeed,

the separable-mode framework has already proved successful in its application to

CMB data, for which it was originally introduced [20, 28, 49].

We applied the separable 3D bispectrum estimator to track the dark mat-

ter bispectrum in a large suite of Gaussian and non-Gaussian N -body simulations

(which were started from initial conditions obtained from the method implemented

in Chapter 3). As expected, the perturbative description breaks down at late times

when filaments and halos form, which affect the functional form of the dark matter

bispectrum significantly. Using the cumulative signal-to-noise and full 3D shape

correlations, we presented a quantitative analysis of the time evolution of the full

dark matter bispectrum down to small scales. In a simple model to describe the

effect of PNG in the non-linear regime we assume that (positive) PNG leads to

slightly earlier gravitational collapse compared to a Gaussian universe due to en-

hanced initial peaks. Based on this ‘time-shift’ model we generated fitting formulae

for dark matter bispectra at 0 ≤ z ≤ 20 for k ≤ 2h/Mpc for local, equilateral,

flattened and orthogonal PNG. Full 3D shape correlations with the measured N -

body bispectra confirm the high quality of the fitting formulae, with typical shape

correlations of 95% or more.

Chapter 5 dealt with another emerging cosmological probe beyond the Gaussian

power spectrum – the trispectrum of the CMB temperature anisotropies induced

by gravitational lensing along the line of sight. Lensing also affects the CMB power

spectrum and it was not clear before our work to what extent the CMB trispectrum

provides independent information about the lenses. To avoid inadvertent double-
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6 Summary and outlook

counting of lensing information in a joint analysis of the CMB power spectrum and

the lensing reconstruction power spectrum (probing the CMB trispectrum), the

cross-covariance between these power spectra needs to be known. We computed

this cross-covariance of the CMB 2- and 4-point functions perturbatively and ver-

ified the results with simulations. The dominant effects on parameter constraints

are due to two physical contributions: (i) a noise contribution, which describes the

covariation of lensing reconstruction noise with cosmic variance fluctuations of the

CMB; and (ii) a matter cosmic variance contribution which describes the effect

that if the lensing power spectrum fluctuates high at some scale due to cosmic

variance, this implies a smoother lensed CMB power spectrum. For Planck-like

specifications, broad-band measures of the lensing amplitude from the CMB and

lensing reconstruction power spectra can be correlated at the 10% level due the

power cross-covariance (see Sec. 5.A for an intuitive order-of-magnitude estimate).

This leads to a 5% mis-estimate of the error of a joint lensing amplitude estimate,

which is negligible. This is a positive result in the sense that lensing information in

the CMB trispectrum is almost perfectly independent of that in the lensed CMB

power spectrum, maximising the science return that can be obtained from lens re-

construction. As a consequence, the Planck 2013 analysis [3] neglected this cross-

covariance in their joint likelihood. We also found that the lensing likelihood can

be modeled accurately as a Gaussian in the reconstruction power spectrum with

parameter-independent covariance, which should include non-Gaussian corrections

if the Gaussian reconstruction bias is not removed in a realisation-dependent man-

ner.

Outlook

Applying the separable mode expansion framework of Chapters 3 and 4 to real

data would be interesting given the vast amount of high-quality large-scale struc-

ture data that will be collected in the coming decade. To achieve this goal we

need to add experimental realism to the dark matter simulations studied in this

thesis. First, the bispectrum of simulated halo catalogues should be characterised

and compared with theoretical expectations (using bias models). As a next step

we will include redshift space distortions and deal with survey geometries, fore-
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grounds and systematics (e.g. star contamination). Once the separable bispectrum

framework will work for realistic mock catalogues and the expected signal is well

characterised for Gaussian and non-Gaussian initial conditions, we can measure

the bispectrum of real datasets to constrain primordial non-Gaussianity and break

(cosmological and systematic) parameter degeneracies present at the power spec-

trum level. Finally, the analysis can be extended to the trispectrum.

With polarization-based lensing reconstruction becoming feasible with current

CMB data, it will be important to extend the CMB lensing analysis of Chapter

5 to polarization. In particular, B-modes generated by primordial gravitational

waves must be cleaned from lensing contamination to obtain optimal constraints

on the tensor-to-scalar ratio r. Additionally, lensing reconstructions based on

polarization maps will significantly improve upon pure temperature-based recon-

structions, which will improve constraints on e.g. neutrino masses, curvature and

bias. Understanding and quantifying correlations between CMB power spectra

and temperature- and polarization-based lensing reconstructions with simulations

and analytical arguments will be crucial to perform cosmological analyses of these

precious datasets without inadvertently double-counting lensing information.
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