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Motivation

e Simple (minimal) and tractable string

theory

e Explore D-branes, nonperturbative

phenomena

e Other formulations of the theory —

matrix models, holography



Approach

Minimal String Theory =

(p,q) Minimal CFT 4 Liouville + Ghosts

Use worldsheet techniques to derive

e geometric description (similar to topo-

logical string theory)

e Mmatrix model



Review of minimal CFT (BPZ)

Labelled by p < g relatively prime

- 6(p—q)?
Pq

c=1

Finite set of Virasoro representations

(rq — sp)? — (p — q)?

4pq
1<r<p, 1 <s<gq, sp < rq

A(Ors) =

Fusion rules

(r1,81) X (r2,82) = TZS (r,s)

with a certain range of (r,s)



Review of Liouville theory

Worldsheet Lagrangian

(09)2 + pe??

Will set in the second term (cosmolog-
ical constant) =1

Central charge
c=1-+
Q=1

| = D
O
<

Virasoro primaries



Degenerate representations labelled by
integer r,s > 1

20, = (1= 1) +b(1 ~ 5)

have special fusion rules and allow to
solve the theory (Dorn, Otto, Zamolod-

chikov, Zamolodchikov, Teschner)



Minimal String Theory

Combine the minimal CFT (“matter”)

with Liouville and ghosts.
Total ¢ = 26 sets b2 = g

Simplest operators in the BRST coho-

mology are ‘“tachyons”

,Z;Q,S p— Cé OT,SGQ/BT)SQb

Trs = Tp—rq—s
+q—|rq— s
Q&ﬁ:p q — |rq — sp|
/D q

1<r<p, 1<s<gq



Because of degenerate matter and Li-
ouville representations, there are ad-
ditional physical operators with other

ghost numbers (Lian and Zuckerman).



Ground Ring

Special operators with ghost number

Zero

(/9\7“78 — »CT,S ‘ OT,S€2 ar,s ¢
 p+qg—1rq—sp

20 s = -2
1 <s<q

1<r<p,
with £, s a polynomial in ghosts, and

Virasoro generators.

Using ghost number conservation they
form a ring (modulo BRST commuta-

tors) (Witten).



Their multiplication is constrained by
the fusion rules. This allows us to de-
termine the ring relations (up to a few
coefficients which are justified later)

In terms of

O11=1
(/9\271 = 2X
O1,=2Y

we have
Or,s = Us_1(X)U_1(Y)

U,_1(X) are Chebyshev polynomials

Sins®
sin @

U,_1(X = cos0) =



Since U,_1(X = cosf) = S;?nsf are SU(2)

characters, their products are the SU(2)

fusion rules (coefficients are zero or

one)

The truncation to a finite number of
elements is obtained by imposing the

ring relations
Uq—l(X) — Up—l(Y) =0

(with only X present, this is familiar

A

from the representation ring of SU(2))
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This guarantees that the ground ring
multiplication is simple; i.e. all the co-

efficients are zero or onel

In the traditional worldsheet analysis
this would arise as a surprising cancel-
lation between complicated expressions

from the minimal CFT and Liouville

This interesting structure arises because

p7#0
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The Tachyon Module

By ghost number conservation,

(97“1,817;“2,82 — Z 7}3,33
73,53

Therefore the tachyons are a module

of the ring. In particular, using
7;“,3 — @\r,sﬂ,l
the coefficients above are zero or one.

Trs = 1p—rq—s leads to a new relation

in the module...
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Tp(Y) = Ty(X)

with 7,(Y) Chebyshev polynomials

Tp(Y = cosf) = cospb

Using the ring and its module we easily

derive some correlation functions; e.g.
<7;1>817}27827;3783>
— <OT17310T2782(9T3783717171717’171>

= N(ry,51)(r2,50) (r3,53)

This explains why the correlation func-

tions are so simple: zero or onel
13



Review of Branes in Liouville

FZZT branes (Fateev, Zamolodchikov
and Zamolodchikov, Teschner) — macro-

scopic loops in the worldsheet

Labelled by the “boundary cosmologi-
cal constant”

5S:u3%eb¢
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Minisuperspace wavefunction

W(¢) = (plug) = e 15"

The brane comes from infinity and dis-

solves at ¢ ~ —7 109 .
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In Cardy’'s formalism a brane is labelled

by a representation in the open string

channel
1 2
ug =coshmbo +— A:ZUQ_I_Q—
1 >
sz—l—g, c=1+46Q
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For the degenerate representations

a=i<%—|—nb>

Subtracting the null vectors in the rep-
resentation leads to the ZZ (Zamolod-
chikov and Zamolodchikov) branes

im, n) = |o(m,n)) —|o(m, —n))
Same
up = (—1)"cosmnb?
at o(m, £tn) (Martinec).

These branes are localized in the strong
coupling region ¢ — —+oo.
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Branes in Minimal String
T heory

FZZT branes — extended branes: Ten-
sor a Liouville brane labelled by ¢ and

a matter brane

ZZ branes — localized branes: Tensor
a Liouville brane labelled by (m,n) and

a matter brane
Simplification: the independent ZZ branes
are

1<m<p, 1<n<gqg, np<mgqg
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The ZZ branes are eigenstates of the

ring elements

X|m,n) = (—-1)™ COS@M@, n)
q
Tqm

Y|m,n) = (—1)" cos lm, n)

— a simple derivation of the ring rela-

tions.
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Geometric Interpretation

The disk amplitude Z(up) is not a sin-
gle valued function of

z=up = coshnbo bzzg

Instead, x and
o
y = OupZ(pp) = cosh e
satisfy (recall, T(y = cosf) = cospb)

Tp(y) — Tq(w)

Another perspective on the relation in
the tachyon module

(Relation to earlier work of Kazakov,
Kostov and collaborators)
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This is a genus (p—1)2(q—1) Riemann
surface M with (p—1)2(q—1) pinched A-

cycles
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Line integrals of w = y dx lead to branes:

An FZZ'T braneis an open line integral

Z(x) = /];Cw

A ZZ brane is a difference between two
FZZT branes. It turns out to pass
through a singularity; i.e. it is an inte-
gral along a B-cycle

Z(m,n)zjlé W

Bm,n
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FZZT and ZZ branes on the Riemann

surface M:
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(m,n, ym,n) at the singularities are the
eigenvalues of the ring generators X
and Y. Recall, the ZZ branes are eigen-

states.

More explicitly, at the singularities we

have
Tp(y) = Ty(z)
T,(y) =pUp_1(y) =0
T,(x) = qUy_1(x) =0

These are the ring relations and the

relation in the tachyon modulel!
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Deformations of M

Closed string states «—— singularity pre-
serving deformations; $ow = 0.

Here we find all the physical closed string
states at all ghost numbers.

Adding O(é) ZZ branes «—— open a
pinched cycle (smooth out a singular-

ity), §,w # 0.

T hese lead to background tachyons with
the “wrong” Liouville dressing (o > %);
i.e. they diverge in the strong coupling

region.
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$pw creates ZZ branes. Their number
IS measured by the period of the con-

jugate A-cycle

j{Aw = gsNzz
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Matrix Model

Consider (p = 2,9 = 2l + 1) , which

corresponds to the one matrix model
Our surface is

2y — 1 = Ty(x)

It has two copies of the complex = plane
which are connected along a cut (—oco, —1)

and [ singularities (pinched cycles)

27N
(a;nzcos—, yn=O> , n=1,...1
q
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Interpretation:

Discontinuity along the cut

p(x) = Im\/2 + 2T, (x)

IS the eigenvalue density.

y iIs the force on an eigenvalue. y = 0

at the singularities.

The disk amplitude of FZZT brane

x 1
Z(x) = [ yda' = =" Veyp(a)
iIs the effective potential of a probe

eigenvalue.
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/7 brane: Eigenvalue at a stationary

point of V. ;¢(x) (where y = 0).

Yy (o

N e
X

The ZZ branes decay (condense) and

fill the Fermi sea

Matrix model M «— open strings be-

tween N — oo condensed ZZ branes
29



FZZT brane in the matrix model

<Tr ! > — Yy

x— M

or after exponentiation

(det(x — M)) +— el vdx

Can write the FZZT brane as
det(z — M) = [ dyldype? @ 1D¥

W, T «—— fermionic open strings be-

tween ZZ and FZZT branes.
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Conclusions

e A “target space” Riemann surface
M with a one form w emerges as

the moduli space of branes.

e M captures many of the properties
of the minimal string: branes, ob-

servables, correlation functions, etc.
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e Branes:
— [*w «—— creates extended branes
— §,w <« Creates localized branes

— ¢, w «<— measures 7 of localized

branes
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Deformations of M «—— observables

— closed strings

— preserving $w ordinary closed

strings

— changing §,w < Create local-
ized branes, their background fields

are “‘wrong branch” closed strings
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e T he ring relations control

— the correlation functions

— the defining equation of the sur-

face

— Its singularities
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This gives a worldsheet derivation of
the matrix model, and adds a new per-

spective to the understanding that

the eigenvalues are associated with D-
branes (Shenker, Polchinski, McGreevy,

Verlinde, Klebanov, Maldacena, N.S.,

Martinec...)
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